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ANALYTICAL GEOMETRY 



OF 



THREE DIMENSIONS. 



SECTION I. 

ON THE PLANE, AND STRAIGHT LINE. 

1. In order to determine the position of a point in space, 
some fixed point is taken for the origin of co-ordinates^ and 
through it are drawn three fixed planes, called the co-ordinate 
planes, at right angles to one another, and intersecting one 
another two and two in straight lines, which are also at right 
angles to one another, and are called the awes of the co^ 
ordinates. Then, if the perpendicular distances of a point 
from each of the co-ordinate planes be given, its position will 
be completely determined. 

Let O (fig. 1) be the origin of the co-ordinates, and yOx, 
^Oa*, wOy the co-ordinate planes; M any point, and MEf 
MFj MN the perpendiculars let fall from it upon the co- 
ordinate planes; these perpendiculars are called the rectan- 
gular co-ordinates of Jf, and, as their values change for the 
different points of space, are denoted by the variables a?, y> z. 
The point M will be determined in position, if we know the 
values of its three co-ordinates ; that is, if we know that for 
that point 

<r = a, y = 6, % = c. 

For, if along Ox we measure OA = a, and through A draw 
an indefinite plane parallel to y 0%^ this plane will contain all 
points whose distance from yO^ is a, or for which w ^ a, 
1 



2 

and, therefore, the point in question. Similarly, if we mea- 
sure along Oifj Oz, the distances OB « 6, OC *= c, and 
through B9 Ci draw indefinite planes respectively parallel 
to zOoffi wOp^ each of these must contain the point in 
question ; therefore the three planes will, by their intersection 
in M9 determine one single position for the point whose 
co-ordinates are w ^ a, y = bf z ^ c; which position coincides, 
as we see, with the angular point, opposite to the origin, of 
the rectangular parallelepiped constructed upon the edges 
OAf OB, OC9 equal to the three given co-ordinates. 

2. The feet of the perpendiculars £, F, iV, are called 
the projections of the point M upon the co-ordinate planes. 
Of these if any two be given, the third can be found; 
thus if Ey F be given, draw EBj FA, parallel to Oz\ 
then BN, AN^ drawn respectively parallel to Ox, Oy^ will 
by their concourse determine N* 

Instead of the perpendiculars ME, MF, MN, the three 
lines OA, AN, NM, which are respectively equal to them^ 
are commonly called the co-ordinates of M, and denoted by 
w, y, zi also the axes of the co-ordinates Ox^, Oy, Oz, 
are often called the axis of a, the axis of y, and the axis 
o{ z*, and the co-ordinate planes oeOy, yOz, zOx, the 
planes of wy, yz, zx, respectively. 

3. The determination of the point M will not however 
be complete, unless we take into account the signs of the 
quantities a, b, c, in the equations 

Of Si a, y = h, z sz c; 

in order to measure these distances, when they are positive, 
along the positive parts Oiv, Oy^ Oz, of the co-ordinate axes ; 
or along the negative parts Ox, Oy\ Oz', of the axes pro- 
duced in the contrary direction, when they are negative; as 
is explained in Plane Geometry. For since the co-ordinate 
planes, which must be supposed to be prolonged indefinitely, 
form among themselves eight solid angles, there are eight 
positions in which M might be situated at absolute distances 



a, bf c from the co-ordinate planes ; and it is only by attending 
to the signs that we shall be enabled to select the true one. 
Without going through the combination of signs which belongs 
to each of the solid angles^ it may be sufficient to observe 
that, if a point be situated in the compartment wyx^ all its 
co-ordinates will be positive ; if in the compartment a/yx\ all 
negative ; and that for points in the compartments ay'Xf oiyzj 
we must have, respectively, 

w ^ a^ y ^ —b, % = c; a?=— a, y =* by «f«— c. 

4. Sometimes it is requisite to take the co-ordinate 
planes not at right angles, but inclined at given angles, to 
one another, in which case the system of co-ordinates is 
called oblique. 

Thus (fig. e) if ofOy, yOzy «Ow be three planes drawn 
through the point O, and intersecting one another two and 
two at given angles, in the lines 0<r, 0.v, Oz ; and if from 
any point Jf, MN be drawn parallel to 0« meeting the plane 
w Oy in JV, and NA be drawn in that plane parallel to Oy ; 
OA^ ANy NMy are the co-ordinates of the point M referred 
to the oblique axes O^, Oy, 0%\ and N is called the pro- 
jection of M made parallel to the axis Ox. 

In the present chapter we shall confine our attention to 
the case of rectangular co-ordinates; noticing however, as 
they arise, several relations of lines and planes to one another, 
the analytical expressions of which, and mode of investigation, 
are the same, whether the axes of the co*ordinates be rect- 
angular or oblique. 

5. To find the distance of a point from the origin in 
terms of its co-ordinates. 

Let M (fig. 1) be the point» 

OA = x\ AN = y , NM = X its given co-ordinates ; 

join OMy ON, and let OM « d. 

Then from the triangle ONM, right-angled at N, 

OM"" « ON^ + iSTJf 2 ; 

1—2 



but the triangle OANy right-angled at A^ gives 

ON"" « OA^ + AN^ ; 
••. OM^ = OA^ + AN"" + NM^ ; 

CoE. Let a, /3, y be the angles which OM makes with 
the axes of a?, y, % \ then, joining AMy since angle 0AM is 
a right angle, 

cos a = — — = ~ ; 
OM d 

.'. a/ ^ d cos a ; similarly, y ^ d cos /3, x* ^ d cos 7. 

Also (cos a)* + (cos /S)* + (cos 7)* = 5-^3 = I. 

This is the condition which the three angles, made by 
a line through the origin with the co-ordinate axes, must 
satisfy ; they cannot, therefore, be assumed at pleasure, but 
two being given, a, /3, for instance, the third is determined 
by the equation 

cos 7 as ± \/l — (cos aY — (cos ^Yy 

and will therefore have two values, y and tt - 7 ; the value 
TT — 7 corresponding to a line OM' in the plane xOM, which 
is inclined at an angle 7 to Ox\ and visibly makes angles 
equal to a, /3 with O^, Oy, the same as OM does. 

6. To find the distance between two points in terms of 
their co-ordinates. 

Let M' (fig. 3) be a point whose co-ordinates are a?', y\ %\ 
and M any other point whose co-ordinates are w^ y^ %\ join 
MM' = d, and upon MM\ as diagonal, describe a rectangular 
parallelopiped having its edges parallel to the co-ordinate axes. 

Then from the triangle M'MK^ right-angled at JT, 
MM'' = M'K^ + KM"" ^ M'K^ + (« - z'Y. 



But the triangle N'LN, right-angled at L, gives 

or d - \/(j7 - ^')- + (y - y')» + (;if - ijr')«. 

Both in this formula, and in that of Art. 5, we take the 
radical with a positive sign ; as the question only relates to 
the absolute distance of the points. 

Cor. Let a, j3, 7 be the angles which MM' makes with 
the edges of the parallelopiped, and which are manifestly the 
same as those made by a line OP, drawn through the origin 
parallel to MM\ with the co-ordinate axes. Then from the 
triangle MM'H^ right-angled at Hy we have 

M'H w^af 



cos a 8= 



MM' d ' 

y-y sf - 5f ' 



similarly, cos )3 « — -z— , cos , — . 

7. To find the equation to a plane. 

We may consider a plane as a surface generated by a 
straight line which moves so as always to remain parallel 
to itself, and to intersect a straight line given in position. 

Let AC (fig. 5) in the plane of xxhe the line to which 
the generating line PQ is always parallel, and BC in the plane 
of y%^ intersecting the former in C^ the line along which it 
moves. Let z ^ Ax + c be the equation to the line AC 
referred to the axes OcV, 0%^ in the plane in which it lies; 
similarly, let x — By + c be the equation to BC referred to 
the axes Oy, Ox^ where in both cases c = OC. From P any 
point in the generating line, and from Q where It meets BC^ 
draw PJVT, QJf , parallel to the axis of x^ and join MN. Then 
the plane QN is parallel to xx^ and therefore MN is parallel 
to Ox (Euc. XI, 15, 16) ; and consequently PQ is inclined 
to M_N at the same angle that AC is to Ox ; and since MN^ 
NP, are the co-ordinates of P in the plane QN, 

PN^A.MN+QM. 
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But, Q being a point in the line J5C, QM « B . MO + OC^ 

.-. PN^J.MN-^B.MO-^OC; 
or, if tV, y, » denote the co-ordinates of P, 

the equation to the plane. 

CoR. The lines in which a plane intersects the co- 
ordinate planes are called its traces on those planes ; thus 
JC^ BCy are two of the traces of the plane BCAy the third 
being the line in which, if prolonged, it would intersect the 
plane of ofy. Hence, we perceive the meaning of the constants 
in the equation to a plane, 

z = At + By + c; 

for A^ Bi are the tangents of the angles at which the traces on 
zx^yZf are respectively inclined to the axes of o^and^ pro- 
duced in the positive directions ; and c is the portion of the 
axis of % produced in the positive direction, intercepted 
between the plane and the origin. 

It is important to observe, that the foregoing method 
of finding the equation to a plane, applies equally to the case 
where the co-ordinates are oblique, and leads to a result of 
the same form ; so that whether a plane be referred to rect- 
angular or oblique axes, its equation may be represented by 
z ^ Ax •\'.By +c\ but in the latter case, A will signify the 
ratio of the sines of the angles at which the trace on z/v is 
inclined to the axes of os and z ; and B the ratio of the sines 
of the angles at which the trace on yz is inclined to the axes 
of y and z. Hence, all results which involve no other as- 
sumption than z 's Aio -{-By + c, for the form of the equation 
to a plane, will be equally true for oblique and rectangular 
co-ordinates. 

8. To investigate the equation to a plane under the form 

OB y z 

- +X+-'=l• 
a o c 



Let AC (fig. 4) in the plane of sis of be the straight line to 
which the generating straight line is always parallel, BC in 
the plane of yz that along which it moves ; G a point in the 
generating line DU in any position, ON-w, NH=^y^ HGtsx^ 
its co-ordinates. 

Draw DF, FE parallel to OCy OA, and let OA^ OB, OCy 
which are called the intercepts of the co-ordinate axes be re- 
spectively denoted by a, 6, c. 

Then since 6 is a point in DE, 

z w 

-i> 0) 



DF FE 
DF y FE y 

but — = i-f , — ==1-1; 

c ha b 

DF 

therefore, multiplying the first term of (l) by , the second 

c 

FE 

term by , and the second member by the equal quantity 

y 

1 — - , and transposing, we get 

z tV y 
cab 

a relation holding between the co-ordinates of any point in the 
generating line in any position, and consequently the equation 
to the plane generated, and expressed by the intercepts of the 
co-ordinate axes produced in the positive directions to meet the 
plane. 

CoR. It is easily seen that this result might have been 
deduced from Art. 7. For if we take z ^ Aw -^ By + c to be ^0 
the equation to the plane ABC (fig. 4), and in it make z ^Oy 
y — Of w= a for the point A, we get = J. a + c ; and making 
5f = 0, a?= 0, y =a 6 for the point JS, we get = Bb + c ; there- 
fore, substituting for A and B their values, the equation to the 
plane becomes, as above, 

^ y ^ /a I 

- + ^ + -=1. c^J 

a b c 
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9. To investigate the equation to a plane under th^ 
form X cos a + y cos /3 + « «)s 7 = p. 

Let OQ = p (fig. 4) be the perpendicular from the origin 
upon the plane ABC^ making angles a, /3, 7 with the axes of 
a?, y, Zy respectively ; jpin AQ, then, OQA being a right angle, 

. 0-4 = OQ sec ^OQ, orosspseca; 

similarly, 6 = p sec /3, c = p sec 7 ; consequently, by substi* 
tuting in the equation 

w y ss 
a c 
we get ^ i^^ 

Siij^\ii 4 i * ^ ^i '^^''^ "j*".^ ""^s.^ + ^ '^^L'y T/' ""^ ** *^^ ^ 

JLiAAX, \r^ the equation to a plane in terms of the perpendicular let fall 
t^'LWiS ^/» upon it from the origin, and the angles which that perpen- 
• i» ^ dicular makes with the co-ordinate axes produced in the 
r#** positive directions. 

It will be observed that neither in this article, nor the 
preceding, are the co-ordinates required to be rectangular ; 
only, in the case of rectangular axes we must have (Art. 5) 

but in the case^ of oblique axes the cosinei^ which fix the 
position of the normal to the plane, will be subject to a 
different condition, j 

Cob, If with uie above equation we compare the general 
form of the equation to a plane 




different condition, y . i a o 

25" wfuL^ii^ 6 ^fr 



we get 



Ax + By ■\- Cz^Df 

D A B C 

p COS a cos )3 cos 7 ' 



which shew that the constant term bears the same ratio to the 
perpendicular on the plane, that the coefiicient of each variable 



9* 






does to the cosine of the angle which its axis makes with the 
perpendicular. 

Hence the perpendicular on a plane from the origin 

constant term 

j^ . * 

v/sum of squares of coefficients of variables 

likewise the square of its reciprocal equals the sum of the 
squares of the reciprocals of the three intercepts of the co- 
ordinate axes. 

10. The particular cases of the equation to a plane, 
when it involves only one, or only two of the variables, 
require a separate notice. 

Thus the equation w » a, since it belongs to all points 
whose distance from the plane of yz^ measured parallel to the 
axis of Wy is a, represents an indefinite plane parallel to yss. 
Similarly, the equation ^ ^ 0, characterizes all points situated 
in the plane of yz^ or is the equation to that plane ; and 
y s 0, % ^Oy are respectively the equations to the planes of 

Again, the equation — f- - « 1, 

represents not only the line AB (fig. 6) in the plane of wy^ 
but all points situated in the plane RA drawn through AB 
parallel to the axis of z ; for any one of these points P, what- 
ever be the value of PM or sr, will have the same a? and y 
as its projection M^ and therefore its co-ordinates will satisfy 
the equation 

w y 

a 

which does not involve z. Similarly, the equations w ^ mz -^ a^ 
y sznz + by represent planes parallel to the axes of y and w ; 
f . e, each equation represents a plane parallel to that axis 
whose co-ordinate it does not involve. 

This also appears from the equation z = Aa^ -i- By + c ; 
for if the plane be parallel to the axis off/, then its trace on 
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y% will be parallel to the axis of y, and therefore 5 = 0, or 
% ^ Aw -{■ c is its equation, the same as the equation to its 
trace on yx ; similarly, if the plane be parallel to the axis of 
^, ^ » 0. In order to deduce from it the equation to a plane 
parallel to the axis of «^ the equation requires to be reduced, 
as in Cor, Art. 8, to the symmetrical form 

X y z 

- + I + -- i; 

a b c 

now let c be infinite, then the plane becomes parallel to the 

- . , , X y , , 

axis of Xj and its equation is - -f t; =* 1» ^"C same as that 

a h 

to its trace AB. If the plane pass through the origin, 

e s 0, and its equation is x ^ Aw + By. 

11. Every equation of the first order involving three 
variables is the equation to a plane. 

Let the equation be reduced to the form x^Aw-^By + c; 
and to find the trace of the surface which it represents on yx 
let <2? = 0; .\ X =^ By + c, which is the equation to a straight 
line ; let this be CB (fig. 5). Next to determine the sections 
made by planes parallel to xx^ let y = 6,6', &c. .*. x = Ax+Bb+c^ 
X ^ Ax •\' BV + c, &c. which represent straight lines QP^ Q'P'i 
&c. parallel to one another. They likewise all intersect the 
trace CB ; for making a? « 0, we have J56 + c, JB6' + c, &c. 
for the values of QJIf, Q'Jif^ &c. and these are the ordinates 
of CB corresponding to y ss 6, jr *= 6', &c. Therefore the locus 
of the proposed equation is a system of parallel straight lines 
all passing through a fixed line ; i. e. it is a plane. 

12« The equation x ^ Ax + By + c, 
where A, B denote numbers, and c a line, has the defect of 
not being symmetrical ; to compensate for which, it contains 
only three constants, each having an obvious signification so as 
to enable us readily to interpret any results to which its use 
may lead ; and it furnishes the analytical expressions of the 
more useful relations of lines and planes to one another, under 
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forms the simplest possible ; and it is readily adapted to planes 

in all particular positions, with the single exception of a plane ^ fauah^pUj 

parallel to the axis of z. But it may often be advantageously ^/ 

replaced by the symmetrical form expressed by the intercepts / 

of the co-ordinate axes (which however cannot represent a ^ kx(:ii^ 

plane passing through the origin) / 

W 11 % 
CL C 

or by the equation depending on the magnitude and position 
of the perpendicular from the origin upon the plane, which 
may be Written 

Ix -f my 4- n%^ p, 

if we take ^, i», n to denote the cosines of the angles which 
the perpendicular p forms with the axes of w^y^ %\ and which 
may represent a plane in every position. The above three 
forms of the equation to a plane, as has been observed, hold 
equally for rectangular and oblique co-ordinates. 

13. To find the equations to a straight line in space. ^ha^i ^ ■' 

A straight line is the intersection of two planes, and con- 
sequently is given when the equations to any two planes /w 
which contain it are given. 

Among the various planes which may be drawn through 
a given straight line, those are employed, for the sake of 
simplicity, to determine it, which are parallel to the co- 
ordinate axes, since their equations will involve only two of 
the variables. 

From all the points of the line 3f J/" in space (fig. 6, bis) 
let perpendiculars MC^ M'C\ &c., be drawn to the plane of 
wy^ meeting it in the points C, C, &c. ; the assemblage of 
these points is called the projection of MAt' on this plane. 
This projection will manifestly be a straight line, since all the 
perpendiculars are situatad in the same plane, which is parallel 
to OZf and is called the projecting plane of MM". Similarly, 
if we project MM" upon the other co-ordinate planes by per- 
pendiculars upon them from its various points, we shall have 
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the three projections AA\ Bffy CC\ of which any two are 
sufficient to determine MAf, For suppose AA' and BB' are 
given; if through these we draw planes respectively perpen- 
dicular to zof^ yx^ each of them must contain the line Jf J/'« 
and will therefore fix its position in space by their intersection. 
But the positions of the projections NAy QB in the planes 
zof, yXf will be determined by their equations w ^ mz + a, 
y Si nz + b^ in which m and n denote the tangents of the 
angles at which they are respectively inclined to the axis of 
z^ and a^ON,y b^OQ, Hence the system of equations 

of a mz •\- a^ y zs nz + b^ 

which belong to the projections of the line, or rather to its 
projecting planes, will completely determine it. 

Cor. 1. Any values of <2?, y, z which satisfy the above 
equations are co-^ordinates of some point in the line; for sup^ 
pose 0?', y\ z\ were such values, and let Jlf be the point in 
MP for which « = »' ; then for each of its projections A\ B'^ 
z = z\ and therefore ^' = OJV, y' = OQi; that is, if z' = CJf, 
then 0?' and y\ provided they be determined from the above 
equations, will equal ON', tfCf- Hence the equations d?s:mj!?+ a, 
y ^ nz -{- by may be called the equations to the line MP itself. 

Cor. 2. Corresponding to the value M'C of z, the 
values of m and y in the simultaneous equations w = mz •\' a, 
y m, n» •\' by are OJV, N'Cfy the co-ordinates of the point Cf 
of the projection PC; and therefore the equation to the 
third projection may always be deduced from the two others 
by eliminating z, which gives 

a — a y - b 



m n 



, or nx - my ^ na -- mb. 



14. In the same manner it might be shewn, that if the 
axes of the co-ordinates were oblique, the equations to a 
straight line would still be of the form 

sc = mz + a, y = w» + 6 ; 

the only diflFerence would be that the projections would be 
made by planes parallel to the axes of the co-ordinates ; and 
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fn would denote the ratio of the sines of the angles which thcf 
projection on %w makes with the axes of z and a? respectively ; 
and similarly for n. 

15. The point in which a line meets any one of the 
co-ordinate planes, is called its trace upon the plane. The 
positions of these points are determined by putting, in the 
equations to the line, a?, y, x^ successively s 0; thus the co* 
ordinates of the traces of the line whose equations are 

_ 0? — o y — ft 

w = mz + a, y = njif + ft, «= , 

m n 

upon the planes of y», »a?, a?y, are respectively 



a 

m 

na 

y« + 6 

m 



b 

n 

mb 

0? — + a 

n 



0? « al 



16. As in the case of a plane, it is sometimes attended 
with great convenience to have the equations to a straight line 
expressed in symmetrical forms. 

If a, j3, y be the co-ordinates of a given point in a straight 
line, and a^, y, % those of another point in the line at a distance 
r from the former, and /, m, n, be the cosines of the angles at 
which the line is inclined to the axes of a;, y, z, we have 
(Cor. Art. 6) 

a?-a y-/3 z - y 
- s = ss r ; 

I m n 

and as these relations subsist amongst the co-ordinates of every 
point in the straight line^ they are its equations. 

This will still be true when the axes are oblique, if /, m, 
n are the ratios of the projections of a line on the co-ordinate . . y 
axes, to the line itself. c^- . - *^L.**** 

Problems on the plane and straight line. 

These principles being laid down, we proceed to the reso- 
lution of several Problems relative to the plane and straight 



i1 



f 
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line, the results of which are of great use. As the equation 
to a {dane contains three disposable constants, a plane may be 
drawn so as to fulfil various conditions ; as, for instance, \q 
pass through three given points; to pass through a given point 
and be parallel to a plane, or to each of two given straight 
lines ; or to pass through a given point and be perpendicular 
to a given straight line. Similarly, a straight line, since its 
two equations contain four disposable constants, may be drawn 
so as to satisfy various conditions. 

17* To express that a plane passes through a given point. 

Let % ^ Ai8-^ By + c, be the equation to a plane passing 

through a point w'y'%' ; then the equation to the plane must 

be satisfied by the co-ordinates of the point, .*. z'^AaZ-h By-^- c; 

therefore, subtracting this equation from the former to elimi- 

hO^/^Ot nate c, we have 

/: (0 «r-i8r'= J(a7-a?') + fi(y-.y'), 

, iCita in which A and B remain undetermined, so that the plane 

"t/li^tK ( ™^y ^^^ ^ made to satisfy two other conditions. 

/ Cf if^iy. Similarly, if a, /5, 7 be the angles which the perpendicular 

on the plane forms with co-ordinate axes, and the plane pass 
through a point afy%\ its equation will be 

h) (^ " ^') ^os a + (y - y) cos /3 + (» - »') cos 7*0. 

18. To find the conditions that two planes, whose 
equations are given, may be parallel to one another. 

Let z = Ax + By + c, » = A! x + B'y + c', be the equa« 

tions to two planes ; then if they be parallel to one another, 

their common sections with any plane which cuts them are 

parallel; therefore their traces on the co-ordinate planes are 

parallel. But, making y » 0, the traces on the plane ot xm 

have for their equations ss = Ax + c, » = A'x + c/, which will 

rf t be parallel if A ^ A' ; similarly, since the traces on yx are 

) C^^'' parallel, S ^ ff. Hence the conditions of parallelism of two 

' ' ,( ^ planes are, that the coefiicients of x and y in their equations 

are respectively equal. 



.i 
/ ■ 



^3 c / 

Cob. The equation to a plane drawn through a point ^p // / 
»yx\ parallel to a given plane z^Aw-^ffy-^c^ is fa^a 



%^%^A' {w - a?') + JB' (y - y'). 



)Jai<i 



19. To find the equation to a plane which shall pass 
through three given points. 

Let s^\y\«\y ^yt^29 ^zV^^zi be the co-ordinates of the 
given points, and z ^ A*v j^ By + c the equation to the plane ; 

then the co-ordinates of the points must satisfy it ; y^». /^ X^ ) 

^ -• 

.*. Zi = Awi + Byi + c, "■' ( 

z^^Ax^-^- By^ + Cy f, 

Z'i=-AjPs + Sys + c, ./ , . ' 

which are the three equations for finding A^ J?, e. Multiply 2 - /4 y / S^ -^ ^ 
the second and third respectively by indeterminate coefficients 
if Uy and add them to the first ; 

.•. ^1 + tZ2 + uzs = A (a?i + tw^ + uofz) (1), 

provided y^ + ty^ + uy^ = 0, l + ^+tt«0. 

These two latter equations give 

yi-Pz + t (y^ - yz) = 0, yi-y2-¥u (y^ - y^) = 0, 

and so determine t and u ; and substituting these values in 
equation (l), we find A ; and then B may be obtained by 
interchanging WiWzse^ and yxy^yz^ so that 

;jf - ;??, « J (a? - a?,) + 5 (y - y^* 

the equation to the plane, will be completely determined. 

20. To determine the line of intersection of two planes 
whose equations are given. 

Let the equations to the planes be 

z = AoD + By + c, z ^ A^w + ffy + c. 

Then the line of intersection is, as we know, sufiiciently de- 
termined by these two equations taken simultaneously; that is, 
by supposing Xy y, z to receive only such values as satisfy 
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both at the same time. If, for instance, vre substitute any 
series of values for x, we shall have for each of these values 
two equations to find the corresponding values of w and y ; 
and thus we may determine as many points in the line as we 
please. But the line of intersection is more conveniently de- 
termined by its projections on the co-ordinate planes. To find 
these projections, let /p'yV denote the co-ordinates of any point 
in the intersection, then a}\ x\ are also the co-ordinates of the 
corresponding point of the projection on zwy 

J / . therefore, eliminating y\ 

^ ; v^ / ri {ff ^B)x^ {Aff - A'B) x'+ffc^ Be'-, 

tfi^ ^yc which is the relation between the co-ordinates of any point in 

the projection on %(v. Hence, suppressing the accents, 

(B' - fi) ijr = (AB' - A'B) a? + iB'c - Be, and, similarly, 

. , / /^ ^V'^ U' -J)x^ (BA'-- ffA) y-^A'c^ Ac', 

/tid^s.fh iy are the equations to the line of intersection of the planes; 

which, as we see, result from separately eliminating y and w 
from the equations to the planes. The projection on a?y has 
evidently for its equation 

21. To find the equations to a straight line which shall 
pass through two given points. 

Let a^y x\ x*y"z\ be the co-ordinates of the given points ; 

w ^m% ^ra, y ^ nz -{-by the equations to the line, 
which must be satisfied by the co-ordinates of the points ; 

.-. a/tsmz'-^-ay y=nz'\'h (l), 

w = mz -f «, y = w» + 6, 

the four equations to determine the four constants. First, for 
the values of m and w, we have 

a[^a!'^m\z'-^z'\ y - y' ^n{z ^ z'*)^ 



17 

also subtracting equations (l) from the assumed equations iti 
order to eliminate a and 6, 

therefore, substituting for m and w, the required equations are <^, / Oi-c 






7 

Cor. 1. It is easily seen that if we take o6c, ab'cy for ^ 



an^ 



the given points, and call their distance d, and the distance ^ ci^ />*^*''. 
of abc from wyx^ r, the equations to the straight line may ^^^ ^^ y- 
be written j^^ Ax./x/7.::.^ 

a " a V ^ b c ^ c d c i 3 ^ ' 



ty*^^ 



Cor. 2. If the line is required to pass through only one / 

point afyXy its equations will be V ^y ) .^ --" • ^ 

w — w' ^ m{% -- V), y — y ^ n(% -- »'), ^ ^^ / A ^ • 

r 

where m and n remain undetermined, as might have been '^^ '/ « '< 
foreseen; for this condition may be satisfied by an unlimited 7/m m y <. 
number of lines. If, besides, it is to be parallel to a known / A^ 7 ^ 
line of which the equations are '.^. - 

w = m'% 4- a', y = nx + b\ 

since the projecting planes (Euc. xi. 15) and therefore the pro- 
jections of these lines must be parallel, we have m = m'y n ssn'; .- 
therefore the required equations are 

w — af=^fn(x^x)9 y —yr ^ n {% — %). 






it.' 






22. To determine the point of intersection of two given 
lines. 

Let their equations be 

a =s mz + ol ^ = nix + (i\ 
y «= nx + 6 j ' y = w'iif + 6 j * 

For any given value of x^ the values of w and y furnished by 
these two systems of equations will in general be different; 

2 



n 
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but if » be the ordinate of their point of intersection, the cor- 
responding values of w and y furnished by them, will be the 
same. Therefore the co-ordinates of the point of intersection 
are the values of »t, y, x^ which simultaneously satisfy the 
above four equations ; and as the number of equations exceeds 
the number of quantities to be determined, there will be an 
equation of condition, without which the problem would be 
impossible; since two straight lines do not, in general, intersect. 
Hence, eliminating w and y separately, 

» {m - m') X ^ a " a\ =r (n - n') » + 6 - 6'; 

/ / ^ ^^ and equating these two values of %^ 

-// / a-a' h^y 



I i w 



. ' ^<' i» — m' w — n' 






/. n ^^ . , .^ . an equation which must be made identically true by the con- 
stants entering into the equations to the two lines, in order 
that they may intersect. The two remaining co-ordinates of 
the point of intersection, will be found by substituting the 
value of 

a ^ a h ^h* 

«i — f» n -» » 

in either of the above systems of equations. 

Cor. When m = m\ and n = »', the equation of con- 
dition is satisfied, and yet the lines do not intersect, being 
parallel; therefore the above condition will not ensure the 
intersection of the lines, without the restriction that the value 
of « is not to be infinite. Taken without any restriction, 
it expresses that the lines are in the same plane and may 
therefore intersect; without deciding at what distance that 
intersection will happen. 

23. To find the conditions in order that a straight 
line and plane whose equations are given, may coincide, or 
be parallel to one another. 

Let « ^ Ax '\' By + c, be the equation to the plane, 

w «= mx + a, y ^ n% '\' b^ 
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the equadons to a line coinciding with it. Since every point 
of the line is in the plane, if j^r be the ordinate of any point, 
and .-. m% + a, nz + 6, the values of the other co-ordinates, 
these values must satisfy the equation to the plane ; 

(i^) .'. = (Jm + jB« - l)j8f + -4a + jB6 + c; 
and since this equation must be true for all values of 2r, 

(€) .\ Am-^Bn-l ^0, -4a-fB^ + c«0, ^^'^^'^ 
which are the required conditions. yw.<**/ 

If the plane and line are parallel, then a plane and - , /. ... ^/. 
line drawn through the origin respectively parallel to them, 
coincide; therefore the above equations must be satisfied when 
we suppose c, 6, a, to vanish ; hence the remaining equation 






i 









expresses the condition in order that a line and plane may be 
parallel to one another. 

24. If we employ the symmetrical forms of the equations 
to the straight line and plane, then in order that the straight 
line . . (V ../'•- ^ 

w-a y-b x-c ^^ /.;.:... '^^^ M 

I ^i ) CB BB « r, ' / 

may be parallel to the plane Aw -t- By + Cz a />, we must have 
and if it coincide with it, the further condition is 7>t-^ / *- ^'-^ 



1 1 > ■ 1 



.' J 



V. - ■ . - r / '■ ' '• '' 



It will be observed that the results of the preceding 
Articles from (17) inclusive, are also true, when the axes are 
oblique ; since the only assumptions made, are the forms of 
the equations to the plane and straight line ; but in that case, 
the constants will have different significations. 

25. To find the conditions that a straight line *and plane. ' 
may be at right angles to one another. ^ . 

2—2 / 



/ < 



/ 
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^ ' Let the equations to the straight line and plane be 






f i and ss - A(v + By + C9 

/ 1: ^ ^ at -f^ «. y ^ n% + 0, 

'2/ r. ^3-* -v-/ then the equations to the straight line and plane respectively 

parallel to them through the origin are 

\ (1). x^Ax^-By (2). 
y ^n%] ' 

Now let OA (fig. 8) be the straight line (l), then since ft 
is perpendicular to the plane (2), it is perpendicular to every 
straight line meeting it in that plane, and consequently is 
perpendicular to the trace OB of (2) on the plane of x% whose 
equations are 

% = Aw^ y = (3). 

In straight lines (1) and (3), take two points, A^ B whose 
co-ordinates are respectively a?', y, %' \ ai\ 0, x" \ and join 
thpse points ; then by equating the two values of the hypor 
thenuse of the right-angled triangle AOB so formed, we get 
A^ ^ AO" + 0B\ or 



•,'v"- -- 



X ^ . ,. vr ? or since m = m%^ % «= Ax , w + -4 = 0. 

' / ';, : c Similarly, for the trace on y%^ we get w + fi = 0; hence 

4 ^ tlie required conditions are 

Cor. 1. If it were required to find the conditions for the 
line and plane represented by the equations 

X - a y-/3 ss - y 



K < 



\ 
i 



I m n 



, Ax + By+Cx^D 



being perpendicular to one another, since the line is parallel to 
the normal to the plane, those lines must form equal angles 
with the co-ordinate axes ; but the cosines of the angles which 
the line forms with the axes of a?, y, x^ are proportional to 
If nif n; and the cosines of the angles which the normal forms 
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with the same axes are proportional to A, B, C (Arts. 9 and 16) ; 

ABC 

• _^ ^" ^^ ^■" ^^ 

I m n 

Cob. 2. Hence we can find the equations to a straight 
line which shall pass through a given point, and be perpen- 
dicular to a given plane. 

Let y, y\ «f', be the co-ordinates of the given point, 

ss ^ Aw '\- By + c the equation to the plane ; 

then CO — a ^m{% - %\ y --y '^ n(js — %') are the forms of ^ , 

the required equations (Cor. 2. Art. 21); and since the line is X •'/. •' ' ^^'^ 

perpendicular to the plane, ;i\.f*^L //^'**' 

w=-J, ««-5, ;ax.;/./^t ,^v'" 

.^ zr - a?' + J (i!f - »') = 0, y - y' + B (sf - » ) = 0, - * 

are the required equations. 



4 r 



26, Since the trace of the given plane on xao has for fts ?? ^ ' 
equation % ^ Aw •\- c^ and the equation to the projection, of the /, -> * ' . « " 

£riven line on ssoo may be written ss ^ , the result ., ./. , 

^ mm yt. r ^^* / ' /" 

1 A '<( ^^^' 

A-^- m^Oj or-ix — +1«0, shews that the trace and the /, .,^. . - , 

projection on «oo^ and consequently on any plane whatever, are '^ '^' ' * 
perpendicular to one another. The geometrical interpretation z ~ "*/ 
of the result of Art. 25 consequently is, that when a straight ^^ 

line is perpendicular to a plane, the projection of the line and ^^^*^ 
the trace of the plane on each of two co-ordinate planes, are*'^* ^ 
perpendicular to one another. The only exception which this /^^.\'. 
assertion is liable to, is when the plane is parallel to one of 
the co-ordinate axes, as the axis of ss ; for in that case the 
two projecting planes become coincident, and a line CQ (fig. 6) 
may have two of its projections CSy CR perpendicular to AS^ 
BR the parallel traces on %x and yx, without being perpen- 
dicular to the plane AR<. 

Suppose that y = a? + 6 was the equation to the plane; 

then every line perpendicular to it would be in a plane parallel 



V .4.* - 



XI lc /»r»o' 



.4 1 '» 
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to offff and therefore have z ts c for one of its equations, 
and y ^ j-of •\- b^ for the other, since its projection on wy must 
be perpendicular to the trace on that plane. 

27, If through CO (fig. 7) the axis of », a plane COQ 
be drawn perpendicular to AB9 the trace of the plane ABC 
on xy, and OP be drawn perpendicular to CQ9 it is evident 
that OP is perpendicular to plane ACB and z CQO is the 
inclination of the plane ABC to the plane of wy, and is equal 
to the Z COPf which OP makes with the axis of jjr, each being 
equal to the complement of /.POQ; in other words, the 
angle between two planes is equal to the angle between two 
lines respectively perpendicular to them. If the perpendiculars 
should not meet, then by the angle between them, and gene- 

' Ay c^Olx Au Cj rally by the angle between any two lines that do not intersect, 
'^ '. ^ we understand the angle formed by two lines drawn through 
any the same point respectively parallel to them. 

r 

28. Having given the equations to a straight line, to 
find the angles which a line parallel to it through the origin, 
makes with the axes. 

Let a = mx + O5 y = n«f + 6, be the equations to the given 
line. Through the origin draw a line OA (fig. 8) parallel to 
it ; then the equations to OA are 

^ s msff y B nx. 

Let a, )3, 7, denote the angles which OA makes with the 
axes of w^y^ %\ also let OA = 1, and let w\ y\ %\ be the co- 
ordinates of the point A^ then (Art. 5) of = cos a, y = cosjS, 
z' a cos y ; also since the point is in OA^ 

w «s mz\ y' ^ nz\ 
But OA^ « w^ + y'^ + z\ or 1 «= (w» + n* + 1) z\ 
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• Z as =r; /. COS . 

2 . ^a 
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\/l + w»* + w* ' v/i 



+ m* + w' 



n m 
COS p « . , cos a « > = — 
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The radical in these expressions admits of a double sign 
+ or — ; but as it must be taken + in all, or — in all, we 
have only two systems of values for a, j8, 7 ; viz., the angles 
which OA makes with O^, Oy, 0%\ or their supplements, 
which AO produced or OA^ makes with the same lines. It 
is usual to take the positive sign; then cos 7 is +, and 
therefore 7 acute ; and the angles determined are those which 
the part of the line above the plane of coy makes with the co- 
ordinate axes produced in the positive directions. 

CoR. Conversely these equations give the values of the ^/^^/^, , 
coefficients wi and «, ./ // -•• 

cosa cos/3 Xy y". 7* V 

m = J w = . , / /I ^ y 

cos 'y cos 'y >)> /•« ' - <-; ^^^^f^^ «^ o ' * 

Hence the equations to a line passing through a given point 
(«v^ y\ ^') and making angles a, /3, y with the axes, are, as 
we have already found at Art. I6, , i*r > « / ^ /i - 

\/ cos a cos)3 cos 7 ^^ ' / - ---(z-^^y' 



r/>»t < ttjc 



/■ 



C^j> 






29* To find the angles of inclination of a plane whose /,\ ^ 
equation is given, to the co-ordinate planes. y 



t:/>-' ' 



. ' ' t 



r 

Let » = -4^+jBy + cbe the equation to the plane ; '/ * *^^ ^ 

then a? = - Ax^ y = - 5^, 

are the equations to a line through the origin perpendicular 
to it ; and if a, /3, 7 denote the angles which this line makes 
with the axes of ^, y, ssy then (Art. 27) a, /3, 7 are also the 
angles at which the plane is inclined to the co-ordinate planes 
of yzy «Xy wy respectively ; and by the preceding article we 
have y r f' ^' ^ ^ * 

-A „ -B i:-' :'■ ''■■ 

cos OK — -, , C09fi = — . =-, 

\/l+A* + B* \/iTjFT^ j :■ ■ 

cos ^= . .' 

• f 'if*' t , 
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30. Having given the equations to two straight lines, to 
find the angle which two lines parallel to them drawn through 
the origin include. 

^ ^ = mx + a] ^ « m'ss + a'| , , . , 

Lict ,>, , .> be the equations to the 

y ^ nz + b] y ^ n X + b) 

lines to which OJ9 OB9 (fig. 8) are respectively parallel ; then 
Of ^ mXf y =i nx are the equations to OA, and tv ^m x^ 
y ^n'x^ those to OB, Take OAy OB, each = 1 ; and let 
the co-ordinates of A and B be denoted respectively by 
Wy y, x; a/ 9 y\ x' ; join ABy and let AB = d, Z AOB « 0. 
Then from the triangle AOB, 

1« + 1« - 2 cos = c? = (a? - wy + (y - yy + (» - xy; 

or, expanding, and reducing by the relations 

^p« + y2 + s^ » 1, ,r'2 + y'8 + ^« = 1, 

cos 9 = WW + yy' + »5f'. 
But since A and -B are situated respectively in OA, OB, 
a = mxy y ^ nx ; so ^ rnx\ y = nx' ; 



,'. 1 = (m* + n* + l);?f^ or ar = 



y^ ^ •»« ^ .^8 



+ !»• + w* 



.//* .((> (v< /- V '^ ' ^^ ^ Similarly, i^' = -7==-^^ r, i 

* ' -I 

mw + wTi + 1 

i/Jt«^rC/y> This expression, on account of the two radicals it con- 

' /lu/*^ tains, will furnish for 0, four values equal two and two^ 
. ) corresponding to the four angles formed by the indefinite lines 

'^^ t) (iC^ ) AA'j Bff. It is usual to take the denominator positive, 
i i. e* to take the radicals with the same sign, so that the 

'/ (I )f ^- points Ay By are both above or both below the plane of wy ; 

and the angle determined is AOB or its opposite A'OSy 
contained between the two portions of the lines which form 
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each an acute angle with 0% or Ox ; this angle, moreover, 
will be acute or obtuse according as 1 + mm -^ nn is positive 
or negative. 

CoE. By means of the formula sin = v 1 — (cos)* we may 
shew that 



• r. V^(^ - '"T + (^ — w')^+ (wn'— rnvif 

sm Q = . - — . - — 

31. The angle between two lines may also be ex- 
pressed in terms of the angles which each makes with the 
co-ordinate axes. 

Let OA make with the axes of or, y^ x the angles 
a» /3> 7 ; and OB make with them the angles a', /J', 7' ; 
then, proceeding as in the last Art., we may shew that 

cos = d?«aj'' + yy + «fj8f'. ^ , '/^ 



(%) But a? « cos a, y = cos/3, «fC0S7; . ^"fcrW, ^</*X- 

^^ 1 § a> ^ cos a , tf = cos p , « = cos 'v ; ^ti* > tt- ' * 

/ /^ .', COS Q = cos a cos d + cos /3 cos /?' + cos 7 cos 7'. - ^ '^ •' ^^--^ 

32. Hence the condition in order that two lines may be //tJci^ 
perpendicular to one another is cos = 0, or ^^ ^^4. ui^ <^^fi ^j 

mm +nw + 1 = 0; ',t^ * ^^ 

at which we may arrive immediately by observing that the 
equation to a plane through the origin perpendicular to the 
first line is « + wa? + wy = 0, which must necessarily contain 
a line through the same point parallel to the second whose ^ 
equations are x = w!x^ y « nx ; 

.•, X + mm'x + nnx = 0, or mm' + nv! -^ 1 = 0, 

This condition expressed in another form, is 

. c<M a cos a'+ cos /3 cos /3' + cos 7 cos y = 0. , . 



i ' 
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Also, in order that the lines may be parallel, to one another^ 
we must have 

sin t= 0, or (m- my + (« - w')* + (mn - niny «= 0, 

which can only be satisfied by »» = m', n = »' ; this agrees 
with Cor. 2, Art. 21. 

33. To find the angle of inclination of two planes whose 
equations are given. 

Let X = Aw + By + c, » « A^oc + B'y + c', be the equa- 
tions to the two planes. Then the equations to two lines 
respectively perpendicular to them through the origin are 
(Art. 25) 

0? = - A%9 y = - Bx ; a? = - A'xy y « — B'z ; 

and (Art. 27) the angle of inclination, 0, of the two planes 
is equal to the angle between these two perpendiculars ; 
therefore (Art. 30) 

1 + J^' + Bff 



cos 9 = 



(\\'\ 



±\/l + J2 + ^v/i+^'« + ^-' 



the double sign belonging to the acute and obtuse angles 
^between the two indefinite planes. 



. . . ^' 






,' « 



(n .(.' I 



34. The angle of inclination of two planes may also 
< ' be expressed in terms of the angles at which each is inclined 
to the co-ordinate planes. 

For if a, /S, 7 ; a', /3', y ; denote the angles at which 
the planes are inclined to the co-ordinate planes of yz^ xWy 
aiyj these are also the angles which the perpendiculars on 
them from the origin respectively make with the axes of 
Wf y, «; therefore (Art. 31) 

^ cos = COS a cos a + cos j3 cos /3' + cos y cos y'. 



a'-'^ 



36. Hence the condition that two planes may be per- 
pendicular to one another (since in that case cos = 0) may 
be expressed in the two following ways : 
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1 + J^'+ J3B'=0, 

cos a cos a + cos )3 cos /3' + cos 7 cos y t= 0. 

We may arrive at the former of these results immediately 
by observing that a? « - -4i^/ y = - B%i 'are the equations to 
a perpendicular through the origin to the first plane which _ ^ 
must coincide with a plane through the origin parallel to the A"^/ 
second plane whose equation is » = A' a + ffy ; (>^ a^ is w 

If the second plane be parallel to the axis of z so '^ ' •''<• 
that its equation h y = a tan + 6, the condition becomes / >* 
B ^ A isM<p. /'. ; ^' 



*u. 



36. To find the angle between a straight line and a 
plane, of which the equations are given. 

The angle, 0, here meant, is the angle between the 
line and its projection upon the plane, and is therefore equal 
to the complement of the angle made by the line with a 
perpendicular to the plane. 

Let « '^ Ax + By + o be the equation to the plane ; then 
the equations to a line through the origin perpendicular to 
it are 

57 = - Azj y = " -S*« 
Let wss^mx + a, y ^n% -^-by be the equations to the 

given line ; then since 6 is . the angle between it and 

the perpendicular to the plane, 

(^ \ 1 — Am - Bn 
cos I 9] or sin « j — ^ /- ■ . 

37. To find the length and the co-ordinates of the 
extremity of the perpendicular from a point upon a plane. 

Let z ^ Ax ^ By •\' c be the equation to the plane, 
^\ y\ «' the co-ordinates of the point from which a perpen- 



(^ 
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« 

dicular is to be dropped upon it; then the equations to the 
line passing through the point and perpendicular to the plane 
are (Art. 25, Cor. 2) 

and combining these with the equation to the plane^ which 
may be written 

i!f - »' = J (a? - ^') + ^ (y - y ) - C*' - ^^ - -By -^)» 

in order to deduce the co-ordinates JT, F, Z of the point 
where the perpendicular meets the plane, and putting 

% ^ Aco ^ By ^ c^Py we get 

Z _ ;5f' = « ^« ( Z - »') - B^ (Z - ;j?') - P, 

P 



.-. Z-»'«- 



1 + ^« + 5^ ' 






\ r 



values from which it is easy to deduce X^ Y, Z, the co* 
ordinates of the foot of the perpendicular. 

If we denote by D the length of the perpendicular inter- | 

cepted between the point and the given plane, we have 

the radical being taken with that sign which makes the whole/ / 

•x* ^' ' ^' r^ i' liar t i^ atv^v^ ^<vtk-v< •' 
expression positive. . • . '^ .. ^ / ' , ^ y\ /- 

CoE. If we' use the symmetrical form of the equation to A^ ^ " 
a plane '• •- ^' • - V - >? v'- ^y^iv./ /<. ' 

the perpendicular upon it from the origin ■■ . ^[f)^ ' ' 

and a plane parallel to it through (a fee) has for equation -i. ck,"* ^ 

Aw + By + C«^Aai'Bb + Cc, ♦" t^ V :^' I'V-^^^-^;.^ 

.Ti • ' ' • 

■ • 1 ' ■-. 3^; ■, ,_ ^^ ,. ^ ,. . • ■ . ,^ , , '^ , : . -Y cm-iv- 



* ' • 



J 

/ 



^ . • • * i 

the perpendicular upon which from the origin equals ^ / ^ ' 

L • ^^ the difference of these perpendiculars « . — , „ Ar» • 1 

which is the perpendicular from (aic) upon the proposed -^^ "' 
plane. 

^. ^ . X ^ 38. To find the length and the co-ordinates of the 

, ■'' ^ extremity of the perpendicular from a point upon a line. ' » ' " 

Let the equations to the s^iven straight line be -j* / -i ' <* 

^^ and w\ y\ x' the co-ordinates of the given point from which a 
{ perpendicular is to be dropped upon it ; then the equation to 

-'■'"'^ ' a plane passing through (jv, y'y «) and perpendicular to the 
4r'f */'• given straight line is (Art. 25) 

;1 f'^' * « - jjt' = - m (a? - a?') - n (y - y') ; 

' ' ^ ' ' and combining this with the equations to the line in order to 
K*' ' ^^^gct the co-ordinates -AT, F, Z, of their point of intersection, we 
i /?:^^£ *»ave> putting 
^r^ 1 9f'* "^^^ » + fii (y - a) + n (y' - 6) = P, 

Ji^h Z^a X •~fn(mZ '\- a) •\' mw -~n(nZ -^b) +ny'; 






/ 

K 



\.r<. /A. ^ y'-f fit(a?'-a) -f n(y'-A) 

p 

.•. Z "^ Xi ^ r— ^ X y 

1 + m^ + n* 

- _ , mP ^ , 

X-a ^mZ'\-a -or ^ (07-0), 

F-y'-nZ + 6-y'--— ^^^ -8-(y'-6)- 

Consequently, if 2> denote the length of the perpendicular 
intercepted between the point and the given straight line, 

.1 ' :.'-]^ ,t 
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2i*» 



1 + f»* + »* 1 + m* + n* 

.■ '( t .,-.(»-.)'.fa'-»-- '-'^°'y-r"."^-'>'' . 

- ; ; t 39. The perpendicular distance of a point from a straight 

' /t/ /^<u^ . line may also be expressed in terms of the angles which the 
line makes with the co-ordinate axes. 

Let AB (fig. 10) be the given line passing through a 
point A whose co-ordinates are a, 6, e, and making angles 
«> i3, 7 with the axes of /p, y, and »; also let AP make with 
the same axes, angles a', /3', 7', P being the point with co- 
ordinates ai\ y\ z\ from which the perpendicular PB is to be 
drawn. Then 

cos PAB = cos a cos a! + cos /3 cos /?' + cos 7 cos 7' 

(g;'- q)cosa-f (y -6) cosj3+(iy'-c) C0S7 ,. . ^ ^ ^ 
» -— ; QArt.OjCor.j 

, .-. BP"^ AP'-'iAP cos PABf 

«,(a?'-fl)2 + (j/-6)«+(i^'-c)r 

— {0^'- «) COS a + (y'-6)cos)3 + («'- c) cos7p. 

Or, if we denote the cosines as usual by /, m, n, the distance 
of the point a/ %f %' from the line 

w — a y — h % - c 
I m w ' 

If the line passes through the origin, this becomes. 
V 0?'^+ y'^ + ijr'^ — {Lv -^ my' + nx'y, 

40. As two straight lines in space, although not parallel, 
may never intersect, it is a Problem which sometimes arises 
to determine the shortest distance between them; it may be 
solved by means of the following proposition. 

The shortest line which can join any two points in two 
straight lines in space, is the line which meets both of them 
at right angles. 
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Take one of the lines OC (fig. 11) for the axis of a?, and 
let the other AB meet the planes of zx^ ooy^ in A and By in 
which planes draw AO^ Oy perpendicular to OC, and let 
these be the axes of % and y. Draw By parallel to Oa?, join 
Ay and draw OM perpendicular to it ; draw MN parallel to 
Byy make Ow equal to MN and join Nw. Then MN being 
parallel to Oaf is perpendicular to M0\ therefore OM is 
perpendicular to each of the lines MN^ Ay, and therefore to 
the plane AyB; also MN being equal and parallel to 0<r, 
the figure NO is a rectangle, and NtV is equal and parallel to 
MO I therefore Nw is perpendicular to OtT, and also to the 
plane AyB and therefore to AB ; hence iVo? meets each of 
the given lines at right angles. It is also their shortest 
distance; for take any point K in AB, draw KL parallel to 
By and join OL ; then the distance of K from Ooff is equal to 
OLy because a perpendicular from K on Oaf would be parallel 
and equal to OZ, z LOx being a right angle, and OL is 
manifestly greater than OM. 

41. Any plane passing through the shortest distance will 
be perpendicular to the plane to which both the given lines 
are parallel ; for since Nx is perpendicular to the plane Ay By 
any plane through Nw is perpendicular to AyB; and AyB, 
since it contains one and is parallel to the other, is itself 
parallel to every plane to which both the lines are parallel. 
Also if through OC we conceive a plane to be drawn parallel 
to Ay By it will be parallel to AB ; and MO = Nw will be its 
perpendicular distance from the plane AyB ; i. e. the shortest 
distance between two lines not in the same plane is the per- 
pendicular distance of two planes, each of which is drawn 
through one of the lines parallel to the other. 

The complete determination of the shortest distance be- 
tween two lines, by finding the position and magnitude of the 
shortest distance when the equations to the lines are given, is 
effected in Probs. 4 and 5. (Appendix, Section I.) 






SECTION n. 



ON SURFACES OF THE SECOND ORDER. 



42. The foregoing section comprehends all the more 
useful results relative to lines and planes referred to rect- 
angular co-ordinates. We shall now proceed to investigate 
the equations, and forms, of surfaces of the second order^ 
which, after the plane, are next in simplicity ; reserving for 
the subject of the following section (after the reader has 
become familiar with the mode of representing surfaces by 
equations, and thence deducing their forms) one of the prin- 
cipal means of modifying and simplifying those equations, 
viz. transformation of co-ordinates. We shall next have oc- 
casion to introduce the projections of lines and plane sur- 
faces ; and the more useful results, relative to the line and 
plane referred to oblique co-ordinates, may be then more 
conveniently given than at present. It will be necessary 
however to make some preliminary observations on the geo- 
metrical meaning of equations containing only one or two of 
the variables /p, y^ x^ when we embrace in our enquiries the 
three dimensions of space. 

43. It was remarked (Art. 10) that the equation 
^ » a, when three dimensions of space are regarded, repre- 
sents an indefinite plane parallel to yx\ similarly, the equa- 
tion y'^ + py + 9 ■» 0, which gives for y two constant values 
^ s a ± 6, represents two planes parallel to xw^ and in 
general, every equation containing only one of the variables, 
represents a system of planes parallel to the two axes whose 
co-ordinates it does not involve. 



->^c^ Again, the equation /(^, y) = 0, which, in Plane Geo- 

metry, belongs to a curve CC (fig. 12) in the plane of wy^ 
in Geometry of Three Dimensions, represents a cylindrical 
surface formed by drawing lines through all the points of CCf 
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parallel to Ox ; for any point P in this surface, whatever be 

the value of PC or sSy will have the same x and y as its 

projection C; and therefore the co-ordinates of every point 

in the cylindrical surface will satisfy the relation /(^, y) = o, 

which does not contain %\ and any point whose projection 

is not in CCf cannot by its co-ordinates satisfy the relation 

fi/Ct y) = 0, The same observations apply to equations of 

the form /(a?, x) = 0, /(y, x) = 0. Hence, an equation con- / ^^^c^'^u^. 

taining only two of the variables "represents a cylindrical ^' ' 

surface parallel to that axis whose co-ordinate it does not 

involve; and of which the trace upon the plane containing 

the other two axes, is in Plane Geometry given by the same 

equation. 

44. The locus of an equation /(<r, y^ x) >= 0, containing 
all the variables, is a surface; that is, if all the points be 
taken whose co-ordinates satisfy it, they will not comprehend 
all the points of a solid figure, but only those situated in a 
surface. In the equation /(<2?, y^ x) ^s o we may assume any 
values for two of the co-ordinates; and, deducing the value 
of the third from it, we have the co-ordinates of the cor- 
responding point in the locus; and similarly, we may de- 
termine as many points in the locus as we please. Instead 
of this, however, let us assume the value of only one co- 
ordinate ti? = a; then (Art. 43) /(y, ^, a) = 0, represents a 
cylindrical surface parallel to the aiis of a?; but since we 
must only take the points in this surface which satisfy the 
condition x ^ a^ it follows that by this assumption we obtain 
a curve^ namely, the section of the cylinder made by the 
plane a? = a parallel to yx. Let this be PQ (fig. 13), 
where ON « a ; then of all the points in the indefinite plane 
PNQ it is only those in the curve PQ which are deter- 
mined by the equation /(y, ar, a) »0; similarly, if we take 
4? = ON' ^ a, we shall have /(y, x^ a) = 0, which equations 
determine the curve P'Q' ; and, proceeding in this manner, 
we may obtain an infinite number of curves all situated in 
planes parallel to yx^ and succeeding one another at intervals 
as small as we please, the assemblage of which will form a 
surface which is the locus of the equation fipo, y, x) = 0. 
3 
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45. We conclude, therefore, that every equation, whether- 
containing one, two, or three of the variables, represents a 
surface; if however the equation can be satisfied by no 
system of real values of the co-ordinates, the surface will 
be altogether imaginary; or, if it can be satisfied only by 
breaking it up into two or three others, the surface is reduced 
to a limited number of lines or points. In other cases the 
equation will enable us to determine the figure and properties 
of the surface which is its locus, as will be seen. 

In discovering the figure from the equation, the traces 
on the co-ordinate planes, determined by putting x, y, % 
separately » in the equation to the surface, and the sections 
made by planes parallel to the co-ordinate planes, determined 
by putting the co-ordinates each separately equal to a constant, 
are the principal means. Thus (fig. 13) AB^ BC, CA are the 
three traces of the surface ; and PQ is a section made parallel 
to y%^ the equation to which is /(y, x^ a) = 0, where ON ^ o, 
and QiV, NP are to be regarded as the axes to which the 
curve. PQ is referred. 

As in Geometry of Two Dimensions a curve may have 
several branches, and an ordinate may have several values 
corresponding to the same value of the abscissa ; so a surface 
may have several sheets, and points in different sheets may 
have the same projection on the co-ordinate planes. As many 
real values as sa has for given values of ob and y, so many 
sheets will the surface have ; if the value of % is imaginary, 
there is no point in the surface corresponding to those values 
of iV and y, 

46. Surfaces, in the same manner as lines, are divided 
into orders^ according to the degree of their equations; the 
degree being determined by the sum of the indices of the 
three variables in that term of the equation (supposed to 
contain no fractional or irrational term) where it is greatest. 
The plane is the surface of the first order, being the locus 
of the equation of the first degree between three variables ; 
the sphere, the common cone and cylinder, the ellipsoid, &c., 
are surfaces of the second order, because their equations are. 
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df the second degree. We shall at present obtain the equation 
to each variety of the surfaces of the second order from some 
known properties of them, and determine their figures; re- 
serving the discussion of the general equation of the second 
order, and the closer consideration of the properties of the 
surfaces which it represents, to a more advanced part of the 
work. This arrangement, which corresponds to that usually 
followed with regard to curves of the second order, will 
gradually introduce the student to the more difficult parts of 
the subject, and put him at once in possession of the more 
important results. 

• 

47. To find the equation to the surface of a sphere. 

The characteristic property of this surface is, that every 
point in it is at the same distance from the center. 

Let W9 y, z be the co*ordinates of any point in the sur- 
face, a, 6, c the co-ordinates of its center, and r its radius ; 
then 

(^ - a)* + (y - by + (i^ - cy = r«, 

is the relation which the co-ordinates of every point must 
satisfy, and therefore the equation to the surface. 

Cor. This equation will assume different forms accord- 
ing to the position of the origin ; thus if the origin be in 
the center, a = 6 « c = 0, and the equation becomes 

if the origin be in the surface of the sphere, 

a* + 6^ + c' = r% 
and the equation becomes 

48. To find the equation to the surface of an oblique 
cylinder, the base being circular. 

This surface is generated by an indefinite line which is 
carried round the perimeter of a given circle, always remain- 
ing parallel to a given straight line, 

3 — 2 



^ to^ 



Let of^mzy y ^ nx, be the equations to a line OR 
(fig. 14) through the origin, to which the generating line 
is always parallel; and r the radius of the circle OPA 
described in the plane of wy with its diameter coinciding 
with the axis of a?, along which the generating line moves. 
Let PQ be the generating line in any position, and «r, j^, z 
the co-ordinates of any point M in it, and therefore in the 
cylindrical surface. Then the equations to fQ are 

X - 0? = m (Z - »), Y-y^n{Z-x), (Cor. 2, Art. 21) ; 

therefore, making Z » 0, we have the co-ordinates of P, or 

X' <r ON « 0? - m», F' -= NP^ y - nz. 

But, P being a point in the circular base, 

r« = 2r^-^'*; 

therefore, substituting for Y* and Jf their values, 

(y - nxy^2r(af - mx) - (a? - mxy, 

a relation among the co-ordinates of any point in the surface^ 
and therefore its equation. 

Cor. We may suppose the curve OP^ instead of a circle, 
to be any curve of the second order determined by the equa- 
tion F*= IJT - (1 - e*)-y* ; we shall then obtain the equation 
to any cylindrical surface of the second order, viz. 

^'**^* - (y-nxy^l(af^mx)-(l^e')(af'-mxy. 

And it is easily seen that whatever the curve OP be, if its 
equation be F'aa/(^'), the equation to the cylindrical surface 
generated by a straight line carried along it, and of which, 
it is called the directrix, will be (y - nx) =/(a? - mx). 

49. To find the equation to the surface of an oblique 
cone, the base being circular. 

This surface is generated by an indefinite line which is 
carried round the perimeter of a given circle, always passing 
through a fixed point. 
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Let a, 6, c be the coordinates OR, RQ, QV, (fig. 15) of 
the vertex V, and r the radius of the circle OPA described 
^n the plane of a*y with its diameter coinciding with the axis 
of ^, along which the generating line moves. Let PF be the 
generating line in any position, and w, y, « the co-ordinates of 
any point M in it, and therefore in the conical surface ; then 
the equations to VP are (Art. 21) 

w ^ a V ^ b 

X-a^--(Z-c), Y-b~l (Z-c); 

X ^ c ar — e 

therefore making Z » 0, we have the co-ordinates of P, or 

«f — c » — c 

But, P being a point in the circular base, 

therefore, substituting and reducing, 

(b% - cy)'= 2r (x — c) (aar — cof) — (a» — c^)*, 
the equation to the conical surface. 

Cob. We may suppose the curve OP, instead of a 
circle, to be any curve of the second order, determined by 
the equation r«= Zu¥'~ (I -V) JT'*; we shall then obtain the 
equation to any conical surface of the second order, viz. 

(b» — cyY ^l{« ^c) {az - ca) - (1 - e®) {ax - co?)*. 

And it is manifest that whatever the curve OP be, if its 
equation be V ^f{X*), the equation to the conical surface 
of which it is the directrix will be 



b% - cy 



X -- c 






50. To find the equation to the surface of a spheroid* 

This surface is generated by the revolution of an ellipse 
about one of its. axes. 



(.*■ 
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Ltet CA (fig. 16) be a quadrant of an ellipse which, by 
revolving about its axis OC coinciding with the axis of «^ 
generates a spheroid. Let AC be any position of the gene^ 
rating curve, and ON « ^, NM = y, MP = x the co-ordinates 
of any point P* in it ; AO^ Uy CO = c ; then from the right- 
angled triangle ONM9 

But, since P' is a point in an ellipse with ^ axes a and c, 

( a ^ S <^f^) , oM* ^ ic*- , </^_ / 

the equation to the surface ; which is called an oblate or 
prolate spheroid, according as the axis 2 c, about which the 
ellipse revolves, is the less or greater of its axes. 

Cor. Similarly, if the hyperbola AQ (fig. 18) revolve 
about its conjugate axis OC coinciding with the axis of «y 
the equation to the surface of the hyperboloid generated, 
consisting of one continuous sheet, will be 

^ as 1 • 



a'* (? 



and if it revolve about its tranverse axis OA (fig. 19) co- 
inciding with the axis of w^ the equation to the surface 
generated, consisting of two disunited portions or sheets^ 
will be 

0^ 3^' + ^* 



^2 2 



= 1. 



51. To find the equation to the surface of a paraboloid. 

Let OQ (fig. 20) be a parabola which by revolving about 
its axis, coincident with the axis of Wy generates a paraboloid ; 
OP any position of the generating curve, 

ON = ^, NM = y, MP ^z, : 
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the co-ordinates of any point P in it ; then 

PN'^l.ON^lw, 

I being the latus rectum of OP ; but from the right-angled 
triangle PMNy 

PN'^f^ »», 

the equation to the surface. 

62. When^ as in the preceding instances, a plane curve 
revolves about an axis coincident with one of the co-ordinate 
axes, the equation to the surface generated may be readily 
obtained, whatever be the generating curve. For let OC 
(fig. 16) the axis of % be the axis of revolution, CPA the 
generating curve, and PR t^f{OR) its equation ; and let it 
revolve about OC into the position CP^A' ; ON ■= a?, NM = y, 
MP = %j the co-ordinates of any point P. 

Then by the equation to the curve, MP ^f{OM)y 

or X ^fiy/ar" + y% 
the equation to the surface. 

53. The surfaces which we have hitherto considered, 
are the simplest cases of surfaces of the second order ; their 
equations are all contained in the general equation of the 
second order between three variables, which is 

aa?*+6y'+c»'+2a'y;jf+26'»<r+2c'a?y+2a"cr+26"y+2c";8r+d=0. 

It will be shewn hereafter that this equation, by giving 
a proper position and directions to the origin and axes of 
the co-ordinates, can always be reduced to one of the forms 

which represent two distinct families of surfaces ; the former 



40 

those which have a center, the latter those which have not 
a center; meaning by center, a point such that all chords 
of the surface drawn through it are bisected in it. 

64. The origin is the center, and the co-ordinate planes 
are the principal planes, of the surface represented by the 
equation 

For let P (fig. 22) be a point in the surface whose 
co-ordinates are x ^ hy y ^ k, « =^ I; then the equation is 
satisfied by these values, and therefore it is also satisfied 
when — A, — A, - Z are written for ^, y, and «. But if we 
produce PO to P', and make OP^'^ OP, the co-ordinates of P^ 
are evidently equal to - A, — Ar, - / ; therefore P' is a point 
in the surface, and PP' is a chord, and it is bisected in O ; 
i e, every chord is bisected in O, therefore O is the center of 
the surface. 

Also the surface is situated symmetrically with respect 
to the co-ordinate planes. For if in the equation we make 
Of = ON^ A, and y = NM =■ Ar, it will give for z two equal 
values with contrary signs PJf, QJlf ; so that for every point 
of the surface, situated above the plane of wy^ there will be 
a corresponding point situated at an equal distance below it. 
Similarly, the other co-ordinate planes may be shewn to bisect 
all their ordinates at right angles. Planes which have this 
property are called the 'principal planes of the surface, and 
their intersections (which in this case coincide with the axes 
of the co-ordinates, and with respect to each of which also 
the surface is symmetrically situated) the aitea of the surface. 
Also every chord passing through the center is called a diameter 
of the surface. 

55. In the equation to surfaces that have a center 

having taken care to make the second member positive, since 
the coefficients of the variables cannot be all negative together^ « 
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we can only have three varieties of form, (1) all the coefficients 
positive, (2) one negative, (S) two negative ; so that the equa- 
tion may assume the three following forms : 



ef 


f 


X* 




a' 


+ ii + 


c*~ 


1, 


«* 


»• 


«* 




o* 


+ 6-«- 


c'° 


1, 


«» 


y" 


»» 


1. 


a* 


"6«" 


c»" 



-V^f 



u* 



c • 



The surfaces represented by them are called respectively the ^ 

(ellipsoid, the hyperboloid of one sheet, and the hyperboloid ± ^A^-i^ 
of two sheets; the two latter surfaces being also sometimes /r>^^^^' %y 
called the continuous, and discontinuous hyperboloid. juu^' rl ^*^y4^r . 

66. In the family of surfaces, represented by the equation '^ "/" c ' 

the origin is not the center, since the equation does not remain 
unchanged when <r, ^, z are changed into - 07, — j^, — jsr ; and 
it will be seen hereafter that no other point can be its center. 
Also since only even powers of y and z enter the equation, 
the planes of zx and ooy are principal planes, but the plane 
ol yz not a principal plane; consequently the surface has 
only one axis, coinciding with the axis of ^. In the equation, 
if B and J! are not both positive, let the coefficient of ^' be 
made positive; and then, if necessary, change the sign of. or 
in order to make the second member positive, for the change 
of a into — w will merely alter the position of the surface ; 
the equation will then offer two varieties according as C is 
positive or negative, under the forms 

y' «» 

— — — ; = a?: 
/ I' 

and the surfaces represented by them are called respectively 
the elliptic and hyperbolic paraboloids. 
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67* To find the equation to the surface of an ellipsoid. 

This surface is generated by a variable ellipse which 
moves parallel to itself with its axes in two fixed planes, 
and vertices in two ellipses in those planes having a common 
axis coincident with the intersection of the planes. 

Let BCy CA (fig. 17) be quadrants of the given ellipses 
traced in the planes yss^ %iv\ OC ^ c their common ^ axis 
coinciding with the axis of x^ OA » a, OB » 6, the otiier 
^ axes; QPR a quadrant of the generating ellipse in any 
position, having its plane parallel to wy^ its center in OC, 
and two of its vertices in the ellipses AC^ BC^ so that the 
ordinates QiV, RN are its ^ axes ; also let ON = *, NM « a?, 
MP « y be the co-ordinates of any point P in it ; then 

NQ' "*■ NW ~ ^ ' ^^^ 

Multiply the first term of (l) by — ^r- > the second term by 

NR^ 

— ^ , and the second member of the equation by the equal 

quantity 1 — - and transpose and we get 

c 

or y^ s? 

a* Ir c 

the equation to the surface. 

58. To determine the form of the ellipsoid from its 
equation. 

Since in the equation, a? can only receive values between 
a and — a^ y between b and — 6, and at between c and — c, 
the surface is limited in all directions. If we put z ^ Oj 
we obtain 
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for the equation to the trace on .ry, which is therefore an 
ellipse AB ; also, from the mode of generation, all sections 
parallel to wy are ellipses, and since their axes are in the 
ratio of a to 6, they are all similar to JB. 

If we make x ^ ^h^ we have 

— + — = 1 

for the equation to any section parallel to yz^ which is an 
ellipse similar to the trace BC (since its axes are in the 
ratio of 6 to c whatever be the value of h) and which becomes 
imaginary when h>a» In the same manner it may be shewn, 
that all sections parallel to ^<r are ellipses, similar to the 
trace AC» The ellipses, of which AB^ BC, CA are quadrants, 
in which the surface is intersected by the co-ordinate planes, 
which are its principal planes, are called the principal sections 
of the surface; and the parts of the co-ordinate axes inter- 
cepted within the surface, are called its axes. Hence a, 6, c 
represent the ^ axes of the ellipsoid, and also the ^ axes of 
its principal sections. The extremities of the axes such as 
Ai By C are called the vertices of the ellipsoid, of these it has 
six, one at the extremities of each axis. 

The whole surface consists of eight portions precisely 
similar and equal to that represented in the figure. 

Cob. If a B 6, the equation becomes that to a spheroid 
generated by revolution about Oz ; similarly, if any other two 
of the semiaxes become equal, the ellipsoid becomes a spheroid 
generated by revolution about the remaining axis. 

59. To find the equation to the surface of a hyper« 
boloid of one sheet. 

This surface is generated by a variable ellipse which 
moves parallel to itself, with its axes in two fixed planes, 
and vertices on two hyperbolas in those planes having a 
common conjugate axis coincident with the intersection of 
the planes. 
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Let AQ9 BR (fig. 18) be the given hyperbolas traced 
in the planes xof^ yz ; OC = c their common ^ conjugate 
axis coinciding with the axis of x^ OA «= a, OB « 6, the 
^ transverse axes; QPR the generating ellipse in any posin 
tion, having its plane parallel to wy^ its center in OC^ 
and its vertices in the hyperbolas AQ^ BR^ so that the 
ordinates JVQ, NRy are its \ axes. Also let ON = %y 
NM = 0?, MP = y be the co-ordinates of any point P in 
the generating ellipse ; then 

+ ^-15 (0 



N(^ NR^ 

JVC? 

Multiply the first term of (l) by — —, the second term by 

NR* 

— — , and the second member of equation (1) by the equal 
6 

quantity 1 + -r &nd transpose and we get 

cr 

ar^ v^ x^ 

a« 6« c^ ' 

the equation to the surface. 

60. To determine the form of the hyperboloid of one 
sheet from its equation. 

Since the equation will visibly admit values of ^, y^ « 
positive and negative however large, the surface is extended 
indefinitely on all sides of the origin. If we put x ^Oy 
we obtain 

0?* y^ 

for the equation to the trace on osy^ which is the ellipse AB ; 
and from the mode of generation all sections parallel to wy are 
similar ellipses, the dimensions of which increase indefinitely. 
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the least being that o^ which AB is a quadrant, and which 
forms Jthe interior limit of the surface. For the sections 
parallel to yx^ putting « = Js A, we have 

which, as long as A<a, and therefore the second member 
positive, represents a hyperbola similar to the trace BR^ with 
its vertices in the ellipse ABy and conjugate axis parallel to 
0«f, since the coefficient of z^ is negative. When A « a, the 
equation represents two straight lines ; and when A > a, 
making the second member positive, the equation is 

which also represents a hyperbola, but in a new position, 
pamely, with its vertices in AQ^ and conjugate axis parallel 
to Oy, In the same manner, the sections parallel to zje may 
be shewn to be hyperbolas similar to the trace AQ. The 
principal sections of this surface are the ellipse ABy and the 
hyperbolas AQy BR, 

The quantities a, 6, which denote the distances from the 
origin at which the surface cuts the axes of of and y^ are 
called the real semiaxes of the surface; the quantity c is 
called the imaginary semiaxis, because if we put a? » 0, y » 0, 
to find where the surface cuts the axis of x, we find 

«r^ s= - c^, or ijr a= sfc c \/- 1, 

so that c is the coefficient of the expression for the imaginary 
^ axis of the surface. The extremities of the real axes are 
called the vertices of the surface ; two of them are Ay By and 
the remaining two are at distances from O respectively equal 
to a and 6, in AO and BO produced. The whole surface 
consists of eight portions, precisely similar and equal to that 
represented in the figure; and since it is continuous, that is, 
since we can pass from one point in it to any other point in it, 
without quitting the surface^ it is called the hyperboloid of 
one sheet. 
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Cor. If a 8 5, all sections parallel to xy become circles, 
and the surface becomes a byperboloid of revolution about the 
conjugate axis. 

61. The hyperboloid of one sheet has an interior ponical 
asymptote. /ynnL^tJLiL i^ TtZu /1M) , ^ it\Ji y^^rLmMO^ j 

Putting the equation under the form f f 

c» o« 6* ~ " V 6*/ V oY + t^w'J ' 

and expanding the value of - by the Binomial Theorem, we 

c 

see, since when of and y are very great the quantity 

a^y^ + 6^0?' 

is very small, that the relation among the co-ordinates of 
points very distant from the origin, is nearly expressed by 

x"^ a^ ^ 

this then is the equation to a surface, whose distance from the 
surface of the hyperboloid, measured parallel to the axis of z^ 
diminishes indefinitely as to and y increase; and, as its 
ordinate is always greater than the corresponding ordinate of 
the hyperboloid, it lies within the latter surface. 

This asymptotic surface is a right cone vertex O, and base 
an ellipse A'B\ whose center is in C, and ^ axes equal and 
parallel to AOy BO ; for if <v, ^, « be co-ordinates of any point 
in a generating line of this conical surface, its equations will 
be 

X X 

.*. the co-ordinates of the point where it meets A'ff are, 
making Z = c, 



47 

and as these are coordinates of a point in an ellipse whose 
^ axes are a and 6, 



(CO CY (y ^\ 
ss a) \f!S h) 



^ a' y» 



62. To find the equation to the surface of a hyperboloid 
of two sheets. 

This surface is generated by a variable ellipse which 
moves parallel to itself, with its axes in two fixed planes, 
and vertices in two hyperbolas in those planes having a 
common transverse axis, coincident with the intersection of 
the planes. 

Let J(Q, AR (fig. 19) be the given hyperbolas traced in 
the planes zx^ wy ; OA s a, their common ^ transverse axis 
coinciding with the axis of j?, OB « 6, OC « e, the -^ con- 
jugate axes; QPR the generating ellipse in any position, 
having its plane parallel to yx^ its center in 0«r, and its 
vertices in AQ, AR^ so that the ordinates QJV, RN are its 
semiaxes. Let ON^x^ NM^y^ MP^% be the co-ordi- 
nates of any point P in the ellipse, then 



but 





+ 


RN* 


= 1, 


0) 




NQ* 

c* ~ 

form < 


if 1 




RN 

b" 

Inn f'i 


2 

^ It 


QN* 

V 



r.» 



, the second 



term by - , and the second member of equation (l) by 
the equal quantity -::— 1^ and transpose and we get 

ai^ y^ «' 

the equation to the surface. 
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63. To determine the form of the hyperboloid of two 
sheets from its equation. 

The equation shews that all values of w, between + a and 
— a, are inadmissible, therefore no part of the surface can be 
situated between two planes parallel Xo yz through A and A' \ 
but the equation can be satisfied by values of w^ y^ x in- 
definitely great, therefore there is no limit to the distance to^ 
which the surface may extend from O. If we put ^ = 0, we 
have 



C 



cC- ' b 




therefore the principal section by ^j^ is imaginary; but all 
sections parallel to yz^ and at a distance from it greater 
than a, are similar ellipses as appears from the mode of 
generation. For the sections parallel to /ry, putting z^^^ly 
we have 

which represents a hyperbola similar to the principal section ^ 
AR with its vertices in ^Q and the opposite branch, and^'*'*^ 
conjugate axis parallel to Oy; and in the same way it may(/"-'y^ 
be shewn, that the sections parallel to zw are hyperbolas ^hi^^^ 
similar to the principal section AQ with vertices in AR and "^^f^ 
the opposite branch, and conjugate axes parallel to Oz. ^^r?v 

If we make at once y = 0, ;2f = 0, to find where the surface /i^Mcr 
cuts the axis of a?, we have a?* = a* or a? = =*= a ; 2 a is the real ^ 
axis of the surface, and its extremities the vertices of the ^i**^ _ 
surface of which there are but two; the quantities 6, c are ^^ 
the imaginary semiaxes of the surface, because it does not ^t ^ 
cut either the axis of y or z. The whole surface consists , 
of two sheets perfectly similar and equal, and indefinitely^ a§^j^ 
extended in opposite directions, but separated by an interval ^\ 
in which exists no point of the surface ; it is therefore called ^ ^ n- 
the hyperboloid of two sheets ; each sheet consists of four /v^jT^ 
portions precisely similar and equal to that represented in the w^ 

/ > '^ / 
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Cob. If 6 » c, or the two imaginary axes become equal, 
this surface becomes a byperboloid of revolution about the 
transverse axis. 

64. The byperboloid of two sheets has an exteriorly 
conical asymptote. >>7 § t ^^* t . * tL /y Msu /UL^^-^i ^ 



Putting the equation under the form 



If 
and expanding the value of - by the Binomial Theorem, we 

have, for points very distant from the origin, the relation 
among the co-ordinates nearly expressed by 

this then is the equation to a surface whose distance from the JC^i^^ 
byperboloid, measured parallel to the axis of a?, diminishes 
indefinitely as y and % increase; and, as its ordinate w is 
01/^4 «>M^i always less than the corresponding ordinate of the hyperbo- 
|iiiyl.^)u4c,loid, the latter surface lies within it. It may be shewn, a9 
in Art. 6l, that the asymptotic surface is a right cone vertex 
O, and base an ellipse ffC whose center is A and semi-axes 
parallel and equal to OB^ OC. In this case, as in the former, 
we observe that the equation to the conical asymptote is ob- 
tained by omitting the constant term in the equation to the 
surface. 

65. Since from the equation to the ellipsoid, the equa- 
tion to the byperboloid of one sheet results by changing c 

into c V - 1 ; and the equation to the byperboloid of two 

sheets, by changing b into 6 \/ - 1 ari& c into c \/ — X ; if 
any result in terms of its axes be obtained for the ellipsoid, 
the corresponding results for the byperboloid s may be de- 
duced by writing 

c v — 1 for c; or 6 v - 1, c\/— 1, for b and c 
4 
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66. To find the equation to the surface of the elliptic 
paraboloid. 

This surface is generated by a parabola which moves with 
its plane perpendicular to a fixed plane, and axis in that plane, 
and parallel to the axis of another parabola along which its 
vertex moves; the concavities of the parabolas being turned 
towards the same parts. 

Let OR (fig. 20) be a parabola traced in the plane of 
wy^ vertex at the origin, and axis coinciding with the axis 
of Wj I its latus rectum ; RP the generating parabola in any 
position with its plane parallel to sswj vertex in OiS, and axis 
parallel to 0<v, and let V denote its latus rectum, and ON = x^ 
NM ■» y, MP = « be the co-ordinates of any point P in it ; 
also draw RM" parallel to Oy. Then 

^^V .RM^ V (ON - OM') « ^' (^ - y) > 

the equation to the surface. 

67. To determine the form of the elliptic paraboloid 
from its equation. 

Since only positive values of off are admissible, no part of 
the surface is situated to the left of the plane of y% ; also 
since the equation can be satisfied by positive values of a?, and 
by positive and negative values of y and » however large, the 
surface is extended indefinitely towards the positive direction 
of w. If we make y = 0, 7^ ^t x is the equation to the 
principal section OQ,^ and from the mode of generation all 
sections parallel to tsco are parabolas equal to OQ, with vertices 
in OR ; similarly, all sections parallel to xy are parabolas 
equal to the other principal section OR^ and having their 
vertices in OQ,. If we make a? « 0, we find Z'y^ + Z^* = ; 
.«. ys=o, ««0, or the trace on yz is a point namely the origin. 
If we make a? = A, we have 

— + — a 1 
Ih I'h 



£1 

for the equation to a section parallel to yxy which represents 
an ellipse whose semiaxes are the ordinates QNy NT which 

are to one another in a constant ratio \/t to \/7; therefore 
all sections perpendicular to the axis of the surface, are similar 
ellipses, and hence the name of the surface. It has only one 
vertex and one indefinite axis 0<r, and consists of one sheet ; 
and is reduced to a paraboloid of revolution when / » l\ 

m 

68. To find the equation to the surface of the hyperbolic 
paraboloid. 

This surface is generated by a parabola which moves with 
its plane perpendicular to a fixed plane, and axis in that plane, 
and parallel to the axis of another parabola along which its 
vertex moves; the concavities of the parabolas being turned 
towards opposite parts. 

Let OR (fig. 21) be a parabola in the plane of a?y, vertex 
at the origin, and axis coinciding with the axis of w ; and / its 
latus rectum ; RP the generating parabola in any position 
with its plane parallel to x.v^ vertex in OR, and axis parallel 
to Oa?, and let Z' denote its latus rectum, and ON^x^ NM^y^ 
MP = ss the co-ordinates of any point P in it ; draw RAT 
parallel to Oy, then 

si" « V.MR = V iOM' - ON) = t /|— A ; 

• • "^ - / r 

the equation to the surface. 

69. To determine the form of the hyperbolic paraboloid 
from its equation. 

The surface cuts the co-ordinate axes only at the origin^ 
and since the equation will visibly admit values of w, y, % 
positive and negative however large, the surface is extended 
indefinitely from the origin. If we make y = 0, we have 
z^ wm ^tx for the equation to the -trace on zw, which repre- 

4 — 2 
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sents the parabola OQ, with its concavity turned towards the 
negative direction of /r, since its equation shews that w must 
be taken negatively; and from the mode of generation, all 
sections parallel \.o »w are parabolas equal to OQ, with their 
vertices in OR. The other principal section of the surface in 
the plane of a?y, is the parabola Ofl, forming the interior limit 
of the figure, and all sections parallel to xy are parabolas equal 
to OjB, with their vertices in OQ,. For the trace on y«^ 

putting ^ = 0, we have z \/l « =t y \/^» which represents two 
straight lines passing through the origin ; and for sections 
parallel to y%^ making a? « A, we have 

Ih th 

which represents a hyperbola with its vertices in 0/f, and 
conjugate axis parallel to Ox. If we make A negative, the 
equation to the section becomes 

which also represents a hyperbola, but in a new position, 
viz. with its vertices in OQ^ and conjugate axis parallel to 
Oy. The surface consists of one sheet, and has only one 
vertex O, and one indefinite axis Oaf ; and all sections per^ 
pendicular to its axis are similar hyperbolas, whence its name. 
It does not become a surface of revolution when / s /', nor ia 
any other case. 

70. The hyperbolic paraboloid has plane asymptotes. 
Putting the equation under Ihe form 



--J^-'-T^-'^)- 



and expanding the value of % by the Binomial Theorem, we 
have the relation, among the co-ordinates of points very 
distant from the origin, nearly expressed by 
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is the equation to two planes through the origin perpendicular 
to the plane of yx^ the distance between which and the para-* 
boloid continually diminishes. These planes contain the 
asymptotes to all the hyperbolic sections parallel to yzy which, 
as we have seen, have their centers in the axis of /r, and axes 

in the ratio of \/f to \/l. 

71. The equation to the hyperbolic differs from that to 
the elliptic paraboloid, in having - t instead of t ; this re- 
lation will enable us to modify all results obtained for one 
surface, so as to be true for the other. 

72. The elliptic and hyperbolic paraboloids are par- 
ticular cases of the ellipsoid, and hyperboloid of one sheet 
respectively ; viz. when the centers of these surfaces are 
removed to an infinite distance. 



In the equation 



ti?* y* «* 

a» b^ c" ' 



write cT — a instead of a?, then the resulting equation 

is reckoned from the vertex of the surface. Let f and p 
denote the distances of the foci of the principal sections in 
wy and «^, from the vertex, 

hence, by substitution, 

a? ^x y^ ^ 

"i + TT-^ ^ ^ ~c. — ^ >2 = ^» 

a* a ^ap-p^ ^ap *f p 



0^ y^ «' 

a p' , p^ 

2p-^ ^P^ — 

a a 

therefore, making a infinite, i, e. supposing the center of the 
surface to remove to an infinite distance from the vertex. 
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whilst the distances of the foci of the principal sections from 
their common vertex remain finite, we have 

— ± — ,'-2w^0, 

which coincides with the equations to the paraboloidal surfaces. 

Cor. Hence if any result be obtained for the ellipsoid 
or hyperboloid, it will be adapted to the paraboloids, by the 
modification above indicated ; viz. by transferring the origin 
to the extremity of an axis, and making that axis infinite. 
Also both families may be represented by the equation 

the origin being at a vertex, and A^O when the surface has 
not a center. 

Rectilinear generating lines of surfaces of the second order. 

Surfaces of the second order admit of another division, 
viz. into those which can be generated by the motion of a 
straight line, and into those which cannot. This property^ 
which we have seen to belong to 4he cylinder and cone, we 
shall now shew to be possessed by the hyperboloid of one 
sheet and the hyperbolic paraboloid ; it is easily foreseen that 
it cannot belong to the remaining surfaces of the second order, 
as their forms manifestly preclude their having a straight line 
applied to them throughout its indefinite length ; this will also 
appear from our results. 

73. The Hyperboloid of one sheet can have an infinite 
number of straight lines entirely coinciding with its surface. 

Since the equation to the surface may be written 

it is evident that either of the following systems (each con- 
sisting of the equations to two planes and therefore represent- 
ing a straight line) will satisfy it, viz. 
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or 



a c \ hj a c fk\ bj 

a c \ bJ a c ii\ bJ 



JUL being an arbitrary constant ; since then the co-ordinates of 
every point in either of the lines (l) or (2) will satisfy the 
equation to the surface by causing its two members to become 
identical, it follows that for every value of jul there are two 
straight lines that lie entirely in the surface. 

74. To determine the equations to the projections of the 
generating lines of a hyperboloid of one sheet. 

Let the equations to the surface and to a line be respectively 

^ y"" x" 

tV = m% + hi y = nx + k ; 

if the line coincide with the surface in all its points^ the 
equation 

(mz + hy (nx + A?)* x^ 
a' "*" b' ^"^^ 

will be true for all values of x\ therefore, equating to 
nothing the coefficients of x^ and «f, we have 

m* n* 1 

mh nk h^ A?* 

Eliminate k between the two latter equations, and reduce 
by means of the former; 

A* (mb hy f hby 

.-. — + — .- =1, or =1; 

a^ \na a] \nacj 

, nac - , mbc 

.'. A s ± -- — and A? = =f ; 

b . a 
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therefore the two lines whose equations are respectively 



(jc s mz + 



y 8 nz — 



nac 



b 

mbc 
a J 



...(1) 



a? ^ mz — 



y « w« + 



^" 

fnhc 
a ) 



... (2), 



will coincide with the surface of the hyperboloid in all their 
points, m and n being any quantities which satisfy the 
equation 



'« 1 



a** 6* c*^ 



and if m be made to assume all values, and n be always 



taken = — \/a^ - w^c®, we shall determine two infinite sys- 



ac 



terns of lines represented by the equations (l) and (2), 
having the aforesaid property. 

CoE. No two lines in the same system intersect; for 
if we take two lines in the first system represented by the h 

equations - U y^*!'^ 



**>^<> 



ae = mz + 



y s nz — 



nac 

mhc 
a 



w =a mz + 



y = n«r- 



n'ttc"" 



6 

mhc 
a 



,f M^ ^ 



we shall find (Art. 22) that they cannot intersect unless 
(m — m')*'^ s 0, that is, unless they become identical. But 
any line in the first system intersects every line in the 
Second system ; for let the equations to two lines, oiie in 



each system, be 



w = m^ + 



nz — 



nac 
~6" 

mbc 
a J 



X = mz — 



y^nz-^ 



f ^ 

nac 
b 

mbc 
a 



*X^^A^ 



^^ 






2 -/t 
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m« n» m'^ n* 



then (Art. 22) these lines intersect if — + — =s —^ + — j > 
ivhich is always the case because each equals -^ • 

Hence if we take any three lines in the second system, 
and suppose them fixed, and make a line intersect them, it 
must be a line of the first system, and by assuming all possible 
positions will generate the surface of the hyperboloid ; and 
since consecutive positions of the generating line do not 
intersect one another, the surface is what is called a twisted 
surface. The surface evidently admits a second mode of 
generation, in which a line belonging in every position to the 
second system, moves along three fixed lines of the first 
system. 

75. The projections of the generating lines of the hyper- 
boloid upon the principal planes, are tangents to the traces of 
the surface on those planes. 

Suppose w ^ m% + h tohe the equation to a line touching - aji /^^*U 
the principal section ovlxco whose equation is 

^' ^'_ . 
then ^^ ^L« «i, 



* 

r 



must give two equal values for x^ and j> 

which coincides with the equations to the proiections of the **-*^ ' 
generating hnes on xx. Similarly, the projections on the !> J 
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other principal planes may be shewn to be tangents to the 
traces on those planes. 

Cor. If through the origin we draw a line parallel to 
the generating lines, its equations will be x ^s^mx^ y ^nz \ 
and the equation to the surface generated by it, eliminating 
m and n by means of the equation which connects those 
quantities, will be 

ii? W^ V* 

y^hich represents the conical asymptote ; hence any line drawn 
through the center parallel to a generating line of the hyper* 
boloid lies in the surface of the conical asymptote. 

76. The hyperbolic paraboloid can have an infinite 
number of straight lines entirely coinciding with its surface. 

It is evident that either of the following systems (each 
consisting of the equations to two planes, and therefore repre- 
senting a straight line,) will satisfy the equation to the 
surface; viz. 

or - = —7= 7=r iL « -^ + —j= (2). 

Since then the co-ordinates of every point in either of the 
lines (1) and (2) will satisfy the equation to the surface by 
causing its two members to become identical, it follows that 
for every value of the arbitrary constant fXy there are two 
straight lines that lie entirely in the surface. 

77« To determine the equations to the projections of the 
generating lines of a hyperbolic paraboloid. 

Let the equations to the surface and to a straight line 
be respectively 

/ I' 



^= - -17J 
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then, if the line coincide with the surface in all its points, 
the equation 

(nz + kY J8f* 
mx + h^ — ---y 

is satisfied for all values of % ; 

«« 1 2nk , A* 

therefore the two lines whose equations are respectively 

will coincide with the surface of the paraboloid in all their 

/l 

points, m being any quantity, and n s \/ - ; and if m be 

V 

made to assume all values, we shall determine two infinite 
systems of lines represented by equations (l) and (2), having 
the aforesaid property. 

Cob. In the same manner as for the hyperboloid, it 
may be shewn that two lines in the same system never inter- 
sect, and that two lines in different systems always intersect. 
Hence if we suppose three lines in either system to become 
fixed, the surface may be generated by making a line move 
so as always to intersect them. Or^ since the generating lines 
in the two systems are respectively parallel to the fixed planes 
y 'SifiZj y =i ^ nzj the paraboloid may be also generated in 
two ways by a straight line which moves so as always to 
intersect two fixed lines, and to be parallel to a fixed plane. 



4 ' 
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In this case aldo the projections of the generating lines are 
tangents to the principal sections of the surface. 

Thus (changing the sign of x in both equations) 
— a; B mz + h will be a tangent to x^ » tx^ 
if «* + {mx + th ^ be a perfect square, 

or 4 TA =» /'*m', or A = - 

/ fnt\ 

,\ — 07 = f» ( « H I 

is the equation to a tangent; which, measuring w in the 
positive direction, coincides with the equation to the projection 
of the generating lines on «w. 

' ^8. We shall terminate this Section with demonstrating 
the following general and important property of surfaces of 
the second order. 

If two surfaces of the second order have a plane sectioa 
in common, their other curve of intersection, if it exist, will 
also be a plane curve. 

Let the equations to the two surfaces be 
J/if* + By^ + C«^ + 2J'y% -h 2B' xw + 2 Cwy -h 2 A"w ^ %B"y 

aoo^ + 6y'^ + c»*+ 2o'y«-|- 9,11 xw + 9,c aoy -^^ 9,a w J^ 9,11' y 

+ 9c*' % + d = 0, 

and suppose them to have a common section in the plane 
of coy ; then making ;^ » 0, the curves represented by the 
equations 

Aai' ^'Bf^9 Cxy + 9A''w + 9ff'y + D^0, 
aa^+ by^+ 9c wy + 9a*'a + 9h"y + <2 « 0, 
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are identical ; if therefore fit be a constant multiplier, 

A^ma, B^mb, C ^mc\ A'^ma!\ ff'^mh", Dmmd. 

But in or^er to determine the complete intersection of the 
surfaces, we must combine their equations. Therefore, mul- 
tiplying the latter by m and subtracting it from the former 
and having regard to the above relations among the co- 
eiBcients, we find 

(C'-mc)x''+2(A'-ma)y« + 2(B'-fnb')x!P + 2(C"-mc')z^0; 

the equation to a surface which contains all the points com- 
mon to the two proposed surfaces. But this may be decom-* 
posed into 

af = 0, (C-iwc)« + 2(^'-TOo')y+2(B'-m6')^ + 2(C"-i»c')=0; 

the first belongs to the assumed curve of intersection in the 
plane of a^y ; the second is the equation to a plane, and 
cannot therefore, when combined with either surface, give 
any thing except a plane curve of the second order for the 
other curve of intersection. 



/i 



SECTION III. 



ON THE PROJECTIONS OF LINES AND PLANE SURFACES, 
AND ON THE TRANSFORMATION OF CO-ORDINATES. 



The meaning of the projection of a point, and of a line, 
upon any plane has already been explained, (Arts. 2, and 18.) 
Moreover if from the extremities of a limited line we drop 
perpendiculars upon any indefinite line either in the same 
plane with it or not, the part of the latter line intercepted 
between the feet of the perpendiculars, is called the projection 
of the former line upon the latter. 

Also, if the sides of any plane surface be projected upon 
a plane, the figure bounded by these projections is called the 
projection of the given surface upon that plane. Between 
the length of a finite line and the length of its projection 
upon any plane or line, and also between the area of any 
plane surface and the area of its projection upon a plane, a 
remarkable relation exists, which we shall now exhibit. 

79. The length of the projection of a limited line upon a 
plane, is equal to the length of the line multiplied by the 
cosine of the acute angle which it forms with the plane. 

Let CD (fig. 25) be the line produced to meet GdKy the 
plane on which it is to be projected, in H. Let DHd be 
the projecting plane, intersecting GdK in Hd ; and in the 
projecting plane draw Cc, Ddy perpendicular to Hd, and CD^ 
parallel to it; then cd is the projection of CD, and /.DHd s % 
is the inclination of CD to the plane GdK; also CD'- CD 
X cos i; 

.-. cd = CD' = CD cos L 
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80. The length of the projection of a limited line upon 
any other line, is equal to the length of the line multiplied by 
the cosine of the acute angle which the two lines form with 
one another. 

Let CD (fig. 26) be the line, AB the line upon which 
it is to be projected, Cc, Dd perpendiculars upon AB^ then 
cd is the projection of CD upon AB, Let JVc, Md be planes 
through C D, perpendicular to AB^ and of course containing 
the lines Cc, Dd; draw Ctf parallel to ABy meeting the 
plane Md in D', and join DD' ; then the triangle CDD' is 
right-angled at 2)', and z DCD' » i is equal to the angle 
formed by the two lines, .*. Ciy = CD cos i, but cd « CD', 
each being the perpendicular distance of parallel planes ; 

.-. cd =s CD cos e. 

81. The area of the projection of any plane surface upon 
a plane, is equal to the area of the surface multiplied by the 
cosine of the acute angle which the planes form with one 
another. 

Let ACB (fig. 27) be a triangular area traced in a plane 
which intersects the plane GdK^ upon which the projection is 
to be made, in GK, Through the angular points draw planes 
AGa^ BKb, CHc perpendicular to GK; then these planes 
will contain the perpendiculars Aa^ Bb, Cc let fall from the 
angular points upon the plane of projection, and their inter- 
sections with each of the planes AHB, aHb, will be perpen* 
dicular to GK; also the angle CHc will equal the inclination 
of the planes « i. Join the feet of the perpendiculars ; then 
acb is the projection of ACB ; also join Dd, which is parallel 
to Cc. 

Then the triangles acd, ACD^ since they have a common 
altitude GH^ are to one another as their bases cd, CD ; simi- 
larly the triangles bed, BCD, having a common altitude HK, 
are to one another as c d to CD ; 

cd 
/. triangular area abc ^ triangular area ABC • ttrj 

» triangular area ABC • cos«. 
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Next suppose the figure to be projected is a polygoD ; then it 
can be divided into triangles, each of which will be to its 
projection as 1 to cos i ; and therefore the sum of the triangles 
will have to the sum of the projections the same ratio, or 

area of projection » area of polygon . cos i ; 

and as this is true however much the number of sides of the 
polygon be increased, it is also true when the figure to be 
projected is bounded by a curve ; 

•'. area of projection of any plane surface s area of surface . cos i. 

82. The square of the area of any plane surface is equal 
to the sum of the squares of the areas of its projections on 
three co-ordinate rectangular planes. 

Let the given area be denoted by -4, and its projections 
on the planes of wy^ yx^ xw by A„ -4,, Ay^ respectively. 
Also let a, /3, y denote the angles which a perpendicular to 
the plane of the given area from the origin, makes with the 
axes of a?, y, ss. Then y (Art. 27) is the inclination of the 
plane of the given area to the plane of <vy^ and therefore 
Ag^ A cos y ; similarly A,.— A cos a^ A^^ A cos /3 ; 

.-. Al + Al + Al^ A' {(cos yY + (cos a)* + (cos /3)*} = AK 

CoR. Hence in fig. 9, since the triangles AOB, BOC, 
COA^ are the three projections of the triangular area ABC^ 
if OA, OBy OC be denoted by a, 6, c, 

i/^ABcy = (1 aby + (1 bey + (^ cay ; 

.-. /^ABC = ^ y/(aby + (acy + (bey. 

Oblique eo-ordinafes, 

83. To express the distance of a point from the origin 
in terms of its oblique co-ordinates.. 

In fig. 2, let the angles yOx^ xOsb^ OBOy^ be denoted by 
X, /[A, i; ; and let OA^ AN parallel to Oy, and NM parallel 
to Ox^ be the co-ordinates a?, y, x of the point M. From 
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the points A and N drop perpendiculars Am^ Nn upon Oi^; 
then mn is the projection of AN upon Ozy and = JfJVcosX, 
since AN is parallel to Oy (Art. 80) ; and Om « O^cos/u. 
Now from the triangle ONM9 since MN is parallel to Ozy we 
have 

Oil/' = ON' + JVif» + SifAT. NO cos i8f OAT. 

But OiV^ = a?* + y' + 2^y cos I/, from the triangle OAN^ 
and OiV cos % ON « 0» = Dm +mn « 4; cos /ca 4- y cos X ; 
.-. <?= 0^ +y* + af' + 2^ycos F + 2d;jjf cos /it + ^yxco^\. 

CoE. Since c2 is the diagonal of the parallelopiped of 
which w^ yy % are three conterminous edges, the above formula 
gives the diagonal of any parallelopiped in terms of its edges 
and the angles which they make with one another. It is also 
the equation to the surface of a sphere whose center is at the 
origin and radius » d. 

84. To find the distance between any two points in 
terms of their oblique co-ordinates. 

Let a?, y, x; af\ y\ x\ denote the co-ordinates of two 
points referred to oUique axes ; then as in Art. 6, if through 
these points we draw six planes parallel to the co-ordinate 
jplanes, we shall form a parallelopiped with its edges parallel 
to the axes, their lengths being a?' — ^, y' — y, and z' — x ; 
and the distance of the points is the diagonal of this 
parallelopiped ; 

.-. d' = (a?' - wY + (y' - yy + (x' - xy 

+2.(.i?'-a^)(y'-y)cosi;+:2(a?'-^)(«f'-«)cos/it+2(y'-y)(y-«f)cosX. 

CoR. Hence we have the equation to the surface of a sphere 
whose radius is d, and co-ordinates of its center, a?', y, x\ 

85. To find the angle between two lines, whose equations 
are given referred to oblique axes. 

Let } . > be the equations to two Imes 

y ^nx] y ^ nz] 

parallel to the proposed ones, through the origin. 

5 
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Then, as in Art. 30, if we take a point in each of these 
lines, at a distance «> 1 from the origin, and call their co-ordi- 
nates oJf, y, ir ; (xt\ y\ «/, respectively ; also their distance d, 
and the angle between the lines 0, we have 

2-2cos0=:d* = (^'-^)*+(y'-y)*+(«-«)'+2(a?'-a?)(y-y)cosi/ 

+ 2 (.V - a?) («f'- %) cos/tA + 2 (y- y) («?'- x) cosX, 
or, since 

1 B d?8 + y* 4. »* + 207^ cosi/ +2a?» cosfi + 2y«cosX, 
1 = 0?'* + y * + sti^ + 2 J?y cos y + 9.(sx COS /n + 9yV cos X, 
cos d K a^o?' + yy + ««?' + (a?'y -f o^y) cos i; + {aoz + «;»') cos/x 

■f (yV + «'y)cosX. (1) 
But since x^mz^ y^nx^ oo^m«\ y'=«V, 
^ 1 = ;if' (1 + m* + n* + 2w7i cos y + 2m cos /n -f 2 w cos X), 
1 SB »'*(! + t»'* -|r n'* + 2t»Vcosi; + 2t»'cos/Li + 2n'cosX) ; 

/. cos Q ■= 
1 + m 7w'+ »»'+ (m'» + m nQ cos 1/ + («i + m') cos /A +(»+«') cos \ 



I i .1 1 



. . . I ■. ^ ; ■ I ■ I I . . a I ill. , I 11 i «p I — ..i i i» i II I! « 

^1 +7»*+w*+2m » cos v+2 m cos/i*+2 » cosA^l +m'*+«''+2 m'n'cos i/+2wi'cos/i+2 n cos\ 

Cob. Hence the condition that the lines may be at right 
angles to one another, is cos d » 0, or 

1 + wim' + W7i'+ (m'n + mn!) cos !'+(»»+ m') cos ^4 

+ (w + n') cos X = 0. 

86. To find the conditions in order that a straight line 
and a plane, referred to oblique axes, may be perpendicular 
to one another. 

Let a line and plane be drawn throagh the origin, re- 
spectively parallel to the proposed ones, and let their equa^ 
tions be 



CO = mx\ 

\ , and % s Ax \ By. 
y « nx] 
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Now this line, since it js perpendicular to the plane, is per- 
pendicular to any line situated in the plane, and consequently 
to the trace of the plane on wzy whose equations are 

w^-zz^ y ^0\ .*. (Art. 85) since i»'=— , Ti'aO, 
A A 



m n 
1 +-^ + ~ cp8i;+ |m + 



im + -r j cos/u + n cosX «= 0, 



or A(l ^m cos /a + ** cos X) + (m + n cos v + cos /t*) = 0. 
Similarly, 
£ (l + m cos/u + n cosX) '\' (n -^-m cos i; + cosX) « 0. 

Cob. Hence, we can find the angle between two planes 
referred to oblique axes ; for the above conditions enable us to 
find the equations to two lines through the origin respectively 
perpendicular to them; and knowing the equations to the 
lines, we can compute the angle between them, that is, the 
angle between the planes, by Art. 85. 

87. If we employ the symmetrical forms of the equations 
to a straight line 

we obtain immediately, for the angle between these lines, 
from equation (l), Art. 85y denoting by wy the angle between 
the axes of of and y, and similarly of the others, 

• A cos ^ It -^ mm -^ nn' + (Im -{■ tm) cos wy + {In' + (n) cos wx 

+ (m»'+ m'n) co% yz^ 

If we now make the former line to coincide successively 
^th the axes of Wy y, %y and call the inclinations of the latter 
line to those axes uj /3, 7, we get 



>- - - ■ - - . 



r V 1 K Si c 



SiJ 1^ 0) ^U. Cv) (i; Y(^) . ^ 



^ - 



^5t^^ "TZ^ 9.„;4^ (^ 



68 

^ 

(2.) cosa "• f + m'cos^ + n'cosMT^ 

' ^) cos/3 ^ m + f co&wy + n' co%yx^ 

i i) cos y s» n + f cos xz + m' cos y« ; 

(S*) .•. cosfl = /cosa + mcosjS + ncos7§ 

where a, jS, 7 are the inclinations of one line to the co-ordinate 
^6)» S*^^^ axes, and /, m, n the projecting ratios of the other. 

T T, /^^^ Hence we obtain for the condition of two lines being 

(wf/^^-^ paraUel, 
JL Pf^ 3A>tA4 ^^^ /cosa + mcos)3 + ncos'y s 1 ; 

^ tJuo •"^ ^^'^ ^'^^ condition of their being perpendicular, 
F^^vt^Jr^rfO^/^*^ . /co8a + f«cps^+»co87-0 

*^ j^' " 'Lil^ewise these equations express respectively the conditions 

• ^( }*^T - jj^j, ^ jjjjjg whose equations are 

J being perpendicular, and parallel, to a plane whose equation is 

/3a x^ su^ -/ 1«!^ A/^' ^ ^^'« + 3^^^'^ 

Trawtf/brma/iow of Co-ordinates. 

r 

The discussion of the nature and properties of surfaces 

y is much facilitated, when their equations are reduced to the 

most simple form they are capable of, without being deprived 

/ia ?tfai-®^ *"y ^^ their generality. This simplification is effected 

/ ^^ ^y giving a suitable position to the origin, and suitable direc- 

^^ » , tions to the axes of the co-ordinates. We shall therefore next 

^ *^ . {flrv»i*c. proceed to investigate the chief formulas for transformation of 

^'^il'^^ jco-ordinated. 

88. To change the origin of the co-ordinates without 
altering the directions of the axes. 

Let a?, y, ar, be the co-ordinates of the point M (fig. S) 
referred to the origm 0, and axes Oxy Oy^ Ox; also let JIT 
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be the new origin, OA^'^h^ A'N*»k^ N'M'^l^ its co-ordinates, 
and w\ y'y z\ the co-ordinates of M referred to Jit as origin 
and to axes parallel to the original ones ; then 

similarly, y ^ y' -¥ k^ « = a?' + / ; 

and substituting these values of w^ y^ x in the equation to the 
surface, we shall obtain the equation referred to the new origin 
and to axes parallel to the original ones. 

89. To pass from one system of co-ordinates to another 
having the same origin, supposing the first rectangular, and 
the second oblique. 

jLet Oofy Oy, Ox (fig. 29) be the rectangular, and Oaf\ Oy\ 
Oz the oblique axes, having a common origin O. From any 
point P draw PM^ PM\ respectively parallel to Ox^ Ox\ 
meeting the planes of ayy w'y in M and M\ and draw MN^ 
AtN' parallel to Oy, Oy. 

Then the co-ordinates of P in the two systems are 

ON = Of, NM = y, MP^x, 

ON'^w, N'JIf^y, AfP^x'-, 

and our object is to express each of the first set in terms 
of the latter. From N*^ Jf, drop perpendiculars N*n^ M'm 
upon OWf and join PN which is also perpendicular to Oa^i 
then On, ntn, mN are the projections of ON', N'M\ MP 
upon the axis of w ; therefore (Art. 80) 

On ■= oi cos a! OB, nm =* y'cos y a?, mN ^ x^ cos x'w, 

denoting, by a/w, the Z aifOw contained by the axes of w' and 
w produced in the positive directions, and similarly of the 
others. 

.-. w as ON = On + nin + mN 

= Of' cos w'x + y' cosy Off + x' cos x'at ; (I) 

that is, each primitive co-ordinate is equal to the sum of the 
projections of the three new co-ordinates upon its ams. 
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Hence y -» *' cos x*y + y cos yy + x cos « y, 

% ^ of cos .a?'» + y' cos y'« + % cos «'ijf ; 

or, if we denote by (w, w, r) the cosines of the angles 
which the axes of x\ y\ %\ make with the axis of x ; and 
by (m, n\ /), (m", n", r") similar quantities relative to the 
axes of y and Zy we have 

0? - m^ + ny' + rz\ 

y = mx + ny + rz^ 

jVasfTi a? +ny+t*iir. 

Of the nine angles involved in these formulae, six only are 
independent, there being three equations of condition ; for 
since x'Wf wy^ wzj are the angles which a straight line, viz. 
the axis of w\ makes with the three rectangular axeft of 

^'^^ y, », 

.*. (cos x'^y + (cos x'yf + (cos 3/zy «= 1 ; 

and similarly with respect to the angles which the axes of 
y and z' make with the primitive axes; therefore 

n* + n'^ + n"»-l,L.(2). 

r« + /« + r"« « 1.) 

Cor. In the figure, the axes of a?', y\ z' are supposed 
to make acute angles with the axis of <r; if this were not 
the case, and if for instance one of them Oy\ made an 
obtuse angle with Ono^ m would fall to the left of n, and 
we should have 

w 8 On - nm + mNy 

with which the general expression (l) still agrees, because 
the term y'cosyx is negative in the case supposed, but 
numerically equal to the projection of y. tf again, the 
axes being as in the figure, y were negative, the point m 
would fall to the left of tz, and we should have 

Of = On - nm + mN. 
Hence, we collect that the formula (l) is applicable to all 
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eades^ provided we pay attention to the signs of the co- • 
ordinates, and oi the cosines; the angles, as was before 
observed, being those formed by the axes produced in the 
positive directions. 

90. To pass from one system of rectangular co-ordi- 
nates to another also rectangular. 

Here it would be sufficient to join to the expressions, 
and equations of condition of the preceding Art., three new 
equations of condition expressing that the axes 0^^ Oy\ Ox 
are at right angles to one another. 

We may, however, arrive at the expressions for ^, y, «f, 
briefly as follows. Let d be the distance of P from the origin ; 
then referring the lines OP, Ofs Xjq the rectangular axes OuJy 
Oy\ Ozy we have for the angle between them 

cos Pw = cos Pw' cos oSiV + cos Py cos wy + cos Pte' cos wz\ 

hence, multiplying by d, and observing that d cos Pes « ^, 
d cos Pof = ^', &c., we have 

w ^ w COS w'w + if COS yat + x cos arV, 

and similarly for y and say hence denoting the cosines as 
before. 

Of s= mx' + njf' + Tx\^ 

y =* ntV + ny + r'af',>...(3). 

j^siit a-^ny^TXJ 

In this case there are only three independent angles. For 
since the axes of oo and y are at right angles, 

cos CBtx cos yw + cos a'y cos yy + cos wx cos y';r « ; 

similarly, expressing that the axes 6f «\ x\ and the axes of 
y\ liy are at right angles, and substituting for the cosdnes their 
values, we have three new equations of condition to be joined 
to those of the preceding Article^ viz. 

mn -v m'n + m"n" =0,^ 

mr + mV + mV « 0,>...(4). 

nr + nr + n'V' = 0.) 
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91. Sometimes, in the ciase of two rectaAgtilar systems^ 
it IS required to find x\ y\ us in terms of oo^ y, x. This 
may be effected by regarding w\ y\ % as the primitive co- 
ordinates, and recollecting that each is equal to the sum oiT 
the projections of the co-ordinates x^ y^ % upon its axis ; 

.-. tp' = 0? cos woE^ + y cos yaf + z cos xx' ; 

and similarly for y' and %' ; . hence 

a/ =s mx + fn!y + rn'%^\ 

y'» nx + n'y + n'zA.,,{5y 

%' a= r^r + f^y + r";ifJ 

These expressions might also have been obtained from (S) by 
adding them together after having multiplied them respectively 
Istly by f», m\ w"; 2ndly by n, n^ n"; Srdly by r, r, r'; 
reducing in each case by means of the equations of condition 
(2) and (4). 

Also the equations of condition, when a?, y, x are re- 
garded as the new co-ordinates, and consequently their axes 
referred to the axes of x\ y\ x\ will be 

m'8 +n'^ + /* = 1,L.(6), 

mrri + nn' + r/ = 0,1 
mm" + w^" + Tr" = 0,>...(7), 
wW+nV + rV'=oJ 

which are entirely equivalent to the relations between the same 
constants obtained before, and may in every case replace them. 
Indeed there is no difficulty in shewing that they are a neces^ 
sary consequence of (2) and (4). For since P is at the same 
distance from the origin in either system, 

and putting for x\ y\ x' their values given in (5), and 
equating coefficients on both sides, we obtain the equations of 
condition (6) and (7). 



73 

92. In the preeeding Articles, the means of' parsing 
from one rectangular system of co-ordinates to another, have 
been given in simple and symmetrical formulae; they have 
however the inconvenience of involving nine constants, six 
of which must be eliminated by means of six equations of 
condition in order to make the determination of the new 
axes relative to the primitive ones depend upon three quan- 
tities. This led Euler to invent a mode of expressing each 
of the nine constants in terms of three others, which are the 
inclination of the planes of xy and xy\ and the angles 
tohich their line of intersection forms with the awes of x and 
x' ; as described in the following proposition. 

93. To pass from the rectangular system of co-ordinates 
a?9 yy X to another rectangular system af\ y\ %' ; having given 
the angle Q at which the planes wy^ a!'y\ are inclined to one 
another, and the angles 0, >/^, which their line of intersection 
makes with the axes of a and oo' respectively. 

This is effected by passing successively through three 
rectangular systems, each having one axis in common with 
the preceding, and employing the formulae relative to the 
transformation of co-ordinates in one plane. 

Thus to pass from the system of axes Oa?, Oy, Ox^ 
(fig. 29) to the system Oa?,, Oyiy 0», of which 0«r, is the 
trace of the plane xOy upon ooyy and Oyi is perpendicular to 
Owi in the plane of wy^ we must put 

X ^ Wi cos — yi sin 0) 

y ss o^j sin + yi cos ^1 

without altering x. 

Next to pass from the system Ox^^ Oy^, Ox^ to the 
system 0«»i, Oyg? Ox\ of which 0y2 lies in the plane w'y\ 
and Ox' is perpendicular to Oy^ in the plane yiOxy we must 
put 



yi=y. COS0 - x' sin 9] 

^' j (2), 



X ^y^sm^ + X cos 
without altering a?i • 
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+ y cos yf/} 



Lftfttly, to pass from the system Odf^ 9 Of/2 9 Ox' to the 
system Ow\ Oy\ Ox\ of which Om\ Op\ are at right angles 
to one another in the plane a^i Oy^y we must put 

a?, = 0?' cos y\f — 

^2 »■ »v' sin "^ -^ y' cos >^J 

without altering «'. But we may arrive at the result of 
these three successive substitutions by a single substitution, 
the formulae for which will be formed by eliminating o?!, y^, 
and y, between the systems of equations (l), (2) and (5) ; we 
shall then obtain for ofy y, x in terms of Je'^ y\ x and the 
three angles, the following expressions : 

a; » isr' sin ^ sin d + ^' (cos ^ cos yj/^ -^ siiKp sin yj/ cos &) 

- y (cos (p sitiyfr + sin (p cos >|/^ cos 6). 
y^^s/ cos ^ sin d + oo (cos yj/ siu<j} + sin >|^ cos ^ cos 9) 

- y' (sin sin xj/- — cos (p cos >|^ cos $). 

X = x' cos 9 + x' sin \|^ sin + y' cos \J/^ sin 9. 

94. If we dispense with the third transformation, we 
shall have Ot^i, one of the new axes, in the plane of xy. 
The system Oa?i, 0^2 j Ox\ in which the new plane of a^y 
is inclined at an /. 9 to the primitive one, and their inter- 
section is the new axis of w inclined at an Z0 to the pri- 
mitive axis of 07, is for most purposes sufficiently general. 

The formulae for it, combining the equations (l) and (2), 
and calling the new co-ordinates a?', y\ x\ are 

a = a/ cos (j>,— (y'cos 9 ^ x' sin 9) sin ^, 

y = SB sin(f> + {y cos 9 ^ x sin 9) cos 0, 

X ^y sin + «' cos ; 

which evidently agree with the formulae of Art. 93, when we 
put yf/ = 0. 

96. In the preceding transformations we have supposed 
the origin to remain unaltered ; if, however, the origin is to be 
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changed, as well as tbe directions of the axes, we must employ 
the formulae 

where hj Ar, I are the co-ordinates of tbe new origin parallel 
to the primitive axes, and w\ y\ «" denote the values of 
Wj y, « found in each of the preceding cases. 

96. It is important to observe that, in employing any 
of the preceding formulae to refer an equation F (a?, y, «r) = 
to new axes, the transformed equation F (jVy y\ x^) ^0 will 
always be of the same degree as the primitive equation ; 
understanding by the degree of an equation the sum of the 
indices of the three variables in that term where it is greatest. 
For let this term heJw^y^stf; then it becomes by substitution, 

J {mm + ny + rx'y (mV + ny + t'x'y [m*'a! + nV + r"* xj ; 

now these factors cannot furnish terms whose dimensions 
exceed p, ^, /, respectively ; therefore if A'w^y^x^' be 
the term of highest dimension, p' '\- q -¥ if cannot exceed 
p + 9 + ^ ; i* e. the dimension of the transformed equation 
cannot be greater than that of the primitive. Neither can 
it be less ; for if it could, then, as transformation of co-ordi« 
nates caa never raise the degree of an equation, we could not 
return from F {w\ y', x^) ss o to F (jc^ y, x) « o, which is 
absurd. 

97« ^o pass from one system of oblique co-ordinates to 
another also oblique. 

Let OM = a?, MQ « y, QP^ x, (fig. 30) be the co-ordi- 
nates of a point P parallel to the axes O^, Oy^ Ox; and 
OM' = w\ M'Q' = y\ Q'P = x' the co-ordinates of the same 
point parallel to the axes O^r', Oy , Ox\ Through the 
origin draw a normal ON" to the plane of try, and on 
the same side of it as the positive direction of the axis 
of z; and from P, Q', J/' drop perpendiculars jPp, Q'w, 
M'm, upon Off"; 










then PQ cos N"0% = Op « Oin + mn + wp 

= Oi»f' cos N"ar + 3/'Q' cos N''y + Q'P cosiVV, 

or ;8f cosiV^"i!f a= ^' cos N*'x + ^ cos JV"y' + % cos N"ss\ 

Similarly, if we draw normals ON9 ON' to the planes of 
y«y xw^ and on the same side of them as the positive 
directions of the axes of w and y^ we shall have 

w cos Nw = a cos Nw' + y cos iVy' + «/ cos JV«r', 

y cos N'y « «»' cos iV^a?' + y cos iV^y' + «' cos JV»'. 

Since cos iV" « = sin («f, ^y), &c. these formulae may be 
expressed without the aid of the auxiliary normals ; but they 
are more convenient in their present shape, as the employment 
of negative angles is thereby avoided. 

98. The position of a point P in space may be fixed 
by the following three variables; (l) the radius vector OP ^r 
(fig. 16) ; (2) the z COP « Q which the radius vector makes 
with the axis of %\ (3) the aAOA' « which the meridian 
plane COP makes with the fixed plane COA, Of these 
angles the former varies from to 180®, and the latter from O 
to 360®, in order that the radius vector may pass through 
all points of space. If a?, y, % be the co-ordinates of P', they 
can be expressed by means of r, 0, 0; for P'JIf = rcos0, 
OM = r sin ; 

.-. ti?= 0-Jf COS0 = r sin0cos05 y»rsindsin09 and ;8f = rcos0; 

and if these values be substituted for w^ y, « in the rectangular 
equation to any surface, we shall obtain the Polar equation to 
the surface. 

Plane sections of surfaces. 

99. In the discussion of surfaces, it is useful to know 
the nature and magnitude of the curves in which they are 
intersected by any planes. To do this, it is not sufficient 
fo combine the equation to the surface F (<r, y, %) « 0, with 
the equation to the cutting plane % ^ A/v -i- By + c, so as to 
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eliminate one of the variables, sa for instance; for the result 
/*(^> y,) = would represent only the projection of the curve 
required, which is not generally of the same nature with the 
section in space, nor sufficient to determine it. But if we 
transform the co-ordinates so that the cutting plane may be 
that of w'y'y and then put z' » in the resulting equation, we 
shall determine the trace of the surface on zv'y', i. e. the curve 
in which it is intersected by the proposed plane. 

And it may be here observed that, since the degree of an 
equation is never altered by the transformation of co-ordinates, 
if the equation to a surface be of the n^^ degree, the curve in 
which it is intersected by a plane cannot be of a higher order 
than the n}^ ; but it may be of & lower if, by putting s/ b o, 
we cause all the terms of the highest dimension to disappear 
from its equation. If we employ Euler^s formulas for trans- 
formation of co-ordinates (Art. 93) ^ since x' is to vanish in 
the final result, we are at liberty to make iv' b o in the values 
of w^ y, X before we substitute them, and so we may obtain 
the proper substitutions; these however, without being de- 
duced from the general case, may be readily obtained by the 
following independent method. 

100. To determine the nature of the section of a surface 
made by any plane passing through the origin. 

The most convenient data for fixing the position of the 
cutting plane are (1) the zd at which it is inclined to the 
plane of ^y, and (2) the z which its trace on that plane 
makes with the axis of of ; these are readily obtained if we 
suppose the equation to the plane given ; for if the equa- 

1 

tion be it? «= Aof + By. then cos 6 ■= / .^ ■ (Art. 29), 

v/l + J* + jB* 

and tan ^ a « ~ , since AtV + By = is the equation to the 

trace. 

Let a?' Oy (fig. Si) be the given plane, cutting the surface 
in the curve AM^ and the plane of a?y in the line O.r', which 
take for. the axis of w' ; and let Oy', a line perpendicular to 
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Os! in the given plane, be the axis of y', and OR ■» w\ 
RM^ff the coordinates of any point M in the section re- 
ferred to the axes Ow\ Oy\ also let 0Q»a7, Q,P^y^ PM «> x 
be the co-ordinates of the same point referred to the axes 0«, 
Oy^ 0». Join RP^ then z MRP » the inclination of the 
cutting plane to the plane of ay^ and JLmOal b ^ ^he angle 
formed by its trace on ay with the axis of oo. 

^ Then PR = y cos 0, Pif = y sin ; 

"^ ^^^^^?alr OQ^Oi?cos0 + i?P8in0, QP= OiJsin0 - «Pcos0; 
^>uiA^ 5^4^/a CJt< * ^O.'. sf « y' sin ft w ^^ at' cos <l> + y' cos © sin ^, ^o) 
S^Stl^/^ '^^'^ y-^'sin0-y'cas0co8d); ^5) 

^ '^ and if these values be substituted in the equation F (^, y, «) = o 

luTfk Xy to the surface, we shall obtain a relation between a/ and y 
it O eu-^ which is the equation to the curve AM. 

y^ A^A.^j**' \^\^ If the cutting plane pass through one of the co- 

H^A^Ur ^ ordinate axes, the formulae are simplified, and in many cases 
\ljC Ct^ti^ ^ are sufficiently general. 

I ^ J Let of'Oy (fig. 32) be the cutting plane, passing through 

y^ ^^ I the axis of y\ Ox* in the plane of $sio the axis of ic\ 

J^f^j^^ PM = cb\ OM =■ y', the co-ordinates of any point P in the 

- kJtJbcdtx. section, ON ^ x^ NQ^y^ QP^z the co-ordinates of the 

^ ^^, . /^% same point. Join MQy then z PMQ = 0, and JIfQ = x' cosd, 

^/)/lJ,(?; ^ PQ = a;' sin 0; 

Cjt^t^^^ ^f ' ^ which shew that to determine the section made by a plane ^Jt^ 
CAAyw^*^ ^ through the axis of y and inclined at an z to ay, we haver Pjfi^^i 
XM^jjifOUt^ only to write al cos Q and oe' sin Q for so and % in the equation J 2^ '^ 
'^ ^ll^d^ X to *h® surface, without altering y ; and the resulting relation ^^'^^ 
\i ' r^CAfi. ^^t^^^'^ ^' ^"^^ y ^s t^^ equation to the curve. Similarly, if ^^ M 
' V ,— i— the cutting plane pass through the axes of % ox w, , 

j^ U a ^^3* If ^^^ cutting plane does not pass through the 

I ^ ^^ origin of the primitive co-ordinates^ or if we wish to take a 
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point in the cutting plane different from O for the origin of 
the n^w co-ordinates, we shall only have to add to the second 
members of the preceding formulae the co-ordinates A, Ap, Z of 
the new origin reckoned parallel to the primitive axes. 

103. To determine the nature of the curve formed by the 
intersection of any plane with a surface of the second order. 

Let Aa^ -f By^ + Cst^ = ^A'w be the equation, which may 
represent all surfi^ces of the second order; therefore, sub- 
stituting for w^ y, z the values found in Art. 100, 

wmw' cos (f>+ y COB sin ^, 

y ^ of sin — y' cos Q cos 0, 

X ^y* sin 0, 

the result developed and arranged will be 

at^ (J cos* <f> •¥ B sin' (p) + 2wy {A - B) cos 9 sin cos ^ 

+ y^{(A sin«0 + Scos«0) co^0^ Csm^0} 

= ^A'of cos (f> + 2A'y cos sin 0, 

the equation to a curve of the second order, which will be 
an ellipse, parabola, or hyperbdia, according as the quantity 

{A - By (cos sin (f> cos (pf - (J cos* (p + B sin« 0) 

X {(A Bin^(f> + 5 coB*0) cos' + C sin' 

or - AB (cos 0)^ - ^C (cos (p sin 0)« - BC 

is negative, nothing, or positive. /fd^ ^^ 

Hence every section of an ellipsoid is an ellipse, because y^y^ 
all the quantities Ay By C are positive. For a hyperboloid 
of one or two sheets, in which cases one or two of the j^L ft\ ij^ 
quantities Ay By C are negative, the section may be an ellipse, 
parabola, or hyperbola. For paraboloids -4 = 0; therefore rrv^x^ ^ 
for the elliptic, in which case A and C have the same sign, /,\ J^y ' 
the section is an ellipse ; except when = 0, or s= 0, in ^ ' 
which cases it is a parabola. For the hyperbolic paraboloid. 



T *3 DIU \U} 

(sin (p sin 0y o->^ y o ^ 
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since £ and C are of contrary signs, the section is a hyper- 
bola; except as before when d ^ o, or 0»O, when it is a 
parabola. 

Cor. Since the section is referred to rectangular axes, it 
can never be a circle unless the coefficient of w'y vanishes, or 

(A - B) cos Q sin cos ■= ; 

IT IT 

hence we must have 0=b— , or, d> = — , or = 0; which 

shew that for a circular section, the cutting plane must be 
perpendicular to one of the principal planes of the surface. 
In the next article we shall see that this property is confined 
to one only of the principal planes of each surface. 

104. Every surface of the second order, except the 
hyperbolic paraboloid, may be generated in two ways by the 
motion of a variable circle parallel to itself, the center of the 
circle moving along a diameter of the surface. 

Let the surface have a center, and let its equation be 

Since every circular section must be perpendicular to a 
principal plane, let the cutting plane be perpendicular to ssm^ 
and inclined to <r^ at an L B\ and as the center of the circle 
must be in the plane of %x^ let a ^ h^ x ^ I be its co- 
ordinates ; then the equation to the section reckoned from that 
point as origin will be 

J (w cos + hy + Sy'« + C(af' sin + /)« - A 

(Art. 101) which represents a circle if 

A cos'0 4 (7sin*0 « 5, or A + C tan«0 « B(l + tan»0), 

B'A 



or tan* 9 = 



C-B" 



and the relation between h and /, since the origin is the 
center of the circle and therefore the coefficient of of' = 0, is 

A cos Oh + £7 sin / 8B ; 
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therefore the locus of the centers of the circular sections is 
^ straight line and a diameter of the surface. 



Also the radius of the section 



^ B B 



We must now examine, for each of the surfaces, which 
axis it is that coincides with the axis of y to which the cutting 
plane is parallel. 

1. For the ellipsoid, ^«— , fi*:-^, C--^, 

o* h^ €r 



.-. tan e« ±- V r i» 

.*. b lies between a and c, or the axis of the surface to which 
the cutting plane is parallel is its mean axis. 

2. For the hyperboloid of one sheet, since we cannot 
have B negative, we must put -4 = --, fics— , C« — ;, 



c /V - a* 
.-. tan0-±- V^ — T^\ 

a & -^ b* 



•-. &>a, or the cutting plane is parallel to the greater of 
the real axes, 

3. For the hyperboloid of two sheets, since we cannot 
have A and C negative, we must put 

1 1 1 

a* 6' c* 



c /a' + A« 
.-. tane-i;- ViT— ?i 

•*. 6>6', or the cutting plane is parallel to the greater of 
the imaginary axes. 

Since tand has two values, the cutting plane may be 
6 
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inclined at an z d or 180^-0 to the plane of wy^ and hence 
the surface may be generated by a variable circle in two 
diflTerent ways; but it will be observed that in every case, 
if the surface become one of revolution, the two positions 
coincide in one which is parallel to the two equal axes. 

105. Next, let the surface not have a center, and let 
its equation be 

Then as before, if A, /, denote the co-ordinates of the center 
of the circular section, its equation reckoned from that point 
as origin will be 

J?y'+ C (a?' sin + Q* ^ ^A'{x'co^e + A), 
with the conditions 

j& = Csin«0, Csin0.^ = J'cos0; 

/. sin0=± V— , and/«-— cot0. 

Hence the locus of the centers of the circular sections is a 
straight line parallel to the axis of the surface, i. e. it is a 
diameter of the surface ; also B and C have the same sign and: 
B<0; hence the surface is the elliptic paraboloid, and the 
cutting plane is perpendicular to that principal section of the 
surface whose latus rectum is the least. 

In the case of the hyperbolic paraboloid, since B and C 
have diflPerent signs, no plane can be drawn so as to intersect 
it in a circle. 

106. Any two circular sections of a surface of the second 
order, provided they be not parallel to one another, are 
situated on the same sphere. 

Since all circular sections are perpendicular to the same 
principal plane, let (fig. 53) represent that principal plane. 
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and let EAj ES be the projections of any two circular 
sections not parallel to one another, and also their diameters. 
Bisect EA at right angles by IC^ and let C be taken equidis- 
tant from E and E^ therefore C is the center of a sphere 
intersecting the proposed surface in the circle EA and passing 
through E\ and therefore (Art. 78) intersecting the surface in 
a plane curve, that is, in a second circle passing through E' ; 
this circle must be either EB'y or E'Jl parallel to EA ; but 
it cannot be E'A^ because two parallel circles on the same 
sphere have their centers in a diameter perpendicular to their 
planes, and here lOT being conjugate to the chords EA^ EA' 
cannot cut them at right angles unless the surface be one 
of revolution, in which case AE and EE become coincident ; 
therefore the sphere will contain EE . 



6—2 



SECTION IV. 

ON TANGENT PLANES AND NORMALS TO CURVE SURFACES, 

AND THEIR VOLUMES AND AREAS. 



107. To find the equation to the plane which touches 
a given curve surface at a proposed point. 

Let x^f(w^ y) be the equation to the surface, and 
w^ y^ « the co-ordinates of the proposed point P (fig. 35) ; 
then the equation to a plane passing through P will be 

w\ y\ « denoting the co-ordinates of any point in it. 

Through P draw a plane parallel to «w^ cutting the 
surface in the curve PC, and the plane in the line PT % 
then these must touch one another at P, in order that the 
plane may be the tangent plane to the surface at that 
point. Now, for every point in the line Pr, y = y, and 
therefore its equation deduced from the equation to the 
plane is 

also the equation to the curve PC is deduced from x ^ f{w^ y) 
by making y constant in it; and in order that PT may 

touch PC, we must have A ^--^^ y being supposed con- 

dw 

stant in the differentiation. Again, through P draw a plane 

parallel to yz^ cutting the surface in the curve PD and the 

plane in the line PR ; then, as before, the!* equation to PR is 

« - « = -B (y' - y) ; 
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and the equation to PD is obtained from «*^f{pc,y) by 
regarding w as constant ; and in order that PR may touch PZ>, 

we must nave B ^—, w being supposed constant in the 

differentiation. Hence, substituting for A and B these values, 
the equation to the tangent plane at a point w^ y^ x, is 

, dz , dz 

or, as it is usually written, 

»' - « = p (a?' - aO + 9 (y' - y) ; 

where p and q denote the partial differential coefficients of z 
derived from the equation to the^ surface, and the co-ordinates 
may be either rectangular or oblique. 

Cor. 1. The plane whose position is thus determined by 
the conditions that sections of it and of the surface, made by 
planes parallel to two of the co-ordinate planes^ touch one 
another, contains, as we shall shew in the next Art., the 
tangent lines of all curves that can be drawn on the surface 
through the point in question. If the given equation to the 
surface, instead of having the above explicit form, should be 
u ^ F{x^ y, z) = 0, then to determine p and q we have 

du du du du 

dtV dz dy dz 

the differential coefficients being formed as if a?, y, z were 
independent; hence, substituting for p and q their values, 
the equation to the tangent plane under its most general 
form is 

■ - ^ du , , . du . , . du 

Cor. 2. If y denote the angle of inclination of the tan- 
gent plane to that of wy^ then (Art. 29) 

1 

cos v = # 



V-(S'^© 
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and similarly, its inclinations to the other co-ordinate planes 
may be determined. Also since the perpendicular on any plane 
from the origin equals the constant term divided by the 
square root of the sum of the squares of the coefficients of the 
variables in its equation (Art. 9), the expression for the length 
of the perpendicular on the tangent plane to a surface u ^ 
from the origin becomes 

du du du 

dw dy dx 



/ fduy (duY (du\ 



2 



\dyj 

.108. To investigate the equation to the tangent plane 
at any point of a surface, considered as the locus of the 
tangent lines to the surface at that point. 

If a straight line be drawn through any point of a surface 
and a contiguous point of the same, the limiting position 
of this line as the latter point moves up to and ultimately 
coincides with the former, is called a tangent line to the 
surface at that point. The locus of the tangent lines at any 
point of a curved surface is in general a plane, which is then 
called a tangent plane at that point of the surface. 

Let u =/('^> Vy %) = 0, be the equation to the surface^ 

X-^co Y-y Z^z 



I m n 



= r(l) 



/ 



'^ I(n4- 



I. 



the equations to a straight line drawn through the point ivyx 
of the surface. Then if this line meet the surface again in 
the point tvyx\ 

uV = w + Ir^ y = y + mr^ ^sr' = ;ir + nr ; 
/,ty/vAA*.A*fru ^^ / / / du ' du du , f 

^ ax ay d» 

du du du 

>. a or = / — — + m -— + 71 -p- + terms m r, (2) 

da^ dy d% 

^j. J A since /(cT, y, %) the first term of the expansion of /(*•', y\ x')^ 
-^ ZkijWAi^^anishes. 

Mil ^* M - t-^ 
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Now let the point afyz approach indefinitely close to 
aiy% whereby r is indefinitely diminished and the straight 
line in question becomes a tangent line, then ^^ . irr % . -v^ %^ '^ 

• du du du i^uAV ^tM*^ h^^ ^^^ 

dx dy dz a^^ ^vt***^* ^^ ^^jlamm*^^ 

Consequently from equations (l) we get j y4Af^^ \^ ) 

C^; o = (^-.)^-+(r-,)- + (z-.)-. 

a relation true for every tangent line to the surface at wyz. 
And this is the equation to a plane; consequently it is the 
tangent plane at the point wyz. 

CoK. 1. In what precedes, we have supposed that 

du du du 

- — , -r- , -— - are finite, as they will in general be. If such a 

dx dy dz ^ o 

point be selected for the co-ordinates of which they all vanish, 
the above equation gives no result ; and the higher terms of the 
expansion of f{x\ y\ «') must be employed. Taking the 
terms of the second order in equation (2), dividing by r^ and 
then making r = 0, we get 

^d^u o cTtt ^d^u , d?u , d^u 

P—, — + nr --— : + tr — — + 2lm - — ;— + 2ln 



dx* dj^ dz^ dxdy dxdz 

d'u 
-h^mn-- — -- = 0, 
dyaz 

d^u d'U dru 

or (^-. .T.)«-— + (r- 2/)^-— + (Z - ^)2-— 

doB^ dy dz^ 

d?u d^u 



dxdy dxdz 

the equation to the locus of the tangent lines^ which is a 
tangent cone. 
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Points in a surface of this description are comprised 

amongst what are called singular points ; the vertex of a cone, 

or of a surface of revolution whose generating curve does not 

cut the axis at right angles, are obvioi^s examples; and we 

observe that at such points the partial differential coefficients 

dz dx 

-r— , -- assume the form - (Cor. 1, Art. 107). 

dw dy 

Cou. 2. Hence it follows that if a plane pass through a 
generating line of a cylinder or cone, and through a tangent to 
the base, and consequently through a tangent to every section 
parallel to the base, it will be the tangent plane to the surface 
at every pcant in the generating line ; for it will contain the 
tangents to all the curves traced on the surface through the 
various points of the generating line. 

109. To find the equations to the normal to a curve 
surface at a proposed point. 

The normal is a straight line drawn through the point of 
contact perpendicular to the tangeut plane ; and will therefore 
have equations of the form 

m' ^ m ^ m {x -^ x)y y' - y ^n {x - «), 

J?, yj X being the co-ordinates of the point of contact; and 
since it is perpendicular to the plane whose equation is 

i^f' - « - p (^ - ^) + 9 (y' - y), 

.-. (Art. 25) III + p s 0, n + 9 » 0. 

Hence, substituting for m and n their values, the equations to 
the normal at a point wyx^ are 

Of' - w -^ p(x' - x) ^Oy y' - y + 9 (i8f' - «) » 0. 

Cob. The angles a, /3, y formed by the normal with 
the axes of <r, y^ x produced in the positive directions, will 
be given (Art. 28) by the formulae 



a =—7==, cosfl a 

v/i+P* + ^* v/i+p' + T" 



1 
cos Y ' 
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i 

If the equation to the surface be given under the form 
fi ss F(x9 f/j %) = 0, substituting for p and q their values 
(Cor. 1, Art. 107), we shall have 

1 du ^ \ du 1 du 

cosa-—. — , cos^« — .-— , cos7«--.-— , 
R dx R dy R d% 

and the equations to the normal will assume the symmetrical 
forms 

.t' - /I? y -y x' - ss 

du du du 

d(v dy dz 

110. To find the length of the portion of the normal 
intercepted between the surface and the plane of wy; and 
the co-ordinates of the point where it meets that plane. 

The co-ordinates of any point in the normal being w\ y\ x\ 
and ^, y^ % those of the point where it meets the surface, 
jthe distance of these points is 



But at the point where the normal meets the plane of xy^ 
« = ; .•. the required length « - zy/\ + p^ -^ ^^ 

Also by making z' ^ in the equations to the normal, 
we find 

w'^w + pzy y-y-k-qxj 

the co-ordinates of the point where it meets the plane of xy ; 
and similarly the points where the normal meets the other 
co-ordinate planes may be determined. 

111. The equations to the normal may also be found 
from the consideration that it is the longest or shortest 
line which can be drawn from any point in itself to the 
surface. 

Let w\ y\ z be co-ordinates of a fixed point in the 
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normal, and a?, y, x of any point in the surface; then if 
S = distance of these points, 

^ = (w'^a^y + (y'^yy + (z' ^ zy, 

a function of two variables a? and y, for ^ is given in terms 
of a and y by the equation to the surface. Therefore, in 
order that ^ may be a maximum or minimum, 

These are the equations which determine the position of the 
longest or shortest line that can be drawn from the fixed point 
cv'y V to the surface, and consequently those to the normal. 



112. To find the differential coefficient of the volume 
of a solid bounded by the co-ordinate planes and planes 
parallel to them, and by a given curve surface. 

Let «?=/(<»> 3/) be the equation to the surface, and 
07, y, X the co-ordinates of any point M (fig. 38) in it. 
Through M draw planes parallel to the co-ordinate planes ; 
then the volume V of the figure NMEF is a function of 
w and y\ and if w and y receive increments h and A?, the 
point M will be brought to C, and the increment of the 
solid contained by the planes ME^ SD^ SB, FM^ will be 

dV^ dV ^ <PV h^ d'V ^^ dl'V 1^ „ 

— fi -I Jc -f -; J. hk ^ + &c. 

dof dy dod* 1 . 2 dwdy d\y 1 . 2 

But if we had made a? alone vary, the increment would 

have been 

dV d^V h^ 
MBRF^ — h + ~~ .^+&c.; 
d{v dar 1.2 

similarly, if we had made y alone vary, the increment would 

have been 

dV (PF A;« 

MDEQ^—-k + -— +&C.; 

dy dy^ 1.2 

therefore, subtracting, we have 

d^r 

vol. MCRQ = T—r-^f^ + &Cv 

dofdy 
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yohMCRQ (PV 
hk ax ay , 

hence, taking the limit of both sides by making h and k 
vanish^ in which case vol. MCRQ, becoming ultimately a 
prism whose base is QR and altitude MP^ = xhk^ and all 
the terms in the second member after the first, since they 
involve different combinations of positive powers of h and ky 
disappear, we have 

d'V ^ 

dxdy 

113. Again, to find the differential coefficient of the area 
of a curve surface, it S ^ area of the surface NM, by proceed- 
ing as above we may shew that 

surface MC = -; — — hk '^^ &c., 

dxdy 

and therefore limit of - 



hk doody 

But surf, MC is ultimately coincident with the portion of the 
tangent plane at M intercepted by the prism erected pn the 
base QRy and therefore ^hk sec'y» if 7 denote the inclination 
of the tangent plane at M to the plane of ay ; 



... ^^ = sec 7 = V 1 4- y + y . (Art. 107, Cor. 2). 

114. In applying these results to find volumes and areas 
of curve surfaces by double integration, considerable attention 
is necessary in taking the integral between the proper limits. 
This will be best seen by an example* Suppose it were 
required to find the volume contained by two cylindrical 
surfaces J erected on given bases OJV, AN' (fig. 37) in the 
plane of ay whose equations are ^ = 0(y)> x= v/r(y)L and 
the curve surface BPP^ whose equation is %^f(wy y). In- 
tegrating first with respect to a?, considering y as constant, the 

expression = ^ =/ (a?, y), between the limits 
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we obtain a quantity, a function of y only, which when 
multiplied by iy is the ultimate value of the slice PPM 
contained between two planes whose distances from xat are 
y and y -^^y respectively ; and if this be now integrated 
between the limits y *> b, y ^ b\ we shall have the volume 
contained by two planes parallel to zic at distances therefrom 
respectively equal to b and 6'. 

115. Similarly, for the area of the surface, by integrating 
the expression 

with respect to ^, considering y as constant, between the 
limits tV a GN, w » GN*j we obtain a quantity, a function 
of y only, which when multiplied by Sy is the ultimate 
value of the portion of the surface PQ' contained between 
two planes parallel to xx at a distance Sy from one another ; 
and this integrated between the limits y ^ b^ y ^b\ gives us 
the area of the surface intercepted by two planes parallel 
to ssw^ 

116. To express the length of the perpendicular dropped 
from the origin upon the tangent plane at any point of a sur- 
face by polar co-ordinates. 

Let ACB (fig. 41, bis) be the tangent plane at a point P 
of a curve surface, CPF the tangent line to a section made by 
a plane through the axis of ss, DPE a tangent line to the 
intersection with the surface of a right cone described about 
CO with semi-vertical angle COP = Q ; GH the projection 
of DE, Then DOP is a tangent plane to the cone, and con- 
sequently perpendicular to the meridian section of the cone 
COP. Let OA « o, OH^ a\ OB « 6, OG « b\ OC = c. 
Then finding the equations to the traces OE^ OD, we get the 
equation to the plane DOE 



^"(^-^)"+ (r'-l)^' 
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consequently the equations to a line through O perpendicular 
to it are 

which line must lie in the plane COF whose equation is 
y cos C5 /v sin 09 putting angle AOF » (h ; 

/sin cos <p\ * /sin (p cos 0\ ' 

1 I /COS0 sin0\* 
"^^ ^ "•■ 6« " V"^ "^ ~^/ 

1 1 /COS0 sin <f)\* 

Now let P « perpendicular on ABC from O, OP = r, OJT - /, 
p = perpendicular on P-F, p' = perpendicular on GH\ then 

1 1 1 I 1 cos sin (p 
1111 /cos sin 0\ ' 



/2 ™ «'2 "^ t'a ' 



1 

p^ ^* • 6' 
Hence by substituting in equation (1) we get 

— JL J_ ± 

P^ "" p« * /^ " /• • ^^^ 

Now suppose r b/(0, d) to be the polar equation to the 
surface. Then, considering (p as constant, r s/(0, d) is the 
equation to the plane curve PM^ and 

111 (dry 
p« " »* "•■ r« VrfeJ ' 
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AgaiO) considering 9 as constant, / « sin0/(^, 0) is the 
equation to the plane curve KL, and 

Hence, substituting in equation (2), we finally get 

111 (dry cosec'0 /^^V 

pi * ;5 + ;j [Jo] + "~,:i l^d^/ ' 

an expression involving the partial differential coefficients of 
r =sf((p^ 0), where and 9 are independent of one another. 

117. The above expression may of course be obtained 
from the value of P given in Cor. 2, Art. 107, by changing 
the independent variables. 

118. In some cases it is convenient to express the dif- 
ferential coefficient of the volume of a solid by the polar 
co-ordinates explained in Art. 98. 

Let ACP (fig. 39) be a curve surface; JP, A'P^, its 
intersections with two conical surfaces described about OC 
with semivertical angles 9 and 9 -{■ S9; CP^ CP' its inter- 
sections with two planes through CO inclined to z.v at 
angles and (p + S^; then it may be shewn as before, 
if F = vol. ACPO, that 

• pyramid OPP" ^ d^V 

JeJ^ ■" dod^ "^ • ' 

therefore, taking the limit of both sides by making S<f>, SO, 
vanish, in which case we may consider the base of the 
pyramid as coincident with the surface of a sphere, center 
O and radius OP, and therefore the area of the base will 
= Pp . P^p = r sin 9S^ . rS9^ and the vol. of the pyramid 

will = - . r^ sin S(]> 50, we have 

d'V 1 , . ^ 
= - r^ sm ; 



d9d(p 3 

which may be also deduced from the result of Art. 112, by- 
changing the independent variables. 
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119. If in the above expression we substitute for r its 
value in terms of and 0, and integrate with respect to 9, 
considering as constant, between the limits 

e^COG^F{(p), 9 ^ COG' = F^{(f>), 

(these values being obtained from the given equations to the 
bounding conical surfaces BOD^ B^OD') we shall obtain a 
quantity, a function of only, which when multiplied by 50 
is the ultimate value of the volume of the wedge GOSf ; and 
this, integrated between any two values of will give the 
volume OBD' contained between two planes inclined at those 
angles to xx, and between the given conical surfaces and the 
curve surface. If instead of the vertex 0, we suppose the 
figure to be bounded by another curve surface whose equation 
is / =jf^(0, 0), then the equation to be integrated will be 

^^ =i(r'-r'Osin0. 
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120. To express the differential coefficient of the area of 
a curve surface by polar co-ordinates. 

Proceeding as in Art. 118, it may be shewn that i{ She the 
area of the surface APC (fig. 39)^ we shall have ultimately 

area of surface PP" = , . , , Sd)S0 + &c. ; 

dddq> ^ 

consequently, if p be the length of the perpendicular dropped 
from O on the tangent plane at P, 

(dJ^S \ 

— — 503e + &c.j ultimately, 

also = ^ r' sin . ^0 Sd, ultimately ; 



which may be also deduced from the result of Art. 113, by 
changing the independent variables. 






SECTION V. 

ON TANOENTS9 AND NORMAL AND OSCULATING PLANES, TO 

CURVES, AND THEIR LENGTHS. 



121. To shew bow a curve in space may be represented 
by equations. 

We have seen (Art. 44) that the equation F (a?, y^ x) ^O 
represents a surface, and if to this we join another equation 
-^1 (^9 Vi ^) «» representing a second surface, and suppose 
the variables to receive only such values as satisfy both 
equations at the same time, we shall determine a series of 
points situated in each of the surfaces, that is, in the curve of 
their intersection. Conversely, as we have no other means of 
determining a curve in space than by assigning two surfaces 
each of which contains it, we cannot represent it analytically 
except by two simultaneous equations among the variablea 
ofy y, ss. 

122. Among the various surfaces which may pass through 
a curve and so determine it, we employ for the sake of sim- 
plicity the cylindrical surfaces which are parallel to the co- 
ordinate axes, as their equations will contain only two of the 
variables. (Art. 43). 

Let QPR (fig. 43) be a curve in space, and through all 
its points draw perpendiculars Pp, iZr, &c. to the plane of 
wy (or, if the axes be oblique, parallel to Ass)\ the assemblage 
of these lines will form a cylindrical surface, called a projecting' 
cylinder of QjR, and meeting the plane of wy in the curve qpr^ 
which is called the projection of QR on wy. Similarly, if we 
drop perpendiculars from all the points of QR on y% and «Wy 
we shall have two other projecting cylinders, and two other 
projections ; and the curve will evidently be determined if any 
two of its projections are given, for in that case two cylindrical 
surfaces will be given of which it is the intersection. Now 
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the projections qpt, Q!PR' are determined by equations of 
the form 

01 («»^, y) = or y^fp (of), >//^i (zjw)^0 or « = yj^ (a?), 

the complete signification of which, as we know, is the cy- 
lindrical surface erected upon each as its base. Therefore 
the curve QPB will be determined by the system of simul- 
taneous equations 

in these, only one of the variables, w for example, is arbitrary; 
and any assumed value of w joined to the corresponding 
values of y and « derived from them, will belong to a point 
in the curve. The equation to the projection of QPR on the 
plane of y«^ is deduced from the other two by eliminating <r. 

Hence it appears that every curve in space may be con- 
sidered as formed by the intersection of two cylindrical surfaces 
erected on its projections as their bases, perpendicular to the 
co-ordinate planes. 

123. To find the equations to the line which touches a 
given curve at a proposed point. 

Let PT (fig. 43) be a tangent to the curve QPR at a 
point P; also let qpr be the projection of the curve on the 
plane of <ry, and pt a tangent to the projection at p ; we 
inust first prove that pt is the projection of PT. Let R be 
a point in the curve near to P, r its projection ; draw the 
lines PRy pr ; then pr is the projection of PJ?, and continues 
80, however near R approaches to P, and' consequently r 
(which is always in a line through R parallel to Pp) to p. 
Therefore in the ultimate positions of the lines, when R Co- 
incides with P and r with p, and they become tangents at P 
and p^ pt is the projection of PT; that is, the projection of 
the tangent at any point coincides with the line touching the 
projection of the curve at the corresponding points The same 
is of course true relative to the other co-ordinate planes ; if 
therefore y « (a?), « ^ yj/ (^x) be the equations «to the pro^ 

7 
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jections qr^ &B', the equations to the lines pt^ P^T^, or to 
the line PT of which they are the projections, will be 

y -y^^-(pB ^dd)^ « - af = — (cr - ar) ; 
aoB aw 

^9 Vf ^ being the co-ordinates of the point of contact, and 
^\ y\ x' those of any point in the tangent, and the co- 
ordinates being either rectangular or oblique. 

124. The two equations to the curve may evidently be 
supposed to arise from the elimination of t between equations 
of the form w ^f(t)i y «=/i (0> * ■=/« (0 5 consequently, when 
the co-ordinates of a point in the curve are all regarded as 
functions of the sapae variable t, the equations to the tangent 
line will take the symmetrical forms 

so — do y ^ y «' — « 

dm dy d« ' 

Ji di ~di 

Or if the equations to the curve, instead of having the 
explicit forms assumed in Art. 123, should be 

u = F(a, y, x) = 0, Wj « Fi (a?, y, «) «= 0, 

then considering y and % each as a function of w, we have 

du du dy du d% 
dw dy dx dss d» 

dui dui dy dut d» 
da; dy d^ d% dx 

from which -~, -- may be obtained and substituted in the 

aa? dw 

equations to the tangent line. 

125. If the tangent to a curve makes angles o, /3, y 
with the axes of <t, y, x^ since its equations, taking the pro* 
jections on the planes of zw and yir, are I 
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dy 



dx dx 

dy 
1 r^ dof 



V-(S)'^(£)" ^/'t(g)^(^■• 



cos^y =s 






^/-(S)'^(g)' 



126. To find the equation to the normal plane to a 
curve at a proposed point. 

A curve can have only one tangent at a proposed point, 
but it may have an infinite number of normals, that Is, of 
lines perpendicular to the tangent through the point of con- 
tact ; the3e all lie in one plane called the normal plane. Let 
Wf y^ « be the co-ordinates of the proposed point of the curve, 
then since the normal plane passes through that pointy its 
equation will be 

%' - X t^ A {w' -- x) •{- B(y' -y); 

and since it is perpendicular to the tangent whose equa- 
tions are 

dy 



dx 


1 






dy 
dx 


dx 


^ + 


d% 


= 0, 


B 


dx 


= 0; 



dx dx 

7-2 
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hence, substituting for J. and B these values, the equation to 
the normal plane at a point wyz^ is 

a;' - 0? + (y' - y) ^ +(«'-«)—« 0. 

Cor. If /ff, y^ X he each regarded as a function of the 
same variable f, as in Art. 124, the equation to the normal 
plane takes the symmetrical form 



127. To find the equation to the osculating plane to a 
curve at a proposed point. 

The osculating plane at any point is that which has a 
closer contact with the curve than any other plane passing 
through the same point. 

Let Wy y, 9s be the co-ordinates of the point of the curve ; 
then the equation to a plane passing through it will be 

A (^-cr) + B (F- y) + C(Z - ^) = 0; (l) 

let ^ be the length of a perpendicular let fall on this plane 
from a contiguous point in the curve whose co-ordinates are 

^ -4A + Bk •¥ CI ,^ , . • % . ..^' 

.'. d= . (CoE. Art. 37). iL Ja**- ifl. ••TXU^ e^r. 

if we suppose the points consecutive, and substitute for A, k, 
I their developements in series ascending by powers of t; 
T being the increment of t the variable of which the three 
co-ordinates are assumed to be given functions. Now if we 
determine the constants so that the coefficients of r and r* 



101 

may vanish in the numerator of Sy the portion of the curve 
immediately contiguous to the point wyx will coincide more 
nearly with the plane so determined than with any other 
plane that can be drawn through that point ; and as only the 
ratios of A^ B^ C to one another are required, this can be 
effected by establishing the two conditions 

,dw dy dx ^dfat ^d^y ^d^z 

dt dt dt ' df de df 

whence eliminating A^ B, C between these and equation (1), 

dtJD Cb Sf _ I It 

and denoting ^--, -— &c., by ^ , a? , &c., we get 

dt dr 

the equation to the osculating plane at a point xyz. 

Cor. If we assume y and x to be functions of w^ in the 
ordinary way, then 

dx dx dxr dor 

and the equation to the osculating plane becomes 

which evidently agrees with the above, when x ^t. 

128. In order that the contact may be of the third order> 

the coefficient of I? in the numerator of j in equation (2) 

^Z' ' €py ... 
niust also vianish, or C -r-^ + S-T~i = ; 

dor . dar 



102 



doe* da^ d,r* dafi ' 



the (Condition which must be satisfied at any point of the 
curve wh^re the contact is ot the third order. When the 
contact is only of the second order, 

a quantity which changes its sign at the same time that h 
does ; consequently the curve generally cuts its osculating 
plane* On the contrary, when the contact i» of the third 
order, the sign of £ does not change with that of h ; and 
the curve is said in such cases to h£ive a point of ihfleieion. 
The condition then of there being such a point is 

d?% d^y d*v d^z 
da?* do^ da? da? 



129. When a curve in space is a plane curve, if a?, y, «f 
be the co-ordinates of any point in it, they will always satisfy 
the equation to a plane 

%' = Aa/ + By + c...(l), so that z = Ax + By + c; 

therefore the differential coeiBcieiits of z Und y will be such 
as to satisfy the equations 

da/ do) dor dar 

A and B denoting constant quantities ; 



<P« 



djd£\ d?yd^z d^zd^y 

dAd^y)^^' ^^ d^d^'^di^l^^^' 



(2) 



dw 



» 



which must be rendered identically true by the equations 
y « (tv), z =: yj/ (.r), when they represent a plane curve ; 
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otherwise, the eiirVe is of double curvature* This condition 
being satisfied, if we substitute fbr J^ J9, c their values in 
(l), we find the equation to the plane in which the curve is 
situated the same as that to the osculating plane, as might 
have been foreseen; for when a curve in space is a plane 
curve, the plane in which it is situated is the osculating plane 
at every point. Hence when the above condition is satisfied, 
the equation to the plane in which the curve is situated may 
be obtained by wHting for the differential coefficients their 
values in the equation to the osculating plane. 

If we assume each of the co-ordinates <r, ^^ jv to be a 
function of the same variable t^ a symmetrical expression for 
the condition (2) may be easily obtained by eliminating the 
constants from the three derived equations of lof + my + n jit s c. 

130. The osculating plane at any point of a curve in 
space is perpendicular to the line of intdrseetion of con* 
secutive normal planes at that point. 

The equation to the normal plane at d point wyx is 
«'-^+(»'-y)^+(*'-«)^-0; 

and at the contiguous point <j? + a, y + A— + &c., « + A— + &c. 

• • • 

It 19 

or, combining it with the former and dividing by h, it is 

X *Py (dyV , / ^d'% fdxY ^ 
^ ^ ^^ do?" \d<v) ^ ^ dof^ \dxl 

hj h\ &c. « 0. 
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Therefore, making A a o, the * equation^ to the lihe of int^r-t 
section of consecutive normal planes are 

(the latter equation being evidently that which results fron^ 
differentiating the former with respect to w, considering a?', y\ 
«' as constant) and if we deduce the equations to the pro- 
jections of this line on the plants of yz and xx^ it wiU be 
seen that the conditions of being perpendicular to the os^ 
culating plane (Art. 25) are fulfilled. 

131. To find the differential coefficient of the length of 
the arc of a curve in space. 

Let y = (^), « — yf/ {w) be the equations to the curve, 

07, y, z the co-ordinates of any point P in it (fig. 43), 

to + fh y + fCf z + 1^ the co-ordinates of a contiguous point Ry 
8 e length of arc QP, Q being a given fixed point in the curve, 

and R = chord PR ; 
then il« = A'^ + A?«+ P 

«A«+ U^ + --^+&c. + A— +---+&C.) 
V die 2 da!^ J \ dx ^ dof ) 



da ,. . ^R ^ / fdy\^ fdz\'' 

Cor. Hence the formulas for the angles a^ /3, 7, which 
a tangent at the point xyz forms with the axes of w, y^ Zj 
may be written 
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dy dz 

1 ^ dx dx 

cos a = T" > cos p = ^- , cos ^ « —- ; 
a« . a« da 

. dx dx dx 

or, supposing « to be the independent variable, 

dx ^ dp dx 

cos a ■» ^- , cos « SB — ^ , cos ^y = -— . 
da d8 da 

132. If we emplioy polar co-ordinates so that » tmr cos 9^ 
x,^T sin Q cos^, y B r sin sin 0, then 



Also, -J- = . , p being the perpendicular on the 

dr vr*-p« 

tangent line at the extremity of r. 



SECTION VI. 



ON THE PISCUSfillON OF THB OBKBRAL BQUATION OF THB 

^SECOND ORDER. 



133. To find the position of the dentCr 6f ariy surface. 

The center of a surface is a point O (fig. 2S!) such that 
any chord of the surface PP^^ dra^iTn through it, is bisected in 
it. (It must be observed, however, that if PP^ cut the surface 
in more points than two, it would be sufficient that theSe 
points combined in a certain order should be, two lihd two, 
equally distant from O). 

If the surface be referred to any three axes originating 
in O, and PM^ PM be the ordinates parallel to Oz of the 
extremities of a chord, we see from the equal triangles POM^ 
P^OSty that these ordinates are equal and of contrary signs ; 
the same thing would be true for the other co-ordinates of P 
and P', as well as for every other chord passing through O. 
If therefore / (^, y, ^) " be the equation to the surface, 
and if it be satisfied hy w ^ a^ y ^hy z ^ Cyit must also be 
satisfied by<ra — a, ^» — 6, /stb^c; that is, it must be such 
as not to alter when the signs of the three variables are 
changed ; and, conversely, if it have this property, the origin 
is the center of the surface. When f(w^ y^z) ^ is algebraic, 
it cannot have the above property unless the dimension of 
every term be even in an equation of an even degree, and the 
dimension of every term be odd in an equation of an odd 
degree; for in the former case the equation is not; at all 
altered by replacing a?, y, « by — ^, — y, — « ; and in the latter 
case (in which the equation cannot have a constant term) the 
sign of every term will be altered, and therefore the whole 
equation unaltered. 
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Hence, to find whether a proposed surface admits of a 
center, we must refer it to parallel axes, through a new origin 
having co-ordinates A, A?, Z, by putting 

J? « y + A, y = y' + ^, )»«=«' + /, 

and equate to nothing the coefficients of all the terms which 
are of a dimension different (as far as regards odd and even) 
from the degree of the equation ; if these conditions can all be 
satisfied by real and finite values of h, Ar, /, the surface has 
a center, and A, Ar, / are its co-ordinates ; in the contrary case 
the surface has no center. 

134. To find the co-ordinates of the center of a surface 
of the second order represented by the general equation of 
the second degree. 

The general equation of the ^ieoond degree is 

Here we must make x ^ of + h^ y ^ y '\' k^ z ^ x' ■{- I, and 
equate to nothing the coefficients of terms of odd dimensions , 
that is, those involving w\ y*^ z\ The result of these sub- 
stitutions is 

which when expanded will consist of three parts, (1) 4erms 
of two dimensions which must be the same as those of 
fWy y, x) which are of two dimensions; (2) terms of one 
dimension which are 

.dfOhht) . df{h,k ,l) , ,df(h,k,l) 

"^ dh -^^ — diT--'^ di ' 

each of which must disappear ; and (3) a constant term 
/"(A, A;, 0; therefore the result will be 

a.if'^ -f fcy'* + cz^ + Say i?f' + 2b'sg\v' + ^cWy -^fih, Ar, /) = 0, 
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with the conditions -^ — -jr — - = 0, &c., or 

dh 

ah + h'l + ck + a" = 0) 

6Ar + a7 + c'A + 6" = o[...(l), 

cl + ak + 6'A + c" = 0^ 

for determining A, k^ I, Multiplying the two latter equations 
respectively by indeterminate coeiBcients t^ u, and adding 
them to the former, we have 

(a + tc + ub') h+a' + th" + uc' = 0, 

provided c' + ^6 + ua! = 0, h* -^t to! ^ uc^(^\ 

these two latter equations give t and t«, and then substituting 

N 
in the first we find A ■= yr , where 

iNr« a'' (6c - a^ + 6" (a' 6' - cc') + c" (a'c' - 66') ; 



similarly, * = "^ > ^ "" ~d" ' 

Hence, provided /> is not ifs 0, these values of A, A?, /, which 
are always real, are finite; and the surface will have a 
single center of which they are the co-ordinates, and its 
equation reckoned from the center as prigin will be, suppressing 
accents, 

aV + 6y* + c«* + %ay« + %h'«x + %c xy + a"h+l/'k 

+ c'l + d « ; 

for, multiplying equations (l) respectively by A, A:, /, and 
adding, we have 

/(A, *, « a'h + l/'k + c 7 + d. 

135. If the constant term /(A, A:, /) disappears, the 
surface represented is a cone, since if we combine its equation 
with the equation to a plane through the origin « ^ Aof -^ By^ 
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the result will be of the form y ^ w (p tL \/q) indicating two 
straight lines through the origin ; unless the radical be 
impossible for all values of A and J?, in which case the pro- 
posed equation represents a point. 

If the coefficients of the given equation be such that 
2> = 0) and the three numerators are not all « at the 
same time, then one at least of the co-ordinates of the 
center will be infinite, which signifies that the surface has 
no center. 

If at the same time that 2> «» the three numerators 
vanish, then the surface admits of an infinite number of 
centers; for in that case the three equations (1) are reduced 
to one, or to two really distinct equations, as is shewn in most 
treatises on Algebra, and may therefore be satisfied by an 
infinite number of values of a?, y, «. If they are reduced to 
two, that is, if the values of k and k deduced from the two 
first for instance, satisfy the third whatever / be, then there 
will be an infinite number of centers situated in a straight line 
which is the locus of the two independent equations; the 
surface will therefore be a cylinder on an elliptic or hyperbolic 
base. 

If the three equations (l) are reduced to a single equation, 
that is, if the value of h deduced from the first, for instance, 
satisfies the other two whatever k and I be, there will be an 
infinite number of centers situated in a plane which is the 
locus of the single independent equation, and the proposed 
surface will be a system of two planes parallel and equidistant 
from that plane. In this latter case the proposed equation 
must be capable of being resolved into two rational factors of 
the first degree. 

136. The locus of the middle points of a system of 
parallel chords of any proposed surface is called its dia- 
metral surface. This surface will have several sheets, if 
each of the chords has more than two points in common 
with the proposed surface; if, for instance, the proposed 
surface be of the n^ order, the points of intersection witb 
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its chords, real or imaginary, will be in numlier n, and 
their combinatioa on the same indefinite line will form 
^ n (n - l) different chords, and as many middle points ; 
and therefore the diametral surface, since it may he met 
by an indefinite line in ^n (n— 1) points, will have an 
equation of the degree ^n(n — l). For surfaces of the 
second order where n ^ 2, the diametral surfaces can only 
be planes. 

When any surface admits of a diametral plane, if we 
make it the plane of aty^ and take the axis of x parallel 
to the chords which it bisects, the equation to the surface, 
for every pair of values ^ » a, y ^ b^ must furnish for x 
values which, taken two and two, are equal and of contrary- 
signs; and therefore the equation, supposied algebraic, can 
only involve even powers of x. And, conversely, whenever 
an equation contains only even powers of one of the variables, 
s^ for instance, the plane of aty is a diametral plane, and 
is said to be conjugate to the chords parallel to the axis 
of X, Also if a diametral plaqe be perpendicular to the 
chords which it bisects, it is called a principal plane, and the 
chords principal chords. Moreover the intersection of any 
two diametral planes is called a diameter of the surface. 

137- To find the equation to a diametral plane of a 
surface of the second order. 

Let w s mXy y ^nxy be the given equations to a line 
through the origin to which the proposed system of chords 
is parallel, and /(a?, y, x) «= 0, the general equation of the 
second degree, the equation to the surface. Let A, Ar, /, be 
the co-ordinates of the middle point of any chord, and let 
the surface b^ referred to axes parallel to the former ones 
passing through it ; then the equation will become 

/(^' + A, y' + k, X + I) «0, 

and the equations to the chord itself will be a/ = tnst^^ 
y s nx* '\ therefore the values of x' belonging to the points 
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of tha surface where the chord meets it, are given by the 
equation 

f(m%' + hy nx' + k, z' + I) ^ (l), 

which is of the form 

and since the values of %' are equal and of opposite signs^ 
S = 0. But S is the coefficient of %' in equation (1) ; 

mdfjk, k> I) df(h, », Q 4f{h, k, I) 

dh "^"^ dk ^ tl ^' 

or m (ah + b'l + c'k + a") + n (bk + a'l + ch + 6") 

+ cZ + ak + b'h + c" - (2), 

or (am + c'n + 6') A + (6n + c'wi + a') A? + (c + 6'm + a'n) Z 

+ a'm + 6"n + c ' = 0, 

the relation among the co-ordinates of the middle point of 
any chord, or the equation to a diametral plane. 

Cob. As the coefficients of A, k, I are possible, there will 
be a diametral plane for all values of the constants m and tiy 
unless the three coefficients should all become nothing at the 
same time, when the diametral plane will be situated at an 
infinite distance, But the equations 

am + en + 6' = 0;^ bn -^ cm + a' « 0, c + b'm + a'n = Q, 

containing only two unknown quantities, have an equation 
of condition which is the same as 2> » (Art. 134) ; in this 
case therefore the surface has not a center. 

When the surface has a center, every diametral plane 
passes through it, or through the locus of the centers ; for 
equation (2) is visibly satisfied by the co-ordinates of the 
center furnished by equations (l), (Art. 134). This also 
follows firom the definition. 
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138. Any diametral plane of a surface having a cehtei^ 
is parallel to the tangent plane applied at^ the extremity of 
the diameter to which it is conjugate. 

Taking the center for origin, the equation to the surface 
will be 

aa^ + 6y* + c«* + ^ayx + Zl/xa + 2c'a?y + d = ; 

therefore the equation to the tangent plane at a point wy% is 
(Cor. 1, Art. 107), 

(a ^ + h'« + c'y) (a?' - a?) + (fey + a'« + c «r) {y - y) 

+ {ex + a'y + h'w) (x' - ») = 0,. 

or {aw + b'x + c'y) «»' + (6y + a ar + c'a) y + (car + ay + H w)x 

+ d «0; 

and if it be applied at the extremity of the diameter whose 
equations are x ^mx^y^nz^ the equation becomes 

(aiu + c'fi + 6')»' + (6n + ciii + a')y' + (c+ 6'm + aw)»'+ ~«=0, 

and therefore (Art. 18) represents a plane parallel to the 
diametral plane which is conjugate to the diameter x :^mxy 
y e n«f, the equation to which is (putting d' = 6" « c" = O, 
in the equation Art. 137) 

{am + en + 6') a?' + (6n + c'm + a) y'+ (c + 6'm + an)x^ O. 

This result might have been foreseen ; because the straight 
lines in which a diametral plane and a tangent plane at the 
extremity of the conjugate diameter are cut by any plane 
through that diameter, must, by the nature of lines of the 
second order, be parallel to one another. 

139. We shall now proceed to the reduction of the 
general equation of the second degree 

aa?* + 6y*+c»*+2a'y*+26W+2ea?y+2a"a?+26"y+2c'«+d— Oir 
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where we suppose the co-ordinates rectangular; for if they 
were oblique, by transforming them to rectangular co-ordinates 
we should obtain an equation of the same degree as the 
above (Art. 96)y and which could not therefore be more 
general than the one which we have assumed. We shall 
prove, as affirmed at Art. 55, that this equation, after being 
simplified as much as possible, will always assume one or 
other of the forms 

the co-ordinates being rectangular ; and therefore the general 
equation of the second degree can never represent any other 
surface than one of those discussed in Section 2. 

140. Every surface of the second order has at least 
one diametral plane which is perpendicular to the chords 
bisected by it. 

Let the equation to the surface be 

BXiA,v^m%^ y^nZf the equations to the line to which a 
system of chords is parallel ; then the equation to the plane 
which bisects the chords is (Art. 13?) 

(am + en + 6') a? + (bn + c'm + a') y + (c + b'm + an) % 

^a'm ^ b'^n + c" = o, 

and our object is to shew that real values can be assigned 
to m and n, such that this plane shall be perpendicular to 
the chords. The conditions for this are (Art. 25) 

ai»-+ en + 6' 6w + cm + a 

c + 6m + an c -{-h m '\- a n 

from which, by eliminating one of the unknown quantities 
m or n, we shall obtain a cubic equation which will always 
give a real value for the other; and the direction of the 
8 
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system of principal chords will be determined. But we shall 
obtain a more symmetrical result by assuming for the un- 
known quantity 

c + b'm + an = «, or « - c = b'm + a'wj'J 

then am + en + b' ^msy or i» (* — a) = en + 6' ? •••(O- 

bn + cm + a' = n», or yi (« — 6) = cm + o' -^ 

Hence, determining m and n from the two latter equations. 



m {(s - a) (« - 6) - c'*} = 6'(« — 6) + a'c'l 
w {(« - 6) (» - a) - c'*} = a\8 - a) + 6'cT *" 

And substituting for m and n in the former, we have 

(5-a)(«-6)(«-c)-o'*(«-a)-6'V-*)-^''(«-c)-2a'6V=0, 

or fi^ - (a + 6 + c) s* + (a6 + ac + 6c - a * - 6'* - c'*)« 

- (aftc - aa' - 66'* - cc'* + 2a 6V) - 0. 

This equation, being of an odd degree, will always have 
one real root which substituted in (2) will give real values 
for m and n ; and therefore in every surface of the second 
order there is at least one principal plane, or, which is the 
same thing, one system of principal chords. Also there can- 
not be more than three, unless the particular form of the 
proposed equation of the second order should render any two 
of the equations (l) identical, in which case m and n would 
be indeterminate, and the number of principal planes would 
be infinite. 

Cor. That the cubic has all its roots real, may be shewn 
by putting it under the form 

(s-c) { («-a)(«-6)-c'^} - |a'*(«-a)+6'^(«-.6)+2a'6V} =0, 

and substituting for «, a and ji the roots of («-a)(5-6)— c*=0. 
The results of these substitutions, since (a — o) (a — 6) = c'*, 
(a-/3)(6-/3)=c% are 

- {ax/a-a^h'y/a-bl' and + {a\/a"fi^b'\/b^fi\^ 
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for upon solving the equation (s — a) (« - fc) = c\ it is easily ^^ 

seen that one of its roots a is greater than both a and 6, and A^^^ ^ 

the other /3 is less. Therefore since + oo , a, /3, - oo when 

substituted for 8 give results + , — , + , — i there is one root 

greater than a, another between a and /3, and a third less 

than /3. 

xl41. Every variety of surfaces of the second order referred 
to rectangular co-ordinates is comprehended, without exception, 
in the equation 

Aof^ + By^ + Ci^ + 2j'x + 2B'y + 2Cx + 2> » 0. 

Let the surface be represented by the general equation of 
the second degree /(a?, y, as) =* 0, and let it be referred to 
three new rectangular axes Oaf\ Oy\ Oz\ by the substitutions 
of Art. 90, and let the transformed equation be 

Aw"" + 5y ' + C«'' + 2^ yV + QffzW + 2 CVj/ + 2^V 

4-2S'y + 2C'V + 2>«0; 

also let the equations to a line parallel to a system of principal 
chords (the existence of which in every case is certain) referred 
to the new axes, be a?'« m»\ y=n%'f then m and n satisfy 
the conditions 

Am + Cn + J?'= TO (C + B'm + A'n) 

Bn + Cm + ^' - w (C + Bfm + A'n). 

Suppose now one of the new axes, that of z' for instance, to 
be parallel to the direction of the principal chords; therefore 
TO » 0, » =s ; consequently we must have A' = 0, J?' = 0, 
Hence whenever one of the rectangular axes is parallel to th(f 
direction of a system of principal chords, the general equation 
is freed from two of the rectangles, and takes the form 

» 

^^'^ + J»3/'+C«f'V2CVy+2^V+2j?V+2C'^'+i>=0...(2). 

This equation comprehends all surfaces of the second order 
without exception, and it may be still further reduced if, 
without altering the axis of ^, we turn the axes of w and y 
in their own plane through an angle ^, so as to make the 
term involving a?y disappear, by the substitutions (Art. 94.) 

8 — 2 
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so = .Ti COS (p — yi sin 0, 
y' as ofi sin (f) + yi cos ; 
this gives - 2 cos sin <f> (A - B) -{■ 2 C {cos- - sin^ (p) = 0, 

2C' 
or tan20--^— ^, 

which value, being real and always admissible even when 
A ^ B^ shews that equation (2) may be reduced to the form 
(suppressing accents) 

Ao}^ + Bf '^Cst? + StA\v + 25'y + 9.C'% + 2> = 0; 

which (the co-ordinates being rectangular) comprehends all 
surfaces of the second order, 

142. It is at this point of the reduction of the general 
equation of the second order, that the separation of the sur- 
faces represented by it into two classes takes place. 

1. If none of the squares of the variables are wanting 
in the equation 

Aai^ jf By^ + Cx^ + ^A'x ^StB'y^ SlCz + Z> « 0, 

L e, if A, By C are all different from zero, by writing 
«r + A, y + k, X + I for a?, y, x and determining A, ky I by 
the conditions 

^A + J'=0, Bk + B'^0, C/ + C'«0, 

(which will give finite values for A, A:, I) the origin will be 
changed, but the directions of the axes unaltered, and the 
equation will be reduced to the form 

A.v''+ Bf+ Cx^ = D...(l) 
which represents the first class of surfaces of the second order. 

2. If one only of the squares is wanting, A for instance, 
and the corresponding coefficient A' is different from zero, 
then the term involving <v cannot be made to disappear, for 
that would give h infinite ; but instead of that we may deter-^ 
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mine h so as to exterminate the constant term, and determine 
k and I by the same conditions as before, and the equation 
will be reduced to the form 

which represents the second class of surfaces of the second 
order. The figures and properties of these two classes of 
surfaces have flJready been discussed, (Art. 53). 

143. There are still two particular cases to be examined, 
belonging, as we shall see, to the two sorts of cylindrical 
surfaces of the second order. 

First, suppose that the coefficient of one of the squares, 
A for instance, vanishes, and at the same time the correspond- 
ing coefficient A' » o, without either of the other squares dis- 
appearing; the equation is then 

Bf + Cx^ + 2ffy + SC'iy + 2> = 0, 

which, containing only two of the variables, represents a 
cylinder perpendicular to the plane of y% on an elliptic or 
hyperbolic base ; and if the center of this curve be taken for 
the origin, the equation will be reduced to the form 

which is deducible from equation (l) by making A ^ 0. 

Secondly, suppose only one of the squares to remain in 
the equation, x^ for instance ; then writing x + 1 and x + h 
for X and ^, and determining h and / so as to exterminate 
the term containing x^ and the constant term, the equatioa 
becomes 

Cx^ -^^A'az + ^B'y^O; 

now, without altering x^ turn the axes of w and y in their 
own plane through an angle (j> such that A' sin (p = B' cos (p^ 
then the equation will be reduced to the form 

Cx* = 2 A\v, 
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which represents a cylinder perpendicular to the plane of wy 
on a parabolic base, and is dedudble from equation (2) by 
putting J? s 0. 

It is unnecessary to examine the case where the three squares 
disappear, as no equation of the second order could ever by 
transformation of co-ordinates be reduced to that form ; the 
cases in which it represents a cone, or two parallel planes^ 
have been noticed. 

144. Hence, we conclude, that all surfaces of the second 
order with all their varieties, are comprised in the two classes 
represented by the equations 

the co-ordinates being rectangular. In the first class, each 

of the co-ordinate planes is a principal plane ; therefore there 

are three systems of principal chords, and consequently the 

three roots of the cubic in (Art. 140) are all real. In the 

second class, only the planes of xw and wy are principal 

planes; therefore there are at least two systems of principal 

chords; the third system, determined with the others by the 

cubic equation just referred to, must therefore be also real, \ 

but the corresponding principal plane is situated at an infinite 

distance. Hence it results from this discussion, as well as 

from the form of the equation (as proved in Cor. Art. 140), 

that the three roots of the cubic equation which determines 

the positions of the principal chords are always real. 

146. By means of the preceding results, we are able to 
determine the species and form of the surface represented by 
any proposed equation of the second order, without recurring 
to the laborious process of transformation of co-ordinates. 

We must first ascertain whether the surface has a center 
by the method of Art. 134, and if it has, find the co-ordinates 
of the center A, *, I from the equations which result, by- 
equating to nothing the three derived equations of the first 
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order, or, y^ x being replaced by h^ k^ l\ then taking that 
point as origin, the equation is reduced to 

aa? + hy^ + c«* + 2a'yaf + Zh'xm + 2e'afy + a'h + b'^k + c 7 + d «= 0, 

from which the species of the surface and the values of the 
real or imaginary axes can be readily determined, as will be 
seen in the next Art, In the succeeding Articles, the charac- 
teristics of the different sorts of surfaces that have not a center 
will be deduced. 

146. The equation 

aa^ + by^ + cz^ + ^ayz + 2b'zx + Qcxy = d^ 

(d being a positive quantity) belongs to an ellipsoid, hyper* 
boloid of one sheet, or hyperboloid of two sheets, according 
as the cubic equation 

gives for 8 three positive values, two, or one. 

Let Of K mZf y « nZy be the equations to a line through 
the origin, which will be a diameter of the surface, since 
the origin is the center, and let the length of the diameter 
be denoted by 2r; then the chords parallel to it will be 
bisected by a plane, of which the equation is 

(am + en + 6') /y + (bn + c*m + a') y + (c + b'm + dvi) » =» ; 

and if this plane be perpendicular to the chords, or if 2r 
be a principal diameter, 

making c 4- 6'm + an » «, 



we 



_ am + e/* -f 6 « mB\ . . 

must have , , , /•••U) 

bn •\'Cm'\'a « n«,j 



from which eliminating m and n, as in Art. 140, we find 
(,-.a)(«-fe)(«-c)-.a^(«-a)-6'^(*-fc)-c'*(«-c)-2a'6V«0; 
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also multiplying the two latter equations by m and n respec- 
tively, and adding them to the former^ we find 

fi (l + tw* + n^) - am* + bn^ + c + 2o'n + 26'i» + 2crnn. 

But if <v, yy X be the co-ordinates of the extremity of the 

diameter, 

r« « .17« + y« + i5?^ - (1 + ii»« + n") fi? ; 

also since x, yy x are co-ordinates of a point in the surface, 

ss^ (am^ + hn? + c -{-^an + 2h'm + 2c mn) = d; 

iy« «^ d ^ d 

.-. r* = — . 5 (1 + i»* + n*) = — . — , or r' « - . 

« 8 x^ 8 

Now d is a positive quantity, therefore according as s has 
three positive values, two, or one, r has three real values, 
two or one, or the surface has three real principal diameters, 
two, or one, and is therefore an ellipsoid, hyperboloid of one 
sheet, or hyperboloid of two sheets. 

147* Hence, when we have an equation of the second 
order reckoned from the center, and the constant term forms 
one member of the equation and is positive, if with the 
numerical coefficients we form the above cubic, and observe 
the signs of its terms, we shall determine the nature of the 
surface represented by the proposed equation. For since all 
the roots of the cubic are real, there will be three positive 
roots, two, or one, according as there are in it supposed com- 
plete, three changes of signs, two, or one. If the cubic ofi^ers 
no change of signs, but only continuations, its three roots are 
all negative, and the three axes of the surface are imaginary, 
and consequently the surface itself imaginary. 

Cor. If we solve the cubic, we may then easily calculate 
the lengths of the axes, and fix the position of each by means 
of the values of m and n, corresponding to each value of «, 
given by equations (l). 
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Forming the three derived equations and replacing x^ y^ z 
by A, A:, I the co-ordinates of the center, we get 

4A - 4/ - 2A7 + 2 « 0>i ch ^ I, 

iqk + 2/ - 2A + 8 a 0,> which give < A? « - 1, • 

6/ +2A?-4A-6 = 0,) 1/ « 2. 

Then the equation, referred to the center, and the cubic for 
determining the axes, become respectively 

2^ + 5y^ + 3z^ + 2y« - 4fXW - 2»ry =s-l + 4 + 6-8=I, 

^- 10«*'+ 7« + 38 =0; 

and as this complete equation has all its roots real and has 
two changes and one continuation of sign, it has two positive 
roots and one negative root, and the surface is a hyperboloid 
of one sheet. 

Ex. 2. ai^ + 2y^ + 3x^ + 2yz + 2zx + 2afy + af + y + «f = 1. 
The co-ordinates of the center will be found to be 

and the equation referred to the center becomes 

^ + 2j^ + Sz^ + 2yz + 2zaf + 2a?y = ^. 

Hence the cubic becomes 

»^ -6s« + 8* - 2 « 0, 

having three real roots; and as it is complete and has three 
changes of sign, it has three positive roots, and therefore 
represents an ellipsoid. 

Ex. 3. yz -^ zof -^ xy = a^. 

Here the cubic is «' - 3« - 2 = 0, which has one positive 
root and cannot have more ; therefore the surface is a hyper- 
boloid of two s>heet8. 

Ex. 4. w^ + 9.y^ + Syz - 2«t?y - 6a? + 7y + 6i^ + 7 = 0. 
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The co-ordinates of the center will be found to be 

A «= 1, A; = - 2, /« 1, 
and the equation referred to that point 

wanting the constant term ; and as it is satisfied by ^ = 0, 
^ s 0, it contains the axis of ^^ and represents a cone and 
not a point. 

148. When the proposed equation 
aa?^+6y*+c;8f^+2a'y«r+26Va?+2c'a?y+2a"a? + 26'y + 2c"» + dcsO, 
is such that 

ahc- aa^ -« hV^ - cc^ + 2a 6V « 0, 

the surface represented either has not a center, or it has a 
central line or plane (Art. 135), and admits of four varieties, 
viz., paraboloids, parabolic cylinders, elliptic or hyperbolic 
cylinders, and a system of two parallel planes ; for each one 
of which, certain conditions must be satisfied which are not 
all true for the others. Hence we can determine the dis- 
tinctive characteristics of each of these surfaces. 

1. For paraboloids, since the co-ordinate planes cannot 
be all parallel to the axis of the surface, and since it is 
only such planes which intersect the surface in a parabola 
(Art. 103), one of the quantities 

a* -6c, 6'^-ac, c'^ - ab, (l) 

(which determine the nature of the traces on the co-ordinate 
planes) must be difi^erent from zero, and negative in the case 
of the elliptic, and positive in that of the hyperbolic para- 
boloid ; also one at least of the co-ordinates of the center will 
be infinite, and therefore one of the equations for determining 
those co-ordinates imaginary. 

2. For parabolic cylinders, since all sections are either 
straight lines or parabolas, each of the quantities (1) vanishes. 
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and one of the equations for determining the co-ordinates of 
the center will be imaginary. 

3. For elliptic or hyperbolic cylinders, the equations for 
determining the co-ordinates of the center are reduced to two 
distinct equations, and one at least of the quantities (l) is 
different from zero, and is negative in the former, and positive 
in the latter case. Also, by taking sections parallel to the 
co-ordinate planes, it will be necessary further to examine 
whether the cylinder is wholly imaginary, or reduced to a line, 
or to a system of two planes not parallel. 

4. For a system of two parallel planes, the equations for 
determining the co-ordinates of the center must be reduced to 
a single distinct equation, and the three quantities (1) must 
each vanish. It will be further necessary, by taking sections, 
to examine whether the two planes are confounded in one, or 
are imaginary. 

Ex. 1. ^ - 2^ - Syx + 3X0^ + a?^ + 4» *■ 0. 

The equations for determining the co-ordinates of the 
center are 

2a? + 3«? + y « 0, 

- 4y — 3«f + 0? = 0, 

- 3y + 3a? + 4 = 0; 

and since the last subtracted from the sum of the two former 
gives 4 ss Oy this impossible equation shews that the surface 
has not a center. Also, c'^ - a6 = (^)* + 2, which is different 
from zero and positive ; therefore the surface is a hyperbolic 
paraboloid. 

Ex. 2. 0?* +J^ +9«* + Gy% - 6xaf - 2a?j^ + 2j?-4j?f « 0. 
The three derived equations are 

2ct? - 6i8? - 2^ + 2 = 0, 

2y + 6i?? -2a? =0, 
18af + 6y - 6a? - 4 = 0, 
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the two former of which give 2 = 0, therefore the surface had 
no center ; and the traces on the co-ordinate planes cannot be 
ellipses or hyperbolas, therefore the surface is a parabolic 
cylinder. 

Ex. 3. 0?* - y* - iif* + 2yz -^w + y^z^a. 

The derived equations are 

Sa? + 1 =0, 

- 2y + 2« + 1 = 0, 
-2» + 2y - 1 = 0, 

\frhich are reduced to two distinct equations ; also the traces 
on wy and w% are hyperbolas; therefore the surface is a 
hyperbolic cylinder ; except when a ^0, when it represents 
two planes intersecting in the axis of the cylinder whose 
equations are Sa? + 1 = 0, 2;?r - 2y + 1 = ; for when a = 0, 
the equation is resolvable into {w -{- y ^ %) {x - y ^x ■^- I) ^0. 

Similarly ) or* + Sy* + 4«f* - 6yz — ^zx - a represents an 
elliptic cylinder; except when a = 0, when' it represents the 
straight line x ^ Zy y ^ z, forming the axis of the cylinder ; 
for it may then be written {x - iv)* + 3 (y - zy — 0. If a be 
negative, the surface is imaginary. 

Ex. 4. .v' + 4y'+ z^ + iiyz-^zx -4^y + 3.r- 6y^3zsxO, 
The derived equations are 

2a? - 2« - 4y + 3 = 0, 

8y +4» - 4a? - 6 = 0, 

2« + 4y -2a7 - 3 = 0, 

which are equivalent to only one equation ; therefore, the 
proposed equation can only represent two parallel planes ; and 
putting ^ s 0, the trace on xy has for its equation 

a^ + 4y' - 4!xy + 3a? - 6y = 0, or (a? - 2y)* + 3 (x -^ 2y) = 0, 

representing two real straight lines; consequently the proposed 
equation represents two separate parallel planes, and, as we 
see, it may be written (a? - 2y - )r) (tp - 2y - iir + 3) = 0. 
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149* To find the relations among the coefficients of the 
general equation of the second order when it represents a 
surface of revolution. 

Let aa? + 6y* + c»' + ^ayz + 9,b'wx + Qca^y + 2a"a? 

+ 26"y +2c'z + d «s 0, (l) 

be the general equation to the surface ; and let a, j3, 7 be the 
co-ordinates of a point in the axis of revolution. Then a 
sphere whose equation is 

(.vay+(y'fty+(z^yy^R'^0, (2) 

will intersect the surface in two parallel planes 

Ix + my + nx « j», 



+ my + nx - p\) 



Now if \ be an arbitrary multiplier, 

(1)+X(2) = 

gives the intersections of the surface with any sphere such as 
that above mentioned ; hence this equation must be identical 
with 

= (/a? + my + n«? - p) (/a? + my + «» - p') ; 

••. - Fa^ + »wy + n^a^ + 27»n yx + 9,lnwx + ^Imaiy + &c. 

is identical with 

= (a + X) ^*+ (6 + X)y'+ (c + X) »*+2a'yi8f +2fe'j?ijf +2c'.ry +&C. ; 

.'. P = a + X, m- = 6 + X, n' « c 4 X, 

n272 = a, In ^ b ^ Im = c 

—7- « f « a + X, —7- « m* « 6 + X, — r- « n^ « c + X ; 
a c 

c a c a b 

••• —r''0.^—r^b^'--r-c, 
a c 

are the required conditions. To this must be added that each 
of these equated quantities, being equal to - X^ must be finite. 
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Cor. Hence the plane through the origin to which the 
circular sections are parallel has for its equation 

consequently all chords of the surface parallel to this plane are 
principal chords. 

Also if we substitute for a, 6, c the values furnished by 
these equations in the cubic (Art. 140), it will take the form 



f f f f /f/1 



v«r be a c ab\ 

Hence, when the above conditions are satisfied, the cubic 
for determining the directions of the principal chords has two 
roots equal to — \, so that of the three systems of principal 
chords two may be drawn in any manner parallel to the plane 
represented by the above equation. Moreover when the sur- 
face has a center the equal values of 8 lead immediately to 
the value of its equatoreal axis (Art. 146), and the remaining 
value of 8 to that of the polar axis. 

150. To find the equations to the axis of revolution. 

By comparing the terms of the first order in the twd 
identical equations of the preceding article we get 

2o"- j2\o « - / (p + p'), %h" - 2\j8 - - m (p +/), 

2c" - 2X7 = - /i (p + p') ; 

but mn ^ a\ In^ b\ Im = c\ (3) 

.-. a' (a" - Xa) = V (6" - X/S) = c (c" - X7) ; 

or, replacing a, /3, 7 by a?, y, », and X by its values, the 
relations amongst the co-ordinates of the center of the sphere 
that always intersects the given surface of the second order in 
two parallel planes, become 

\ aa -b c J \ bV - ac ) \ cc - a b J 

which represent a straight line forming the axis of revolution 
of the surface; and, as appears from equations (3), perpen- 
dicular to the parallel planes. Although the results of this 
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and the preceding Article may be so modified as to embrace 
all particular cases, yet when a proposed equation wants 
several terms, it will generally be better to apply th^ direct 
investigation to discover whether or no it represents a surface 
of revolution. 

151. Three diametral planes are said to be conjvgate 
to one another, when each bisects the chords which are 
parallel to the intersection of the two others; and the inter* 
sections in that case are called conjugate diameters. 

When a surface admits of three planes of this sort and 
they are taken for the co-ordinate planes, its equation supposed 
algebraic can only contain even powers of the three variables 
w^ y^ at. Hence the principal planes of a surface of the second 
order having a center, are conjugate to one another, since 
the equation referred to them is 

and this, as we have seen, is the only rectangular system of 
co-ordinate planes which can give the equation of this form, or 
which can be conjugate to one another. 

162. We shall now shew that there is an infinite number 
of systems of diametral planes oblique to one another which, 
taken for the co-ordinate planes, will make the general equation 
of the second order to be of the above form, that is, free from 
the terms involving ara?, a»y, y», and which are therefore con- 
jugate to one another. 

Let af^m%y y =^ nz be the equations to any diameter 
Ox' (fig. 50), then the equation to the diametral plane xOy 
conjugate to 0%\ is (Art. 137), 

dfioD, y, ss) df(w^ y, ss) df{po^ y, %) 

m ~ + n + «= 0, 

doD dy d% 

or, mAx + nBy + Cx = 0. 

Since the diameter Ox' is parallel to the chords which x' 0%/ 
bisects it must according to the definition be the intersection of 
the two planes which are conjugate to ad Oy\ and those planes 
will cut the plane so Oy in two lines Oix\ Oy\ such that if 



128 

together with Ox they be taken for a system of oblique axes, 
the equation to the surface will only contain even powers of 
the three variables, and therefore be of the form 

But if we make x' ■= 0, the result A^ic^ + B^y^ = Di is the 
equation to the section wOy\ and by its form shews that 
the axes Ox\ Oy are conjugate diameters of that section ; 
hence it follows, that any diameter Ox being proposed, if 
in the section made by the diametral plane which is conjugate 
to it we draw any two conjugate diameters Ow\ Oy\ at 
pleasure, we shall determine three planes x'Oaf\ w' Oy\ ^ Ox 
which are conjugate to one another; the number of such 
systems is therefore unlimited ; and the equation to the surface 
wheu referred to a system of conjugate diameters as co-ordinate 
axes, may be put under the form 



tr* if x'^ 

— + — + — « 1, 

^'a ix'jj -'j{ ' 

a o c 

u\ h\ c\ being the distances, real or imaginary, from the center 
at which the surface cuts them. 

Cor. If Ox' be in a principal plane, the tangent plane 
at the extremity of Ox BXii consequently the diametral plane 
conjugate to Ox' will be perpendicular to that plane, but not 
perpendicular to Ox\ Also if Oa;\ Oy, be axes of the section 
a/Oy\ they will be at right angles to one another ; or if Ox^ 
coincide with an axis of the surface, it will be perpendicular 
both to Oaf' and Oy which will lie in a principal plane ; but 
in no case will three conjugate diameters be mutually at right 
angles, unless they coincide with the axes of the surface. 

163. We have seen (Art. 1^38) that any diametral plane 
is parallel to the tangent plane, applied at the extremity 
of the diameter to which it is conjugate. Hence, in a system 
of conjugate diameters, the tangent plane at the extremity 
of each is parallel to the plane of the two others. Also, 
if through the extremities of each of a system of conjugate 
diameters we draw planes parallel to the plane of the two 
others, we shall form a parallelopiped, which is said to be 
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constructed upon the diameters, and which in the case of the 
ellipsoid will be . circumscribed about the surface. We shall 
now shew that the known properties of conjugate diameters of 
curves of the second order may be extended to surfaces of the 
second order. 

154. In a surface of the second order, that has a center, 
the sum of the squares of any system of conjugate diameters 
is equal to the sum of the squares of the axes; also the 
volume, and the sum of the squares of the faces, of the 
parallelopiped constructed on any system of conjugate dia- 
meters, are respectively equal to the volume, and the sum of 
the squares of the faces, of the rectangular parallelopiped 
constructed on the axes. 

uf y^ n? 
Let -77 + T;r+-7r«l be the equation to a surface of 
a^ h* c* 

the second order, referred to a system of conjugate diameters, 

the inclinations of which are z.y% ^\ Zxa ^ fi, /.wy siv\ 

and let a a msts, y ^ nxy be the equations to any diameter ; 

then the equation to the diametral plane conjugate to this 

diameter is 

ntof ny x 

a'» 6'» c « " ' 

And if it be perpendicular to the diameter, we have (Art. 86) 
mc*(l + mcos/u + ncosX) «= a'^(m + ncos p + cos/ui), 
nc'*(l + m cos jul + n cos X) = b'^(n + m cos v + cos X). 
Let r* a c^Cl + m cos fi + ncosX); 

.'.fnr*BB a^(m + n cos v + cos ^), 
nr* « 6'*(n + m cos v + cos X) ; 

, / 1 w* n^ , . 

••• ^ {-^ + — + T^l«l+m'+n*+2wncosi'+2mcosyLi+2ncosX; 

«*. (as in Art. 146) r is the length of thct semidiameter whose 
9 



\ 
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equations are w = mx^ y ^nfts. Also if we determine m and 
n from the two latter equations, and substitute them in the 
.former, the result is 

(r»-a'0(r*-6'*)(r*-O--a*6'2(r^-c'«)(cosi/)«-aV«(r*-6'*)(cosMy 

- 6'«c * (f - a'O (cos \y - 9,d^V^c^ cos ^ cos i; cos X = 0, 

or r«- r*(a'*+6'«^.o'«) + r»{(a'6'sinv)*+(a c'sinM)'+(6'c'sinX)»} 

- (a fcV)*{ 1 + 2cosXcosfico8i' - (cosX)^ - (cos/yi)* - (cosi^)*} »0» 

But if a, ft, c be the three semiaxes of the surface, then 
o*, 6^, c' are the values of r^ in the above equation ; there- 
fore, by the theory of equations, we have 

(afe'sini.)»+(oVsinM)*+(6V8inX)*«(o6)« + (acy+(fcc)«....(2), 

{aVcY { 1 -♦■ 2 cos X cos ^i cos v 

— (cos X)* - (cos fxY — (cos i;)*} = (abcy (3), 

which are the three required results, the first m^nber of 
the third being the well-known expression for the square of 
the volume of a parallelopiped in terms of its three edges, 
and their inclinations to one another. 

Cob. When one or two of the axes are imaginary, 
there will be an equal number of the conjugate diameters 
imaginary; and it will be necessary to change the signs of 
the squares of these axes and these diameters in the above 
equations. 

155. The preceding results may also readily be arrived 
at by the following method. 

Let Oa^f Oy, Ox (fig. 29) be the semiaxes of the sur- 
face a, by c; Ow\ Oy\ Ox' any system of semiconjugate 
diameters a', b\ d ; let the plane of ooy intersect that of 
wy in the \ diameter Oaix s ^i ; also let Oy% « 63 be the 
semidiameter of the curve Wxw\ which is conjugate to Owx\ 
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Now the plane w Oy is by supposition conjugate to 0«^, 
therefore O^i^ Oy^ O^i, form a system of conjugate diameters, 
or Owx is conjugate to the plane x Oy^. 

Let the plane x' Oy% intersect wy in the semidiameter 
Oyx = &i, then this plane must contain Ox ; for being con- 
jugate to Oxx in a principal plane, it must be perpendicular 
to that plane (Cor. Art. 152) ; hence Owx^ Oy^^ Ox form a 
system of semiconjugate diameters, (for 0%^ Oyi are the^ axes 
of the section yiy2x) and any two are semiconjugate diameters 
of the plane section in which they are situated ; 

.-. 6« + c» - 6J + c'^ 

o* + 6« = aj + 6f ; 

therefore, adding these equations to the former, 



Again, employing the same auxiliary systems of diameters 
as above, and denoting each parallelopiped by its three edges, 
we have 

vol. (a\ 6', c*) « vol. («!, ftg, c)y 

for these figures have the same altitude, viz. the perpendi- 
cular from X on the plane of w'y, and equal bases, viz. the 
parallelograms constructed on the two systems of -^ conjugate 
diameters a', b\ a^ h^^ belonging to the same curve in the 
plane of {By\ Similarly, 

vol. («!, ftg, d) « vol. («!, 6i, c), 

vol. («!, 6i, c) = vol. (a, 6, c) ; 

.*. vol. (a', h\ c) = vol. (a, 6, c). 

Cor. If the conjugate diameters 2a\ 2b\ 2o' are each 
«qual to 2R9 then 3i2^a a^ + 6^ + c'; also since there are 
only two equations, viz. (2) and (3) Art. 154, to determine 
the angles of inclination X, fA, v of the conjugate diameters, 
there may be an infinite number of systems of equal conjugate 
diameters, their extremities all lying in the intersection of the 
surface and a concentric sphere radius ^R, 

9 — 2 
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And of all systems of conjugate diameters of an ellipsoid 
the principal diameters have their sum a minimum and the 
equal diameters their sum a maximum. For in any proposed 
system^ if there were two not perpendicular to one another, 
by substituting for them the axes of the section of which they 
are diameters, we should obtain a system whose sum is less 
than that of the proposed system. Again, if there were two 
tiot equal to one another, by substituting for them the equal 
diameters of the section to which they belong, we should 
determine a system whose sum is greater than that of the 
proposed one. And in this manner we could shew that no 
oblique system could have their sum a minimum, and no 
unequal system their sum a maximum. 

156. In surfaces of the second order not having a cente^» 
represented by the equation to rectangular co-ordinates 

the planes of %w and wy only are diametral and principal, 
each bisecting perpendicularly the chords parallel to the 
intersection of the other with the plane ot'yz^ which is the 
tangent plane at the vertex. In this case no three diametral 
planes can be conjugate to one another; for, taking a system 
of chords parallel to a line whose equations are w s mz^ y ^ nz, 
the equation to the diametral plane conjugate to them is 

Bny -^ Cz ^ Am (l). 

Therefore all the dianietral planes are parallel to the axis 
of A', and consequently their intersections^ which are the 
diameters of the surface, are parallel to that axis, and cannot 
therefore form a system of co-ordinate axes. 

But we can find an infinite number of oblique co- 
ordinate planes related to one another in the same manner 
as the three rectangular planes mentioned above are, viz. so 
that two, z X and <r'y', shall be diametral planes, and each 
of them conjugate to the chords parallel to the intersection 
of the other with y z* \ the latter being a tangent plane to 
the surface at the extremity of the diameter in which z' mf 
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and 30 y' intersect ; and the equation to the surface when 
referred to them will therefore preserve the same form. 

For let sf&y (fig. 51) be the diametral plane represented 
by equation (l), and which, being parallel to the axis of the 
surface, cuts it in a parabola ^O'^. In ACfB take any point 
0\ and draw Of « parallel to the chords to which the diametral 
plane is conjugate. Then the two co-ordinate planes which 
are to go along with this diametral plane will pass through 
0'%\ and cut the diametral plane in two lines OV, 0'y\ such 
that being taken for the co-ordinate axes they shall give the 
equation to the surface under the form 

Therefore, making « = 0, the equation to AO*B is 

which by its form shews that it is referred to a diameter 
of the parabola and a tangent to the parabola at the extremity 
of that diameter. Hence the position of the second diametral 
plane iir'O'^', and also of the third co-ordinate plane ijf' O'y', 
is determined, which latter, since it passes through two tangent 
lines to the surface 0*y and 0'%^ is a tangent plane to the 
surface at 0> ; and as not only the plane AO*B is arbitrary, 
but also the position of the point 0\ the number of systems of 
oblique co-ordinate planes similar to the above is unlimited. 

157. When the general equation of the second order 
represents a paraboloid, to find the position and magnitude of 
the surface. 

Let aa^ + hy^ + c»* + ^a'yx + 9,})xx + 2c'ary + 9.d' co 

+ 26'V + 2c"iJf + il = 0, 

be the equation, then 

D = aa^ + 66'* + cc'* - 06c - 2a ftV « ; 

consequently the cubic which determines the directions of the 
principal chords has one root « = 0, and the corresponding 
values of m and n are (Art. 140), 

m {ah - c'^) =a dc — 66', n{ah ^ c^) = 6V— ad. 
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Since the plane bisecting the chords for which « ■> o is at an 
infinite distance, these chords are in the direction of the axi& 
of the paraboloid ; and therefore the equations to a line 
through the origin parallel to this axis are 

X Y Z 

Also if w^y^z denote the co-ordinates of the vertex, 
expressing that the normal at that point must be parallel 
to (l) we get the equations 

\ du \ du \ du 

ab^c^ dx acf^bb'' dx b'c — aa'' dy* 

which, together with the equation to the surface u » 0, will 
determine w^ y, x the co-ordinates of the vertex. 

Next to find the values of the parameters of the principal 
sections, let 

M 

aaf + 6y* + c«* + %dyx + "SLb'wx + %cwy + 75 =* 0> 

where M - d'N + IS'N' + c'^JNT" + dj) (Art. 134), be the 
equation to a surface of the second order referred to its center ; 
then the roots of the equation 

^^^-fa + 6 + c)— .«* + (a6 + ac + fcc--a^-fc'*-.c'*)— i«-- -r^ = 0, 

M Mr Mr 

PD . Qiy 2?* 

or^ + _^ + ^j^..^.0(Art. 145) 

are the squares of the reciprocals of the semi-axes a, /8, y. 
Now suppose D very small, then one value of 8 will be very 

small, let this be — ; and the remaining values of «, 755 , —7, 

will be nearly equal to the roots of 

^ PD QD" ^ 

^^W'-'-M^''' 
1 J_ (PDY QD* 
•'• W^y'^ \W) "^Hp' 
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and «-_, since ^-^ --, ^^, . —; 

Consequently, the squares of the reciprocals of the ^ para- 
meters of the principal sections of the paraboloid, being the 

8 8 

values ot rrrt —7, when 1> » 0, are the roots of the quadratic, 

If I, C, be those \ parameters, we have 
11 Q 1 Q' 

which shews that paraboloids represented by the general 
equation of the second order, have the parameters of their 
principal sections in the same ratio, or are similar to one 

another, when 7:- has the same value. Also the surface will 

be an elliptic or hyperbolic paraboloid according as Q is posi- 
tive or negative ; for as a is a real semi-axis and therefore a^ 
positive, Q and M must have the same sign in order that any 
surface may exist. 

Cob. Similarly we may find the conditions that two 
central surfaces of the second order may have their axes 
proportional, or be similar to one another. 

As above, the cubic equation 

, PD ^ QD' D' ^ 

will have roots — , 7:- , — - . Let this equation in which we 

a (y y* 
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may suppose M ^ 1 without altering the relations of its roots 
to one another, be transformed into another \?hose roots are 

the result will be found to be 

a a 3 

Now the values of t depend only on the ratios — , — and — ; 

P 7 7 

PQ 

consequently these ratios will be the same, provided -— and 

~ — =r have the same values ; these therefore are the con- 
ditions for central surfaces, when represented by the general 
equation of the second order, having the ratios of their axes 
the same, or being similar to one another. 



SECTION vn. 

ON CYLINDRICAL, CONICAL, AND CONOIDAL SURFACES, AND 

ON SURFACES OF REVOLUTION. 



158. Before proceeding with the proper subject of this 
section it may be useful first to introduce the following 
remarks relative to the number of constants in the equations 
to surfaces, and to the intersection of surfaces. 

If the general equations of the n^\ (n — 1)*^ &c. orders 
between two variables or and y be formed, and multiplied 
respectively by the quantities 1, «, «^, &c. »*, we shall by 
adding all such products together form the general equation of 
the n^^ order between three variables of^yj x; and the number 
of constants which this equation will contain will be 

^ (w + 1) (» + 2) + I w (w + 1) + I (« - 1) w + ... + i 1 . 2 

= ^ (w + 1) (n + 2) (n + 3). 

Consequently, diminishing this by unity we shall have the 
number of independent constants in the general equation of 
the w*^ order between three variables expressed by 

J\r=^»(n*+ 6n+ 11); 

\rhich is also the number of points through which a surface 
of the n^^ order can be made to pass, for the co-ordinates 
of every one of these points being substituted in the equation 
to the surface would furnish N linear equations for the 
determination of the constants. 

Let t^ s 0, V = 0, be the equations to two surfaces that 
intersect ; then u + \v ^ 0^ where X is an indeterminate 
constant different from zero, represents a surface passing 
through their curve of intersection, since it is satisfied by 
all values of or, y^ and % that simultaneously satisfy the 
equations u ss o^ v = 0. 
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Also if u ^ Oy V ss 0, be the equations to two surfaces of 
the n^ order passing through jST— 1 given points, then 
t^ + X V s O9 since it contains an additional constant X, in- 
cludes all the surfaces of the n^^ order that can pass through 
the given points, which shews that all those surfaces will pass 
through the intersection of any two of them ; therefore all 
surfaces of the n^^ order that pass through N — 1 given points, 
have a common curve of intersection. 

And if a surface of the n^ order be made to pass through 
a number of fixed points two less than the number sufficient to 
completely determine it, the surface will also pass through an 
additional number of fixed points such that added to the 
former it makes up n^ the entire number of points in which 
three surfaces of the n^^ order can intersect one another. 

Since an infinite number of surfaces of the n^ order can 
be described through the AT — g given points, consider any 
three of them whose equations are u^O, vcbO, w ^0; then 
the equation u -^-Xv + jjLto ^0 (1) where X and fi are in« 
determinate constants, will include all the surfaces of the 
n^^ order that can pass through the given points, because the 
equation of every such surface could involve only two un- 
determined constants. But equation (l) will be satisfied by 
every system of values of <r, ^, and x that simultaneously satisfy 
u ^Oy V ^ Of w ^ 0; that is, all the surfaces will pass through 
the points of intersection of any three of them ; therefore 
all the points of intersection must be fixed points, and the 
JV — 2 given points will determine the w'* — JV -|- 2 remaining 
fixed points of intersection. 

Again, if the system of equations i^^ « 0, v^^O taken 
together represent the curve of intersection of the surfaces 
t^„ s 0, Vf^O; and u^^Oy tr« » taken together represent 
the curve of intersection of the surfaces of w„ = 0, t?,«=0 ; then 
will Un + X^r^s = represent another surface which passes 
through both these curves of intersection, and is of the order 
indicated by the greater of the quantities n or r -^ 8. 

Hence if f> e 0, v' » 0, be the equations to two planes 
intersecting a surface u=^0; then u -i-Xvv'mO is the equa« 
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tion to a surface passing through the two plane curves of 
intersection; and if the planes become coincident, u + \v^ » 
represents a surface touching u « along the curve in which 
the plane v ^ cuts it. 

A surface of the »*** order may in general have » (n — !)• 
tangent planes applied to it passing through a fixed straight 
line. 

Let FsO be the equation to the surface, then if its 
tangent plane at ayx contain the straight line 

we must have 

dV dV dV 
W-— + w— - +—-=0 
dof dy dx 

/ .dr ,^ ^dV dV 

But if F s u + t? s 0^ so that u is the sum of all the terms of 
n dimensions in F, we have by a property of homogeneous 
functions 

du du du 

dx dy dz 

therefore equation (l) is reduced to 

dV dv , dV dv dv 

a- a-- + b y- «— - +ntJ = 0, 

dx dx dy dy dx 

which is of the (n — 1)*** degree ; and the other two equations 
from which together with (l) the co-ordinates of the points of 
contact Xf y, x are to be determined by elimination, are of the 
n*^ and (n - l)*^ degrees ; therefore the degree of the final 
equation will generally be w(7i — 1)% which expresses the 
number of the points of contact, or of tangent planes that can 
be drawn through the fixed line, 

159. In the preceding sections we have considered 
several instances of surfaces generated by a line, straight or 
curved, which so moves and changes its position or form, 
as constantly to pass through one or more fixed curves or 
directrices. We shall now extend the same consideratiomi 



140 

to the' general case of a generating curve represented by the 
equations 

/(<r, y, X, a, /3) = 0, /, (a?, y, Xy a, /3) = (l), 

containing two variable parameters, a, (i, and subject to 
pass through one fixed curve or directrix. The species 
of the generating curve is determined, because the func- 
tions /, /i, are supposed to be known, but its position and 
dimensions will change corresponding to the diflTerent values 
of a and )3; and it will generate a solid if the parameters 
a and )3 vary independently of one another. Thus the circle 
represented by 

gives, by the elimination of a, the equation 

ivhich represents a sphere, radius e, and center in the axis 
4)f ^; and if (i receive all values from to ± oo, the equation 
will belong to all the points of a solid cylinder, radius c, and 
axis coinciding with the axis of y. 

But if we suppose the generating line (l) in every position 
to have a point in common with a fixed curve or directrix 
represented by the equations 

y « (^), X^yjr (a?), 

then the equations to the generating line and directrix must 
be simultaneously satisfied by the same system of values for 
*i^9 y* X belonging to that common point ; if therefore we 
eliminate tT, y, x between them, we shall have (i^F^a)^ 
%he relation between the parameters, in order that the gene- 
rating line may meet the directrix. Hence, the generating 
line in any position will be represented by the system of 
equations 

/(^, y, ^, a, (i) = 0, /i (cr, y, x, a, /3) = 0, j3 = F(a). 

If therefore we eliminate a and )8 between them, that is, 
if we determine a and fi from the two former in terms of 
^9 yf Xj so that jimUy a » v, and substitute in the latter. 
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we shall have u^ F(v) for the equation to the surface ; and 
we observe that u and v do not change for surfaces of the 
same family, that is, for those which admit the same gene- 
rating line, but that Fy which depends upon and \f/y changes 
for each individual surface of the family. 

These considerations we shall now apply to several of the 
more common cases, where the generating line is a straight 
line, or a circle. 

160. To £nd the general equation to cylindrical sur- 
faces. 

A cylindrical surface is generated by a straight line 
which moves parallel to itself, and always passes through 
a given curve. 

Let the equations to the generating line in any position 
be a? =: mz -^ Qi y ^ n% + fiy a and )3 being variable quantities 
depending upon that position, and m and n constant quantities 
since the line is always parallel to itself. Also let y ^ (p (o^), 
X =i\f/ (a?), be the equations to the directrix or curve through 
which the generating line always passes, and af\ y\ z the 
co-ordinates of the point in which they meet ; then w\ y\ z' 
must satisfy both the equations to the directrix, and gene- 
rating line; 

,\ CD ^ mz -V a^ y^nz^+fi, y^<f>{oif)^ z'siy^{x)\ 

pow by means of these four equations, we may eliminate 
w\ y\ Zj and there will remain /3 = /'(a) ; but fi - y -^ nz, 
a = Of -- mz ; 

.'. y — nz «/'(«» — mz)^ 

a relation among the co-ordinates of any point in the gene- 
rating line, and therefore the equation to the surface which it 
describes. In this case the quantities u and v are y ^nzy and 
w ^mz^ which remain the same for all cylinders, whilst the 
function F will alter with the different directrices employed. 

Cos. If for the purpose of eliminating the arbitrary 
function, we differentiate the equation y - w«f = /'(a? — /«^) 
successively with respect to cb and ^, we find 

— nj» =s F^(jc - mz) (l - wp), 1 - wg = F\w - mz) (- mq) ; 
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therefore, dividing one result by the other, 

np 1 — mp dx dx 

or w--- + n—- a. 1, 



l-«9 m? ' da;- "dy 

which is the differential equation to cylindrical surfaces; we 
may however obtain it more easily by the consideration of the 
tangent plane, as follows. 

161. To find the differential equation to cylindrical sur- 
faces. 

One of the distinguishing properties of cylindrical sur- 
faces is, that the tangent plane, since it always contains a 
generating line, (Cor. 2 Art. 108) is always parallel to a fixed 
straight line. 

Let afmxmxy y' ^n« be the equations to a line through 
the origin, to which the generating line is always parallel ; then 
this line is parallel to the tangent plane whose equation is 

dx dx 
/. (Art. 2S) mp + »? « 1> or m 3- + « — - « 1, as before. 

aw ay 

Cob. This equation may be employed to discover whether 
the surface represented by a proposed equation u = 0, is cylin- 
drical or not. For, obtaining the values of p and 9, as in Cor. 
Art. 107, and substituting, we have 

du du du 
dw dy dx 

which must be satisfied for all points of the surface, that ia, 
for all values of /v, y, Xy if the surface be cylindrical; henoe 
we must equate to zero the coefficients of the differoit powers 
of the co-ordinates in it, and examine whether the resulting 
conditions can be satisfied by real values of m and n. 

162. Having given the direction of the gen^ating line, 
to find the equation to the cylindrical surface which envelopes 
a given curve surface. 
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We have seen that whatever be the nature of the directrix, 
the equation mp + nq^ii, must subsist between the differential 
coei&cients p^ 9, derived from the equation to a cylindrical 
surface. But at the points where the cylinder touches the 
surface, the values of p, q, are the same for both ; therefore at 
those points the above relation subsists between the differential 
coefficients derived from the equation to the surface ; that is, 
the co-ordinates of the points of contact are such that the 
equation mp + ng » 1 is satisfied. Hence if we differentiate the 
given equation to the surface u ^0^ and write the values 
thence obtained of jp, g, in the above equation, the result 
together with the equation to the surface, will be the equations 
to the directrix ; and we know the direction of the generating 
line, and therefore can find the equation to the required 
surface by Art. l60. 

163. To find the general equation to conical surfaces. 

A conical surface is generated by a straight line which 
passes through a given point, and always meets a given curve. 

Let the co-ordinates of the given point or vertex be 
a, b, c; 

/. flf - a = a (« - c), y - 6 « /3 (« - c), 

are the equations to the generating line in any position, a and 
)3 being variable quantities depending upon that position. 
Also let j^ s (^), z ^ yj/ (or), be the equations to the directrix 
or curve through which the generating line always passes, 
and w\ y, sfs% the co-ordinates of the point in which they 
meet ; then a?', y\ z' must satisfy both the equations to the 
generating line and directrix, 

Now by means of these four equations we may eliminate 
^'> ^9 ^'y and there will remain ^ « F (a) ; 

but/3«^ , tt« ; 

«f — c « — c 
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a relation among the co-ordinates of any point in the generating 
line, and therefore the equation to the surface which it de- 
scribes. When the vertex is situated in the origin, the 

equation is reduced to-^F ( — 1 , which expresses that the 

equation is homogeneous in of, y^ %. It is easily seen that if the 
directrix be the curve of intersection of two surfaces of the mf^ 
and n^^ orders, the equation to the cone will be of the mn^^ order* 

Cor. If from the above equation we eliminate the 
arbitrary function by differentiation, as in Cor. Art. 160, 
we find 

dx d% 

which is the differential equation to conical surfaces; but 
which may be obtained more easily by the consideration of 
the tangent plane, as in the following Article. 

164. To find the differential equation, to conical surfaces. 
The distinguishing property of conical surfaces is, that the 
tangent plane, since it always contains one of the generating 
lines (Cor. 2 Art. 108), always passes through the vertex. 

Let a, 6, c denote the co-ordinates of the vertex, then 
they must satisfy the equation to the tangent plane at any 
point offyz ; that is, z' — z ^ p {x — ^) + ^ (y' — y) must be 
satisfied by i»' = a, y ^ b^ z' ^ c; therefore, whatever be the 
nature of the directrix, the differential coefiicients j9, 9, derived 
from the equation to the surface, must be such as to satisfy 
the equation 

«r - c = p (a? - a) + g (y - 6), 
which is the differential equation to conical surfaces. 

Cor. As in cylindrical surfaces (Art. 161), this equation, 
when put under the form 

(.-a)-+(S^-fc)- + (*-c)-.0, 
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may he employed to discover whether a proposed equation 
n==0 represents a conical surface or not; a, 6, c being the 
unknown quantities to which must be applied what was there 
said relative to m and n. 

165. Having given the position of the vertex, to find 
the equation to the conical surface which envelopes a given 
curve surface. 

Whatever be the nature of the directrix, we have seen 
that the differential coeflficients derived from the equation to a 
conical surface must satisfy the equation 

«r - c = p (a? - a) + g (y - 6) ; (l) 

but at the points where the cone touches the surface, the 
values of je>, q, are the same for both ; therefore at those 
points the above relation subsists between the differential 
coefficients derived from the equation to the surface, that 
is, the co-ordinates of the points of contact are such, that 
the above equation is satisfied. Hence if we obtain values 
^^ Pf 99 ffom the given equation to the surface, and sub- 
stitute them in the above equation, the result, together with 
the equation to the surface, will b6 the equations to the 
curve of contact of the two surfaces, or to the directrix ; 
and we know the co-ordinates of the vertex, and can therefore 
find the equation to the required conical surface by Art. 163 ; 
And it will be of the n(n — l)*** order, if the given surface be 
of the n^ order, because (l) will become of the (n - 1)* order, 
in the same way as equation (1), p. 139. 

Cob. 1. If the vertex of the cone be considered as a 
luminous point, the curve of contact whose equations we 
have just found, is that which on the surface separated the 
illumined and obscure parts ; if it be considered as the place 
of the eye, the curve of contact is the line of the apparent^ 
contour of the surface. 

^ • Cob. 2. Let-t^ » (l) be the equation to a surface of the 
second order; then the curv<^ of contact of the enveloping 
cone is easily shewn to be a plane curve determined by an 
equation of the first order, v^O suppose. Hence z^ + X . v^ - (2) 
is another surface of the second order whose tangent cone 
10 
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from vertex (a, 5, c) is identical with that to surface u^sO. 
from the same vertex, whatever be the value of the constant X ; 
for from Art. 158 the surfaces (l) and (2) touch one another 
along the curve in which they are intersected by i? « 0, and 
therefore each is touched by the same enveloping cone along 
that curve. Now no surface of the second order can pass 
through the vertex of its enveloping cone ; for if it did, that 
cone would become the tangent plane; therefore if X be 
determined so as to make (2) pass through the vertex of the 
cone, the equation t* + X«* «= 0, will represent the enveloping 
cone of the surface u ^ 0. 

Similarly, if t> = be the plane of contact of the envelop- 
ing cylinder having its axis in a given direction ; and X be 
determined so as to render infinite that radius vector of the 
surface u + Xt?' ^ which is parallel to the axis of the cylinder, 
we shall obtain the equation to the cylinder enveloping a 
surface of the second order. 

166. To find the general equation to conoidal surfaces. 

A conoidal surface is generated by a straight line which 
moves parallel to a given plane, and always meets a given 
fixed straight line^ and a given curve. 

Let the given plane, called the directing plane, be taken 
for that of wy^ and the point in which the straight directrix 
OA (fig. 54) meets it, for the origin ; then the equations to 
OA will be 07 s mz^ y » nfn. Also let the equations to the 
curvilinear directrix BC be y = (^), jj? «= \|^ (a?) ; and let 
j» = /3, y = a« + y be the equations to the generating line 
DC in any position, since it is always parallel to the plane 
o{ wy; then since the generating line always meets OAy we 
must have 

»/3 = amfi + y; 

therefore, eliminating y^ the equations to the generating line 
become 

we must next express that it meets the curve BC, whose 
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equations are y ^(f> (or), isr s >fr (jv) ; therefore, eliminating 
^9 ^9 ^9 ^6 have (i^F(a); hence the generating line in any 
position will be represented by the system of equations 

« « )3, y - »i3 « a (^ - mj3), /J = F (a) ; 

therefore, eliminating a and j3, the equation to the surface 
generated is 






Cor. !• This surface is twisted^ that is, no two consecu- 
tive generating lines are in the same plane; for the line DC 
in passing to the consecutive position D'Cf may be supposed 
to glide along the tangent CT; therefore, in order that DC 
and D'C may be in the same plane, OA and CT must be in 
the same plane, which cannot happen for all the tangents at 
least, unless the curve BC is entirely in the same plane with 
AO^ in which case the surface generated will be a plane. 

If the straight directrix be perpendicular to the directing 
plane, m » 0, n «= o, and the equation to the surface, which 

is then called a right conoid, becomes iira; jPf^j ; at which 

we may readily arrive by a direct investigation, as the 
equations to the generating line will be «r » /3, y ^ aw. Also 
k is manifest that the equation to the oblique conoid will 

assume the form x^F{ — \y if we refer it to a system of 

oblique co-ordinate axes, of which OA is one, and any two 
lines drawn through O in the directing plane are the others. 

« 

) we elimi- 

nate the arbitrary function by differentiation, as in the 
former cases, we find 

p(af ^ m») + g (y - nz) = 0, 

the differential equation to conoidal surfaces; at which we 
may arrive more easily as follows* 

10—2 
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167- To find the differential equation to conoidal 
surfaces. 

Their characteristic property is that the tangent plane at 
any point contains the generating line which passes through 
t^at point, (for it contains the tangent lines, to all curves 
traced on the surface through that point, and a straight 
line is its own tangent,) that is, a line parallel to the plane 
of a'y, and intersecting another line whose equations are 
X 8= mz y y ^ nz\ Now the equation to the tangent plane at 
a point wyz is 

and if we intersect it by a plane parallel to xy at a dis- 
tance z from it, their line of intersection will have for its 
equations 

«'= z, p(a/'^w) + q (y-y) = 0, 

and since this is coincident with the generating line, it will 
intersect the rectilinear directrix of which the equations are 
a/ ^ mzy y'aa nz^ \ 

.-. p («r - mz) + q(y - nz) « 0, 

which is the relation that must be satisfied by the co-ordinates 
of every point in the surface. 

For a right conoid, or for an oblique conoid referred 
to the rectilinear directrix as one of the axes, the differential 
equation is 

I pas + g^y «s 0. 

168. Having given the rectilinear directrix, to find the 
equation to the conoidal surface which epvelopes a given 
curve surface. 

r ■ ■ ■ _ 

As in the former cases, if w = be the equation to the 
given surface, the curve of contact which forms the curvi- 
linear directrix, will be given by the equations 

w = 0, (ar - mz) -- + (y - nz) -r- = 0, . 

ax ay 



149 

ivhich must be employed instead of the equations y ^ <b («r), 
« = >/f (d?) ; the remainder of the process will be the same 
as that explained in Art 166. 

169. To find the general equation to surfaces of ren- 
voi ution. 

A surface of revolution is generated by a curve revolving 
about a fixed axis. If the curve be situated entirely in a 
plane passing through the axis, then every section of the 
surface through the axis, which is called a meridian^ will 
reproduce the generating curve; otherwise, the section will 
be different from the generating curve. Also every section 
perpendicular to the axis, which is called a parallel of the 
surface, will be a circle whose center is in the axis and 
plane perpendicular to it, and whose perimeter passes through 
the generating curve; hence a surface of revolution may be 
supposed to be generated by a circle whose center moves 
along a fixed straight line to which its plane is perpendicular, 
and whose perimeter always passes through a given curve. 
The advantages of the second mode of generation are, that 
the moveable circle is a generating curve of an invariable 
nature and common to all surfaces of the class, whilst the 
curve through which it always passes is a variable directrix 
which changes for each particular surface, agreeably to the 
mode of generation occurring in every instance in this section. 

Let x " a ^ m {z - c)^ y - 6 « n (i?f - c), be the equation^ 
to the axis or fixed straight line along which the center of 
the generating circle moves, and which we suppose to be 
drawn through a given point (a, 6, c) in a known direction. 
Then every one of the parallels of the surface may be re^ 
garded as the intersection of a plane perpendicular to this 
axis, with a sphere whose center is any fixed point in the 
^xis, the point (a, 6, c), for instance, and whose radius varies 
so as to give the section of the proper magnitude; conse- 
quently the equations to the generating circle will be 



{a> 



« + mar + ny = /3,1 



150 

Let y ^ <f> (ttr), X ^ yj/ (a), be the equations to the directrix 
or curve which the perimeter of the generating circle always 
meets ; then these four equations will be satisfied by the same 
system of values of w, y, x^ which are the co-ordinates of the 
point of intersection ; hence, eliminating w, y, x from them, 
we find fi ^ F (a) the condition to be joined to the equations 
(1) in order that the circle which they represent may really 
be a parallel of the surface ; hence, eliminating a and fi from 
the equations to the parallel, we find 

a relation among the co-ordinates of the generating circle in 
any position, and therefore the equation to the surface which 
it describes. 

Cob. 1. Tf the axis of revolution coincide with the axis 
of Xy and we take the center of the sphere for origin, we 
have 

m ^n^Oj asftscaO, and ijr = Z' (,r* + y* + js*), 

or x^f(ai^ + y% 

as we have already seen, Art. 52, In this case it is more 
convenient to regard each parallel as the intersection of a 
right cylinder with a plane perpendicidar to it, that is, 
instead of equations (l), to use 

» = /3, /p' + y* = a, 

which joined to the usual relation fi^ F (a), give imme-* 
diately 

CoE. 2. If we diflTerentiate the above equation with 
respect to w and y, and divide one result by the other, 
so as to eliminate the arbitrary function, we find 

n+g y - b + {x - c) q^ 

the diflferential equation to surfaces of revolution, at which 
we may also arrive as follows. 
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170. To find the difFerential equation to surfaces of 
revolution. 

Their distinguishing property is, that the normal always 
meets the axis of revolution. This will be readily seen if 
we consider that the tangent plane at any point necessarily 
contains the line touching the parallel at that point, and is 
therefore perpendicular to the meridian plane passing through 
that point ; consequently the normal will lie in the meridian 
plane, and therefore meet the axis. 

The equations to the normal at a point wyx are 
w — m +p{z' ^ x) ^ O9 y' — y + q^ (»' - a) « ; 
let, as above, the equations to the axis be 

a?' — a — m (i!f' — c) = 0, y' - 6 — n («f' — c) « 0, 

then if these two lines intersect, their equations must be 
satisfied by the same values of w\ y\ jb^, which will be 
the co-ordinates of their point of intersection. Hence if we 
eliminate <r', y', z\ the result will be the differential equation 
to the surface. Subtracting, we find 

or, (m + j9) («?' — af) + HI (i?f — c) — a? + o « 0, 
(n + g) («r' - ») + » («f - c) - y + 6 « ; 

.*• eliminating jsr' — ;(r, we find as before 

(m+jp) {n(af -c) -y + 6} = (n+ q) {m(»-c)-.i? + o}...(l), 

which expresses that a surface is one of revolution about an 
axis passing through a point a, 6, c, and having a direction 
determined by the quantities m and n. 

If the axis of revolution coincide with the axis of x^ the 
equation becomes 

py-^qcD^ 0, 

CoE. The above equation will enable us to ascertain 
whether a proposed equation u b 0, represents a surface 
of revolution ; for, deducing the values of p and q^ and 
substituting them in (1), the result ought to be true for 
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m 

all values of .r, y, «f. Hence we uiust equate to zero the 
coefficients of the different powers of the co-ordinates, and 
we shall obtain among the unknown quantities a, h, c, m^ n 
a certain number of equations, which must be consistent 
with one another, in order that the surface may be one of 
revolution. The process applied to the general equation of 
the second order will furnish the conditions already obtained 
(Art. 149) by a different method. 

171. Having given the position of the axis, to find th^ 
equation to the surface of revolution which shall envelope a 
given curve surface. 

As in the similar cases which have preceded, we must 
begin by finding the equations to the curve of contact 
which will be the directrix of the moveable circle* Let 
u ^0 he the equation to the proposed surface, then at all 
points along the curve of contact the tangent planes of the 
two surfaces are coincident ; and therefore the values of p 
and q derived from u — 0^ and substituted in (l), must satisfy 
it for all points in the curve of contact ; the result of this 
substitution together with u ^ 0, will therefore be the equar 
tions to the directrix, and then the equation to the required 
surface of revolution may be found as before. 

It is manifest that we thus determine a surface which, 
if the proposed surface revolved about the given axis to 
which it was fixed, would touch and envelope the proposed 
surface in every position. 

172. The above are the principal propositions relative 
to the commoner families of surfaces which admit only one 
directrix, or only one of a variable form ; for though Conoidal 
surfaces have two directrices, yet one of them, namely the 
rectilinear one, is constant for all surfaces of the family. 
Consequently, for Conoidal, as well as for all the other 
families of surfaces considered in this section, the finite 
equation involves only one arbitrary function, and the dif- 
ferential equation cleared of the arbitrary function, is only 
of the first order. 



SECTION VIIL 

ON SURFACES HAVING MORE THAN ONE ARBITRARY CURVI- 
LINEAR DIRECTRIX, AND ON DEVELOPABLE SURFACES, AND 
ENVELOPES. 



173. In the preceding Section we considered several 
surfaces where the equations to the generating curve con- 
tained two variable parameters ; and the necessary dependence 
of these parameters upon one another, in order that a surface 
and not a solid might be generated, was established by making 
the generating curve in every position have a point in common 
with a given fixed directrix. The resulting equation to the 
surface consequently involved but one arbitrary function ; and 
the differential equation, characterizing the nature of the 
surface independent of that directrix, was of the first order. 

We shall now take a more general view of the subject of 
the generation of surfaces, and suppose the equations to 
the generating curve 

/(«* y> «f» «> i8> 7j &o) * o» f\ (^» y> ^> a? A 7> &c.) = 0, 

to contain any number n of variable parameters a, )3, 7, &c» 
This curve will not, by passing through all the various 
positions and forms corresponding to the various values of 
the parameters, generate a deteripinate surface, unless we 
subject it to such conditions as will leave only one of the 
parameters, a for instance, arbitrary; and this may be done 
by making it, in every position, pass through n — 1 curves 
represented by the equations 

y = 0(a?) %^y\f{ai)\ y = 0i (^) » = x/^i (a?) ; &c. 

For in order that it may have a point in common with the 
first directrix, its two equations and the equations y^(f> (x) 
X ^ yf/ (iV) must be satisfied by the same system of values 
^f *''^9 Vt ^9 which are the co-ordinates of that point; there* 
^bre^ eliminating cr, y, z between these four equations, we 
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find F (a, )3, 7, &c.) = 0, which expresses the necessary 
dependence among the parameters in order that the gene- 
rating curve may pass through the first directrix. In the 
same manner, each directrix will furnish a fresh relation 
between a, /3, 7, &c. ; so that to represent completely the 
generating curve passing through the n — I directrices, we 
must join to its two equations, the n — 1 equations of con- 
dition F (a, /3, 7, &c.) = 0, F^ (a, /3, 7, &c.) = 0, &c. And 
if from these latter we suppose /3, 7, &c. to be all de- 
termined in terms of a, and substitute their values in the 
equations to the generating curve, those equations will then 
involve only one parameter ; and if we finally eliminate that 
parameter between them, we shall arrive at an equation con- 
taining no arbitrary quantity and representing a determinate 
surface generated by the moveable curve. 

Hence the final equation will contain as many arbitrary 
functions as there are directrices, and therefore the difierential 
equation characterizing the surface independent of the di- 
rectrices and consequently not involving the functions, will be 
of an elevated order generally exceeding the number n — 1 of 
functions, and never less than 2» — S. These principles we 
shall now illustrate, confining ourselves, however, to the cases 
where the generating curve is a straight line. 

174. Surfaces generated by a straight line are divisible 
into two classes, each of which has distinct properties; viz. 
into twisted surfaces, where two consecutive positions of the 
generating line are never in the same plane; and into de^ 
velopable surfaces, where two consecutive positions of the 
generating line are always in the same plane. 

One remarkable difierence in the properties of these two 
classes has reference to their contact with the tangent plane ; 
in both, the tangent plane at any point (since it contains 
the tangent lines to all curves traced on the surface through 
that point, and a straight line is its own tangent) must 
contain the generating line passing through that point; but 
in twisted surfaces, the tangent planes along a generating 
line are all distinct and each touches the surface only in 
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a point ; whereas in developable surfaces, it is one and the 
same plane which touches the surface at all points along 
a generating line. 

For let X>C, IfC (6g. 54) be consecutive positions of 
the generating line of a twisted surface; BC^ ED sections 
of the surface through any points D and C, and TC^ AD 
tangent lines to those sections. Then the tangent planes 
at all points along DC contain X)C; and at D and C the 
tangent planes are ADC, TCD^ which cannot be coincident 
unless JDy TC are in the same plane ; but in that case D'C 
(since between the positions DC^ UCy the generating line 
may be supposed to glide along AD^ CT) would be in the 
same plane with Dd which is impossible since the surface 
is twisted. But if the surface be developable, then since 
DfC is in the same plane with X>C, the tangents ADy TC 
are in the same plane, and therefore the tangent planes at 
Ji and C, as well as at every other point along DCy are 
^coincident. This property has already been proved for 
cylinders and cones, which are evidently particular cases of 
developable surfaces. 

175. We shall first consider twisted surfaces; and 
among the various ways in which the motion of a straight 
line may be governed so as to generate a twisted surface, 
we shall select the two following: viz. when the moveable 
line constantly passes through two fixed curves and remains 
parallel to a fixed plane, and when it constantly passes 
through three fixed curves. 

176. To find the equation to the surface generated by 
a straight line which constantly passes through two given 
curves, and remains parallel to a fixed plane. 

The motion of the generating line is here, manifestly, 
completely determined, as we have only to cut the curves 
by planes parallel to the fixed plane, and to join the points 
of section by straight lines, to obtain as many positions of 
the generating line as we please; and as the tangents to the 
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filled curves at those points of section will not usually be in 
the same plane, the surface will generally be twisted. 

Taking the directing plane for that of zry, let the equa- 
tions to the generating line in any position be 

and let the equations to the two directrices be 

y « 01 Or) » « >f/^i (^) ; y « 02 (^) » « >|'2 («^) ; 

then successively combining the equations to the moveable 
line with those to each of the directrices, so as to eliminate 
/r, y, Zf we find 

^1 («, i3, 7) « 0, F,{a, ^, -y) « 0; 

which we may suppose reduced to the forms 

/3 = (a), 7 = x|^ (a). 

Hence, eliminating a, /3, 7 between these and the equations 
to the generating line, we have for the equation to the surface 

y = ^0 (») + \|f (x). 

Cor. To find the differential equation, we have, differen- 
tiating successively with respect to w and y, and dividing one 
result by the other, 

0*0 («) + ^0'(«^) p + '^'{x)p, 

therefore, differentiating again, and dividing one result by the 
other, employing the usual notation, 

gr-p8 , qa-'pt , 

— ^ — ^-(p {x)p, - - (») g ; 

/. (fr - ^pqs + p^t = 0, 
the equation common to all surfaces of this class* 
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177- To find the equation to the surface generated by 
a straight line subject to constantly pass through three givea 
fixed curves. 

It is easily seen that the motion of the generating line 
will be completely determined. For conceive any point in 
one of the fixed curves to be the common vertex of two 
conical surfaces, having the other two fixed curves for their 
directrices; then these surfaces will intersect one another in 
a finite number of straight lines, each of which passes through 
the three fixed curves and is therefore a position of the gene* 
rating line; and as we take fresh points for the vertex, the 
successive generating lines belonging to the same sheet will 
pass through points contiguous to one another on the three 
directrices. Also the surface will generally be twisted, because 
the tangents to the three directrices at the points where a 
generating line meets them, will not, except in very particular 
cases, be in the same plane. 

Let the equations to the generating line be 

containing four variable parameters, a, j3, 7, J; and, as 
explained in Art. 173, let the three relations among the 
parameters necessary for the line passing through the three 
given directrices, be obtained and reduced to the form 

/3«0(a), 7«>//(a), 5 = 7r(a); 

therefore, substituting for )3, 7, S in the equations to the 
generating line, we have 

ar = a« + >|/(a), y ^ z(f){a) + ir(a); 

and it remains to eliminate a between these equations, in 
order to get the equation to the surface ; but this cannot 
be done without particularizing the functions, or the direc- 
trices on which they depend. Therefore we must retain the 
above system of equations to represent this family of surfaces ; 
regarding a as an indeterminate quantity to be eliminated, 
after the forms of the functions in each individual case have 
l)een determined* 
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It may be observed that the various other modes of gene- 
rating this sort of surface, as for instance when we replace one 
or more of the directrices by a surface which the moveable 
line is always to touch, are reducible to this method; for in 
every case we may take for the three directrices, any three 
sections of the generated surface made at pleasure. 

Con* To obtain the differential equation independent 
of the directrices, we must, as before, obtain by successive 
differentiations of the above system a sufficient number of 
equations to eliminate a, and the functions ^, >^, t and their 
derived functions; the result is a complicated equation of 
the third order. 

When in the two preceding cases, the directrices all 
become straight lines, the surfaces generated become re- 
spectively the hyperbolic paraboloid, and the hyperboloid 
of one sheet, as is seen in the Appendix ; they are the only 
twisted surfaces whose equations do not rise above the second 
degree. 

Developable Surfaces. 

178. We next come to the consideration of the second 
class of surfaces which admit of being generated by a straight 
line, the characteristic law of the motion being that two 
consecutive positions are always in the same plane. Before 
proceeding to point out the various modes in which this 
condition may be satisfied, we shall shew that surfaces ge^ 
nerated in this manner are developable; that is, supposing 
them flexible but inextensible, they may without rumpling 
or tearing be made to coincide with a plane in all their 
points. 

Let fig. 57 represent a surface of this sort, and let AN'^ 
A'N\ A''N*\ &c. be positions of the generating line inde- 
finitely near to one another ; then from the definition of the 
surface, JN will be intersected by A'N' in some point nt, 
A'N' by A"N" in tn, and the latter by the next generating 
line in fn'\ and so on ; so that these successive points of 
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intersection will form a polygon mfnW..iy or rather a con- 
tinuous curve to which all the generating lines are tangents. 
Also AN and A'N\ and similarly every pair of consecutive 
generating lines, will include a sectorial area AmA' of inde« 
finite length, but infinitely small angle, which may be re- 
garded as a plane element of the surface. If now the first 
of these elements be turned about its line of intersection with 
the second, till they are in the same plane; and then the 
system formed by these two be turned about the line of 
intersection of the second and third till they are in the same 
plane; and if this operation be continued through all the 
plane elements, they will all thus be brought into one plane, 
and the given surface will be developed without rumpling or 
tearing. 

179. We have already seen (Art. 174) that the plane 
which touches a developable surface in any point M' is the 
tangent plane at every point in the generating line passing 
through M' ; and that to construct the tangent plane to any 
point M\ we have only to draw a tangent line M'T to any 
curve on the surface passing through that point, then TM'N' is 
the tangent plane required. 

180. As the generating lines are all tangents to the 
curve mmW... formed by their perpetual intersection, the 
surface may be supposed to be generated by a moveable 
straight line which is always a tangent to a fixed curve; 
the curve must of course be of double curvature, otherwise 
the surface generated would be a plane. Hence it is suf- 
ficient to assign one fixed directrix (to which the generating 
line must be always a tangent) to completely determine a 
developable surface. 

If the equations to the fixed curve be 

« = 0(^)» y = ^(^)> 

the equation to the surface will result from eliminating a from 
the equations to the line touching the curve at a point for 
which ;8f « a, which (Art. 123) are 

^ - ^(a) « ipHfl) (» - o), y-y\f (a) « >/.'(a) (« - a); _, 
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the elimination cannot be effected without assigning the 
forms of the functions; but every developable surface may 
be represented by the above system of equations, regarding 
a in the first as a function of y and x to be determined from 
the second. 

181. The curve mrnm",.* is called the edge of re- 
greasUm of the surface which its tangent generates ; the 
reason of which is that the two portions of any tangent, 
produced both ways from the point of contact, generate two 
distinct sheets of the surface which are united in the curve ; 
so that if we wished to pass from a point in one sheet to 
a point in the other without quitting the surface, our path 
would have a point of regression at the curve, provided the 
two points were not in the same generating line. In conical 
surfaces the edge of regression is reduced to a point, in 
cylindrical surfaces it is removed to an infinite distance. 

182. We may also generate a developable surface, by 
assigning two fixed directrices through which the moveable 
line is always to pass ; in that case the points in which 
the moveable line meets them must, be constantly so chosen 
that the tangent lines to the directrices at those points are 
in the same plane; then, as the moveable line in passing 
into its consecutive position may be supposed to glide along 
those tangents,, every two consecutive positions will be in 
the same plane. Consequently, after having obtained two 
relations among the parameters which enter into the equa- 
tions to the moveable line by subjecting it to meet the 
two directrices, we shall obtain a third by expressing that 
the tangents to the directrices at the points where the 
moveable line meets them, are in the same plane; hence 
only one arbitrary parameter will remain in the equations, 
by eliminating which we shall obtain the equation to the 
surface. 

183. There is yet another way of expressing the gene- 
ration of developable surfaces ; for since every two consecutive 
generating lines include between them a plane sectorial area 
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of infinite length, we may regard these elements as forming 
parts of the successive positions of a plane subject to move 
according to a given law. This method will usually be found 
the most convenient in practical applications; and it leads 
easily to the general differential equation to developable 
surfaces, and to other results, which we shall now obtain by 
means of it. 

184, To find the general equation to developable sur- 
faces, considered as generated by the consecutive intersections 
of the positions assumed by a plane subject to move after 
a given law. 

The law according to which the plane moves will vary 
with each particular surface; but in order that the motion 
may be completely determined, and that a single surface 
and not an infinite number of surfaces may be generated, 
it must leave only one arbitrary parameter in the equation 
to the moveable plane. The successive positions assumed 
by the plane by virtue of the infinitely small variations of 
the parameter, will cut one another consecutively in straight 
lines, which taken two and two are in the same plane; 
these lines will therefore form a developable surface touched 
by all the planes. Hence the law of succession of the planes 
which generate a developable surface requires that two of 
the three arbitrary constants which enter into the equation 
to a plane should be functions of the third, or, which is the 
same thing, that they should all be functions of the same 
parameter a ; let therefore 

» = af(p{a) + y/(a) + xff (o) 

be the equation to the generating plane in one of its positions 
depending upon the parameter a ; then the equation to the 
plane, which differs insensibly from it in position, will be 

z^w {0(a) + 0'(a) . 5o + &c.} + y{/(a) +/ (a) . So + &c.} 

+ >|/^(a) + >/^' (a) . Sa + &c. ; 

add the co-ordinates of the points in which they intersect 
11 
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must satify these two equations; that is, they must satisfy 
X « w(p{a) + yf(a) + ^ (a), 

« af{(p'(a) -*- &c.} + y\f(a) + &c.} + ^' (a) + &c, ; 

or if the planes be consecutive, making 3a » 0, the equations 
to their line of intersection are 

« = a?0(a) + yfia) + >// (a) (l), 

m fl^0'(a) + y/(a) + >/^'(a) (8) ; 

and the general equation to developable surfaces will result 
from eliminating a between these equations; but as the 
elimination cannot be effected without fixing the forms of the 
functions ^, /, >/r, that is, without particularizing the surface, 
we must retain the above system to represent this family 
of surfaces, regarding a in the former as a function of of and 9 
to be determined by the latter* 

Coa. Hence the differential equation to developable 
surfaces can be obtained ; for, differentiating (1) successively 
with respect to w and y, regarding a as a function of a^ and y 
to be determined from (2), we have 

P = 0(«) + {^<t>(a) + y/(a) + ^'(o)} ~, 

q -/(a) + {^<p'(a) + y/(a) +>/''(«)} |^, 

which by virtue of equation (2) are reduced to 

p = 0(a), q--f{a); 

and since p and q are functions of the same quantity, they 
are functions of one another, 

which is the differential equation of the first order to de- 
velopable surfaces, containing one arbitrary function ; this 
may be made to disappear by differentiating the equation 
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p ^ ir(q) successively with respect to a; and y, and dividing 
one result by the other ; for we have 

r = 7r'(g) . «, « =» ^'(g) . t ; 

the differential equation of the second order common to all 
developable surfaces. 

185. To find the equations to the edge of regression 
of a developable surface. 

The edge of regression is the locus of the intersections 
of the successive generating lines ; and to find its equations we 
must combine the equations to any generating line (l) and (2), 
in which a is an arbitrary constant, with the equations to the 
consecutive generating line resulting from (l) and (2), by 
changing a into a -^ Sa; we shall thus obtain four equations 
which by reduction are equivalent to the three 

iif = a?0 (a) + yf(a) + x|. (a), 

O = ^0'(a) + y/(a)+^'(a), 

= ^^" (a) +y/' («) + ./." (a); 

these, for any value of a, will furnish the three co-ordinates 
Wy f/y % of the point where the generating line corresponding 
to that value of a, is intersected by the consecutive generating 
line; so that in eliminating a from the above system, we 
shall have the two equations to the locus of all such points of 
intersection ; that is, to the edge of regression of the surface, 
by the tangent line to which the surface may be considered 
as generated. 

186. To find the equation to the developable surface 
which touches at the same time two given curve surfaces. 

Let the equations to the two surfaces be 

Und let PtOii P2Q29 denote the values of -— - and — — for the 

ax ay 

11—2 
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first and second surface respectively. Then the moveable plane, 
since it touches the first surface, will have for its equation 

» - »i « Pi (^ - ^i) + 9i (» - yd 5 

and in order that it may touch the second surface, that is, 
in order that it may coincide with the tangent plane at 
the unknown point ^«ya^29 we must join the conditions 

If therefore from these three equations, and the two equations 
to the surfaces, we determine the five unknown quantities 
yi, «fi, a?2» Vit ^8 in terms of a?i, the equation to the moveable 
plane will take the form 

and by eliminating the arbitrary quantity ^i between this 
equation and the derived equation with respect to of^j we shall 
obtain the equation to the required developable surface. 

If we suppose an opaque body to be illuminated by a 
luminous one, the surfaces which circumscribe the umbra and 
penumbra occasioned by the interposition of the opaque body, 
are two sheets of the developable surface which touches 
both the bodies ; and its lines of contact with the surfaces 
of the bodies are, one, the curve on the opaque body which 
separates the illumined and obscure parts; and the other, 
the curve on the luminous body which separates the illumi- 
nating part from that which can send no rays to the other 
body. Consequently this problem is the general problem of 
umbras and penumbras. 

Similarly, we may find the developable surface generated 
by the intersections of the tangent planes to a surface along an 
assigned curve traced on the surface. ^ 

187. We may arrive at the difierential equation to de- 
velopable surfaces, and at the equation to the generating line 
passing through any point, by the following method. 

Since a tangent plane applied to the surface at any point, 
touches it in a series of points the projection of which on any 
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of the co-ordinate planes is a straight line^ and since the 
equation to the tangent plane at a point wyx is 

X s pw + qy + j» — pw — qy^ 

if y ^maf -^n be the equation to the projection of the ge- 
nerating line which passes through the point asy^^ and in 
the values of j>, g, and x — px — qy^ we change y into mx + w, 
the above equation must remain the same for all values of 
w whatever, and therefore the quantities p, g, » — px — gy, 
which become functions of co only, must have their differential 
coefficients with respect to oo equal to nothing, 

dp dy 

dw diV 

dtU aw 

d ^ V ^y ( dy\ ^p dq 

-(,-p.-gy) = p + g~- ^p + 9-j - .-^ - j,- - o. 

Hence, eliminating -- , r^ — «* = 0, the equation required ; 

dw 

T s 

and y •- y ss (a?' — ^) = — (jxf — oc) is the equation to the 

8 V 

projection of the generating line which passes through the 
point aiyx, 

188. When a developable surface is made plane, the 
absolute lengths of any determinate portions of the gene- 
rating lines, as well as of any curve traced on the surface, 
are not altered ; and the angle which the tangent line to the 
curve at any point forms with the generating line through 
that point also remains unaltered ; but the curvature at any 
point is changed. 

For let ANy A'N'y &c. (fig. 57) be consecutive positions 
of the generating line of a developable surface, and let PRj 
P'R'y &c. be the chords produced of a curve traced on this 
surface, and meeting the generating lines in the points P, P\ 
&c. ; and for the surface let us substitute the series of plane 
sectorial elements AmA\ A'm A'\ &c., and for the curve the 
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polygon PP'P" &c. Then in turning the first plane element 
about J!m to bring it into the same plane with the second^ 
and in turning the system formed by the two about Ji'ni to 
bring it into the same plane with the third, and so on, it is 
evident that neither the lengths of PN^ PN\ &c., nor the 
angles which they form with FP\ I^F^\ &c., nop the lengths 
of the latter, are altered, but that the angles RFR\ R'F'R'\ 
&c. will be changed ; and as this continues true, however 
small we take the plane elements, the properties announced 
above for the surface and the curve traced upon it, are 
established* 

189. The shortest line on a developable surface has the 
property that its osculating plane at every point is perpen- 
dicular to the plane touching the surface at that point, or 
contains the normal to the surface at that point. 

If the polygon be such that, upon bringing all the plane 
elements into the same plane, it becomes a straight line, then 
two consecutive sides must always make the same angle with 
the intermediate generating line ; that is, for every point we 
must have 

/^mFR^m'F^R'y 

for when this condition is fulfilled, in the developed surface 
every two consecutive sides will be the prolongment of one 
another. Also since RP^^ R!P^^ make equal angles with 
P'JV, they may be regarded as two generating lines of a 
conical surface whose axis is PN\ and therefore the plane 
RPR! will ultimately be the tangent plane to this surface 
along PR^ and therefore perpendicular to RPN*^ which is a 
meridian plane of the cone containing PR\ hence, passing- 
to the curve, the plane RPR' is its osculating plane at P', 
and RPN' is the tangent plane to the surface at the same 
point, and these planes are perpendicular to one another; 
also since, when the surface is developed, the curve becomes 
• a straight line, it is the shortest line which can connect two 
points on the surface through which it passes, and it has the 
property announced at every point. 
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190. That the same property is true for the shortest 
line traced on any surface whatever, appears thus. 

If on any proposed surface we conceive the shortest line 

between any two points to be traced, we may describe a 

developable surface which shall touch the surface according 

to that curve ; consequently the curve of contact will be the 

shortest line between the same points on the developable 

surface, and therefore its osculating plane at every point must 

contain the normal to the developable surface, i. e, the 

normal to the proposed surface at that point. Hence if 

y s ^ (d)^ 9s ^y\f{ai)he the unknown equations to the shortest 

dx dfs 

line on a surface for which --^ss p, -r-^ q ; expressing that 

aof ay 

the osculating plane at any point contains the normal to the 

surface at that point, we find 

d^V'^^di)^d?[PTa;^V' 

dss dy 

which together with -r- ^P •\'Q-r' will determine the curve. 
° doo doD 

If we take b the length of the arc for independent variable, the 

equations to the curve will assume the symmetrical forms 

cP/r d^% d?y d^% 



191. From the property that the lengths of the ge- 
nerating lines of a developable surface, and of any curve 
traced upon it, as also the angles which the generating lines 
form with the curve, are not altered by the development of 
the surface, we can find the nature of the curve when the 
surface is made plane; or, conversely, a curve being traced 
upon a plane, we can find its nature when the plane is appUed 
to a given developable surface. This is shewn in the case of 
cylindrical and conical surfaces, in the appendix. 

Envelopes. 

192. Developable surfaces, considered as generated by 
the successive intersections of planes drawn after a given law. 
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are a particular case of a general family of surfaces to which 
y/ve shall in the next place direct our attention. 

193. To find the equation to a surface which envelopes 
a series of surfaces described after a given law. 

Let u=f{aff ffi x^ a) = be the equation to a surface 
containing, besides other constants, a parameter a ; then if 
we give a particular value to a, the form and position of 
the surface in space will be completely determined ; and if 
we give to it all possible consecutive values, we shall obtain 
an infinite number of corresponding surfaces, usually inter- 
secting one another two and two. The surface formed by 
these successive intersections, and having with each one of 
the surfaces the infinitely narrow zone in common which is 
contained between the curves in which that individual surface 
is intersected by the preceding and succeeding ones, (and 
which consequently envelopes each one of the first series of 
surfaces, supposing them all to exist together, and touches 
it according to a curve of intersection) has been named by 
Monge the Envelope* Also the curve in which any two 
consecutive surfaces intersect, he has named the CharcscterisHc 
of the Envelope, because it indicates the mode of its genera- 
tion ; thus the characteristic of developable surfaces which 
are generated by the intersections of planes, is a straight line ; 
and that of surfaces generated by the intersections of spheres^ 
a circle. 

To find the equation to the envelope, we observe that if 

after having given the parameter a determined value a in 

«^ = 0, we give it a new value a + £a diflTering insensibly from 

the former, we obtain the equation to a second surface difiering 

in form and position insensibly from the first, and intersecting 

it in a series of points the co-ordinates of which satisfy the 

equations 

du ^ ^u (laf 
« « 0, w + X" • oa + ^--. -^^ — - + &c. = 0, 

''a da* 2 



du 

or w = 0, T" + &^* = ^ » 

da 
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or if the surfaces be consecutive, w = 0, —- « ; 

da 

it follows therefore that the equations to the characteristic or 
curve of intersection of two consecutive surfaces, corresponding 
to the value a of the parameter, are 

d , 

fi^> yy »j q) = 0, -rfi^^ y> «» a)«0; 

aa 

and since the envelope is formed by the assemblage of the 
characteristics, its equation will result from eliminating a 
between the same equations. As this elimination, however, 
cannot be effected without assigning the form of/, we must 
retain the above system of equations to represent the envelope, 
regarding a in the former as a function of /r, y and « to 
be determined from the latter. 

194i. Again, if in the equations to the characteristic, 
after having given the parameter a particular value a, which 
determines the position of the characteristic in space, we give 
it a new and insensibly increased value a-\- ^a^ the two 
resulting equations will be those to a second characteristic, 
differing insensibly in form and position from the first, and 
intersecting it in general in a finite number of points, the 
co-ordinates of which satisfy the two sets of equations 

du 

w = 0, -r " ^' 
aa 

du ^ _ du d^u ^ 

w + -;— . oa + &c. « 0, 3- + 3— r . ca + &c. « ; 

da da dcr 

which latter two equations, by virtue of the former, are 
equivalent to 

du ^ d^u ^ 

-7- + &c. = 0, -— r + &c. « 0. 

da da « 

Consequently the co-ordinates of the points in which two 
consecutive characteristics intersect, satisfy the three equations 



du d^u 



aa Qr 
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and from these equations we may either determine Xy y^ 
and « in terms of 09 that is, the co-ordinates of the point 
in which a given characteristic is intersected by the con- 
secutive; or eliminate a between them, and so find the two 
equations in w^ y, and Zy to the curve formed by all the 
successive points of intersection. This curve will be touched 
by all the characteristics, and will be the edge of regression 
of the envelope; for, as explained in the case of develop- 
able surfaces, the portions of the characteristics which are 
on contrary sides of their points of contact with the curve 
under condderation, will form two distinct sheets of the 
envelope, and these sheets will touch one another in that 
curve and have it for their common limit* 

196* The propriety of the term Characteristic will be 
more apparent, if we generalise the equation u =s 0^ and 
suppose it to contain together with a a function of a, 
d> (a), so as to have the form 

Then whatever form we give to 0, .the intersection of two 
consecutive surfaces represented by this equation will always 
be a curve of the same sort, and will therefore offer a 
character common to the whole family of surfaces. For this 
curve of intersection will be represented by the equations 
I making (a) » )3} 

/(-,y, -,a,^)-0, 5^ + ^.^-0; 

and we see that by changing )3, we shall only alter the 
constant parts of these equations, without at idl affecting 
the way in which a?, ^, x enter into them ; so that for all 
values of )3, the curve represented by them will be of the 
same species. 

196. To determine the equation to the envelope when 
the equation to the series of surfaces contains two independent 
parameters. 

Suppose the equation t^ » to contain two parameters 



171 

a and fi independent of one another; then the equation to 
the surface which differs insensibly from that represented by 
u ^0^ will be 

du ^ du ^^ 
w +-T--oa + •7-r.5)3 + &c. =0; 
da dp 

and the co-ordinates of the points in which these surfaces 

intersect must satisfy their two equations, that is, they must 

satisfy 

du ^ du ^^ 
« = 0, ^— . 3a + T73 • 0)3 + &c. a ; 
da dp 

or if the surfaces be consecutive 

du ^ du 

where \ » limit of 3)3-f-^a; but since X may hare any value, 
the latter equation resolves itself into 

du du 

these then together with w^Oy are the three equations for 
determining the curve of intersection of two consecutive sur* 
faces ; from whence we may obtain its two equations involving 
only one of the parameters; and finally by eliminating that 
parameter we may obtain the equation to the surface generated 
by the perpetual intersection of the first series of surfaces. 



SECTION IX. 



ON THB CURVATURES OF CURVES IN SPACE. 



197. Preparatory to finding the radius of curvature, 
and evolutes of a curve in space, consider figure (59), where 
for the curve is substituted an equilateral polygon mmW\.., 
and through the middle points of its sides are drawn planes 
respectively perpendicular to them, which intersect, two and 
two, in the lines. A;&, k'h\ k"K\ &c. Then the plane which 
contains the two consecutive sides mm\ m'm'y is perpendicular 
to each of the planes gh, gh\ and therefore to their common 
intersection kh ; let A; A meet this plane in the point 9, then 
q is the center of a circle passing through the three angles 
m, m', m' ; and every point in the line kh is likewise equi- 
distant from the same three angles. 

The lines kh^ k'h\ &c. will be parallel only when the 
sides of the polygon mm'in\,.aTe in the same plane; in other 
cases, if they be produced till. each meets, its consecutive, they 
will form a polygon hop.,.^ the angular points of which are 
equidistant from four consecutive angles of the first polygon 
mfnm\.. The point o for instance, since it is situated in kh, is 
equidistant from m, m\ m' ; and again, being situated in k*K, 
it is equidistant from m^ m\ m" \ that is, it is the center of a 
sphere passing through four consecutive angles, m, m\ fn!\ m"\ 

198. The preceding results being true when the number 
of sides of the polygon is indefinitely increased, it follows that 
the normal planes of a curve generate, by their perpetual 
intersection, a curve surface; also, since of the lines of 
intersection A; A, k'h\ &c. every two consecutive ones are in the 
same plane, the surface which they generate is developable* 
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199. On the sanie supposition, the polygon' Aop... be- 
comes a curve, to which all the lines kOj k'p^ &c. are tangents; 
that is, hop., As constantly touched by the straight line 
which generates the developable surface, and is therefore the 
limit to the surface, for no part of the surface can fall within 
the space towards which the curve is concave. Moreover its 
tangent, being produced both ways from th^ point of contact, 
generates two sheets of the surface which are united and 
terminated in the curve; consequently, as was explained in 
Art. (181), the curve hop. .As called the edge of regression 
of the developable surface, from the analogy it bears to a 
point of regression in a plane curve. This curve is also the 
locus of the points of intersection of three consecutive normal 
planes, or of the centers of spheres passing through four 
consecutive points of the first curve mmm"..., that is, it is 
the locus of the center of spherical curvature, 

200.* The plane gqg' passing through two consecutive 
tangents to the curve, and which is perpendicular to the 
intersection of two consecutive normal planes, is the osculating 
plane, whose equation was found in Art. 127 ; and the point 
9, in which that intersection meets it, is called the center of 

absolute curvature. 

201. To find the equation to the surface generated by 
the perpetual intersections of the normal planes to a curve 
in space. 

Let y = <^ (^), «=»>// (^), be the equations to the curve, 

and let ^r-, ^— r, &c. be denoted by y\ y\ &c. ; then we have 
doB dor J ^ ^ 

seen Art. (130), that the equation to the normal plane 

^-^ + (F-y)y' + (Z-»)i^'=:0, (1) 

and the derived equation with respect to w^ viz. 

(F- y)y" + (Z - ») z'^ - 1 - y'« -i!^« = 0, (2), 

are the equations to the line of intersection of two consecu- 
tive normal planes; JT, F, Z, denoting the co-ordinates 
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of any point in that intersection. If therefore we eliminate 
w between them, we shall have the equation to the surface 
generated by the line of intersection in all its successive 
positions. On this surface lie all the evolutes of the curve, 
as will be shewn ; it will be a cylinder if the given curve lie 
all in one plane, and if the given curve be traced on the 
surface of a sphere it will be a cone with its vertex in the 
center of the sphere. 

202. To find the radius, and co-ordinates of the center^ 
of spherical curvature of a curve of double curvature at any 
point. 

The center of spherical curvature, or of the sphere which 
passes through four consecutive points of a curve, is the point 
of intersection of two consecutive generating lines of the sur* 
face considered in the last article; hence we must join to 
equations (l) and (2) of last article, the derived equations 
with respect to <v, as explained Art. (185). 

If therefore JC^ Y^ Z be the co-ordinates of the center 
of spherical curvature, we have in order to determine them, 
the equations, 

(Y- y) y'" + (Z - z)x"' - 3 {f/y" + tJz") - 0, 
and the radius of the sphere 

« y/{X^ wy + (F- yy + (Z - zy. 

Moreover if from these three equations we eliminate «, 
there will result two equations between JT, F, Z, which will 
be those to the locus of the center of spherical curvature, or 
to the edge of regression of the developable surface generated 
by the intersections of the normal planes. 

203. To find the radius, and coordinates of the center 
of the circle of absolute curvature. 
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The center of absolute curvature is the point where the 
line of intersection of two consecutive normal planes meets the 
osculating plane. 

Let 8 be the length of a curve from a given point to a 
point Off y, X ; and instead of taking two equations between 
Wy y^ X to represent the curve, let us suppose each of them to 
be a function of another variable t ; and let w\ w\ &c« denote 
their differential coefficients with respect to t\ then the equation 
to the osculating plane at wyx is 

+ {z'af'^w'%"){Y'-y) + (.v'y" - f/w") {Z^z)^ 0. (l) 

The equation to the normal plane at the same point is 
a/{X^w) +y'(r-y)+»'(Z-)^) = 0, (2) 

and this, in conjunction with the equation obtained by dif- 
ferentiating it 

w"{X-'ai)^y'\Y^y)+z'\Z^z) - s\ (3), 
(since of* + y^W^^s'\ and .-. afaf'-^y'y' + si/sif'^sa') (4), 

defines the line of ultimate intersection of two consecutive 
normal planes (Art. 130), Hence if Xy F, Z, satisfy at once 
these three equations, they are the coordinates of the center 
of absolute curvature at wyx ; and the radius R will equal 

^/{X^wy + {Y^yf + {Z^xy. 

Now from (l) and (S) taking account of equations (4), we 
get by ordinary algebraical operations, 

X^w Y^y Z^x 

sw" - a/«" " a'y^^y's" " i/x" - x'a" 

R a' 



which equations give the radius and co-ordinates of the center 
of the circle of absolute curvature. 

Cob. If we make w the independent variable by putting 
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t^m^ so that a?'«l, ar"-0, and 5^',^ ' &c., become -- , ~^ &c. 

CbtO dttr 

we get by reduction 

(1 + »'« + Sf'O* 



i; 



\/y"* + «"» + («'y - fdy'y 



204. Also if we make «, the length of the arc, the in- 
dependent variable instead of ^, we get immediately 

1 
R 



where ." denotes ^ , &c. ; and the expressions for the co- 
ordinates of the center assume the following simple forms, 

w y 



Z'-z^ 



af'^ + y"« + ;y"« • 



206. A curve of double curvature may either have three 
consecutive elements in the same plane, or two consecutive 
elements in the same straight line ; the first is called a simple 
inflexion, that is, wh^n the curve at that point becomes plane, 
and therefore the radius of spherical curvature infinite; and 
the second a double inflexion, as necessarily including the 
former, that is, when the curve at that point becomes a 
straight line, and therefore the radius of absolute curvature 
infinite. 

If in Art. 202, we actually determine the values of JP - a?, 
F - ^, Z — z^ we find for their common denominator the 
expression 



hence the condition 



«"y'-y"'«''; 



d^z cPy cPy d?« 
dap daP daP daP ' 



177 

expressing tliat the center of spherical curvature is at an 
infinite distance, will determinie the points of simple inflexion, 
and agrees with Art. 128. 

At points of double inflexion, the radius of absolute curva- 
ture changes its sign, and the curve, after being concave in one 
direction, crosses its tangent line and becomes concave in the 
c^posite direction ; hence also its projections on the planes of 
%v and ofy cross their tangents, and have corresponding points 
of contrary flexure ; at such points therefore, and at cusps, 

— = 0, or CO , — « 0, or X ; 

which are. the equations for determining the abscissae; and 
which we observe make the expression for the radius of absolute 
curvature infinite or evanescent, as ought to be the case. 



206. The tangent lines of the given curve mm'... (fig. 59) 
will generate a developable surface, whose edge of regression is 
the curve mm\,.; and since the tangent line is the intersection 
of two consecutive osculating planes, this surface would also be 
generated by the perpetual intersection of the osculating planes. 
But the lines of intersection of the normal planes are perpen* 
dicular to the osculating planes; therefore the angle between 
two consecutive lines of intersection, that is, two consecutive 
tangents of op..., is equal to the angle between two consecutive 
osculating planes of mm'... Again, the angle between two 
consecutive tangents of mm ... is equal to the angle between 
its corresponding normal planes, that is, to the angle between 
two consecutive osculating planes of op... If therefore we call 
the angle between two consecutive tangents of a curve of 
double curvature its Jirat Jlewion^ and that between two con- 
secutive osculating planes its second Jlewion^ we may enunciate 
the above properties as follows. The first flexion of a curve 
of double curvature is equal to the second flexion of the edge 
of regression of the developable surface generated by its 
normal planes ; and the first flexion of the latter, is equal to 
the second flexion of the former. 
12 
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Evolutes of a curve in space. 

207. Every curve, whether plane or of double curvature, 
has an infinite number of evolutes, all of which lie on the 
developable surface generated by the perpetual intersection of 
the normal planes. 

Recurring to fig. 59, since kh is perpendicular to the plane 
through two consecutive sides mrny mm\ of the polygon, any 
poipt / in it is equidistant from the middle points of the sides 
g and g'. If therefore we draw gf in the first normal plane, 
and g'ff in the second, the lines gfy gf are inclined at the 
same angle to hh ; and if with center / and radius/^ a circle 
be described, it will touch the two consecutive sides mm\ mm' 
in their middle points g and g\ and when the describing radius 
comes to g' it will be confounded with g'f\ In like manner if 
we draw g'ff in the third normal plane, the lines g* f\ ^'f 
are equally inclined to k'h' ; and a circle described from /' with 
radius f'g' will touch the consecutive sides mm\ ml'rvi*' in 
their middle points, and the describing radius will be con- 
founded with g'f at the point g\ By continuing this con- 
struction the polygon fff\*. will be formed, by unwinding 
a thread gf from which, circular arcs, touching every two 
consecutive sides in their middle points, will be described. 
Therefore when the number of sides is indefinitely increased, 
the polygon fff'*»* will become a curve traced on the develop- 
able surface formed by the intersections of the normal planes ; 
and by unwinding a string from it, the proposed curve of 
double curvature will be traced out. 

Also since the direction of the initial radius gf is arbitrary, 
any other direction would have produced a curve endowed 
with the same properties si^fff\*.\ it follows therefore that 
every curve has an infinite number of evolutes all contained 
on the surface generated by the perpetual intersections of its 
normal planes ; in the case of a plane curve all the evolutes, 
except that in its own plane, are curves of double curvature, 
traced on the right cylinder whose base is the evolute in its 
own plane. 
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208. Since i g'fU « g'fk' = A'//', if the plane hk' 
^ere brought into the same plane with h!ld* by being turned 
about Ap'A', ff would be brought into the same straight line 
with ff'\ and since the same may be proved successively of 
all the other sides of the polygon fff'-^^i it follows that if 
the surface formed by the intersections of the normal planes 
were developed, the evolute jfy/"... would become a straight 
line, and therefore would be formed by stretching a thread 
in the direction gf and applying it freely to that surface. 
Hence if from any point in a curve of double curvature, any 
line be drawn touching the surface formed by the normal 
planes, and be applied freely to that surface, it will form an 
evolute of the proposed curve; and will be the shortest line 
that can be drawn between any two points of the surface, 
through which it passes. 

209. It is to be observed that the centers of absolute 
curvature are not situated on an evolute of the curve. 



For i{ gq be perpendicular to A; A, then it cannot pass 
through the point q ; because it would then coincide with g'q^ 
and therefore cut kh at right angles, which would require that 
kh and k'li should be parallel ; and this can never happen as 
long as the proposed curve is of double curvature. Hence 
the consecutive radii of absolute curvature gqy g'q\ since they 
are in different planes, and do not meet one another in the 
common intersection of those planes, therefore they do not 
meet one another at all ; and therefore cannot be consecutive 
tangents of the same curve ; that is, the locus of the center 
of absolute curvature is not an evolute. 

210. To find the equations to any proposed evolute of 
a curve of double curvature. 

As we know the equation to the surface on which all the 
evolutes lie (Art. 201), it only remains to find the equation 
which particularizes a given evolute. Let JT, F, be the co- 
ordinates of a point in the projection of an evolute, co^ y, the 
co-ordinates of the corresponding point in the projection of 

12—2 
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the curve ; then a tangent to the projection of the evolute, 
must pass through the corresponding point in the projection 
of the curve; 

dY _ V-y 

dX X ^ w ' 

This joined to the two equations 

jr-^ + (r-y)y'+(Z-«)«'o:0, 

( r - y) y" + (Z - ») i!^' - (1 + y « + z'*) = 0, 

which belong to the generating line of the developable surface 
containing the evolutes, will give by eliminating w the two 
equations to the evolute, one of them 1)eing a differential of 
the first order ; and its integral will introduce an arbitrary 
constant, by means of which the evolute may be made to 
satisfy that condition which particularizes it ; as, for instance, 
to pass through a given point of tbe developable surface on 
which it is traced. 



SECTION X. 



ON THE CURVATURE OF SURFACES, 



211. To find the requisite conditions for a contact of 
the first, second, &c. order, between two surfaces. 

If two surfaces, referred to the same origin and axes, 
pass through the same point, the co-ordinates of which are 
^9 2^9 ^j &nd if we change w into a? + h, and y into y + k^ 
the equation to the first surface will give for the value of 
the new ordinate, 

« + pA + ^A? + ^ (rhr + Qshk + /A') + &c. 

and the equation to the second surface 

X + Ph + Qk + ^ (Rh!' + 2Shk + Tk^) + &c. ; 

the distance of the surfaces, measured in the direction of their 
ordinates, will therefore be expressed by 

If we suppose the equation to the second surface to 
contain a certain number of arbitrary constants, we may 
determine them so as to make the first terms of this dis- 
tance vanish ; and it will follow that any other surface, for 
which these terms do not disappear, cannot be situated 
between the two former with reference to the points which 
are contiguous to their common point; at least so long as 
we take h and k so small, that the sum of the terms of 
the first order may be more considerable than that of all 
the terms of succeeding orders. When we have P — p « p, 
Q - 9 s 0, the surfaces will have a contact of the first order ; 
if besides these, we have ^-r = 0, aS-^-O, T-ZasO, 
the contact will be of the second order, and so on. 
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212. Let therefore F = be an equation between three 
variables a/^ y\ % and a certain number of arbitrary constants, 
and according to the usual notation, let P, Q, R^ &c. denote 
the partial diiferential coefficients of ss* with respect to x and 
y ; by the determination of the constants we may make this 
surface have with one completely given (the co-ordinates of 
which we shall represent by w^ y, Xy and the partial differential 
coefficients of z, by />, q^ &c.) a contact of an order which will 
depend on their number. The first condition to be satisfied is 
that the surfaces may have a common point, that is, that by 
changing w into *v, and y into y, in Fa 0, we may find « = z. 
Besides this, for a contact of the first order, upon making the 
same substitutions for <v' and y\ we must have P^^ p, Q = g\ 
and for one of the second, besides all the foregoing conditions, 
we must have /? = r, iS «= «, T = i. 

Hence it appears that a contact of the first order requires 
thr^ arbitrary constants, and one of the second, six ; and 
in order to have a contact of the n^^ order, since the terms 
of three, four, &c. dimensions in h and k in the develop- 
ment of the difTerence of the ordinates in the preceding 
Article are, in number, 4, 5, Sec, the number of disposable 
constants must he 

1 + 2 + 3 + &c. + (w + 1) = ^ (n + 1) (« + 2). 

213. But if we confine our attention to the sections 
of the surfaces made by a plane containing their common 
ordinate x, and inclined to the plane of ;ira? at an angle 
whose tangent is m, then, making k esmh^ the difference 
of the consecutive ordinates in these sections will be 

Hence if the surfaces have a common point and a common 
tangent plane at that point, that is, if upon making a/^w^ 
and y'= y, we have »'=«?, P =^p^ Q = ?> then the first term 
of the above difference will disappear, and the second will 
also vanish if we add a fourth condition, viz. 

2? - r + 2 (S' - «) iw + (T - '^^ « 0- 
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Hence four disposable constants in the equation to a surface 
are sufficient in order to establish between it and one com- 
pletely given a contact of the first order at a proposed point, 
and also to establish a contact of the second order between 
the sections of the surfaces made by a given plane containing 
their common ordinate. 

214. Previously to applying^ these considerations to es- 
timate the curvature of any surface at a proposed point, we 
may observe that we cannot attempt to assimilate the curvature 
of a surface in general to that of a sphere; because in the 
latter the curvature is uniform about the same normal, whereas 
for surfaces in general that is far from being the case. The 
mode of proceeding must therefore be to imagine several planes 
drawn through the normal at the point under consideration, 
to calculate the radius of curvature of each of these sections 
at that point, and by comparing them to judge of the greater 
or smaller curvature of the surface in those directions about 
the point, as well as towards what parts the curvature is 
turned; for, as we know, certain surfaces contiguous to any 
point are situated partly above and partly below the tangent 
plane at that point. 

In making different planes pass through the same point 
of a surface, so that some contain the normal to the surface 
at that point, and some do not, we shall find the radii of cur- 
vature relative to that point both of the normal and oblique 
sections, bearing remarkable relations to one another, inde- 
pendent of the particular form of the surface. We shall 
begin by demonstrating the simple relation which exists be- 
tween the radii of curvature of a normal and an oblique 
section, made by planes passing through the same tangent 
line to a surface, first noticed by Meunier. We shall then, 
by the doctrine of contacts, deduce the radius of curvature 
of any normal section of a surface; and afterwards prove 
Euler'^s theorems relative to the curvatures of the principal 
normal sections of a surface. The circumstances under which 
the normal at any point may be intersected by the normals 
at immediately adjacent points will next fall under considera- 
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tion, as throwing great light on the subject and leading to 
many results of interest. 

.215. If a normal and an oblique section of a surface 
be made by planes passing through the same tangent line 
to the surface, the radius of curvature of the oblique section 
is equal to the projection on its plane, of the radius of 
curvature of tlie normal section. 

Let the tangent plane to the surface be the plane of 

wy^ the point of contact the origin, and the tangent line the 

axis of a\ then the normal to the surface will be the axis 

of z ; let OP (fig. 62) be the normal section in the plane of 

xWf OP the oblique section made by a plane xOx through 

Ow^ and inclined to the normal section at an Z zOx » d ; 

JVP, NPy ordinates to the two curves corresponding to the 

common abscissa ON = h ; also let NP = ar, and let A, k^ x 

be co-ordinates of P. Then^ (assuming that in any plane 

curve when the axis of the abscissae is a normal at the origin, 

the radius of curvature at the origin is equal to ^ limit of 

(ordin.)'\ 

^ — : — I we have 

abscissa / 

ON* 

R = radius of curvature of OP at O = ^ limit of , 

ON* 

£' a radius of curvature of OP at = i limit of ^rr^y 

R NP «'sec0 X 

.'. — ; «x limit of rr— r ■■ limit of s sec . hmit of — . 

R NP X X 

But since the plane of xy is the tangent plane at O, 

p = o, g = C, and «'— ^rA' + «AAp + ^^**+ &c. 

and making & ~ 0, 

ft T 

«airA' + i-— .A'^ + ac; 

k fk\* ^ 
_ r + 2*- +^7 + &c. 

R ^ ,. . - A \A/ ^ 

.'. — ; — seed, limit of « sec ^, 

r + 4 V" • ^ + «C' 
^ da; 
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k 
because limit of •- s o, since Ood is a tangent to the pro- 
jection of OP' on the plane of ay; 

.". B! ^ RcosO, 

Cos. Hence it follows that the osculating circles of all 
sections of a curve surface that have a common tangent 
line, are situated on the surface of a sphere the radius of 
which is the radius of curvature of the normal section pass- 
ing through the same tangent line; for OA' = OAcosAOA' 
(and consequently AA*0 is a right angle) if OA be the 
diameter of the circle of curvature of the normal, and OA' 
that of the circle of curvature of the oblique section ; the 
latter circle is therefore situated on a sphere whose diameter 
is^O. 

216. To find the radius of curvature of any normal 
section of a surface at a given point, in terms of the co- 
ordinates of that point. 

Let ^, y^ X be the co-ordinates of the given point P 
(fig. 63) of the surface, p, g, r, &c. the partial differential 
coefficients of « expressed in terms of those co-ordinates; 
PT the tangent line through which the normal section is 
to pass, which, since it lies in the tangent plane at P, 
will be determined by the equation to its projection on the 
plane of /ry, viz. y ^ y *=i m (a/ — ai). Then if we determine 
a sphere having a contact of the first order with the surface 
at P, and whose section by the vertical plane PQT has a 
contact of the second order with the section of the surface 
by the same plane, all planes passing through PT will cut 
the sphere in circles, which are the circles of curvature to 
the corresponding sections of the surface, and therefore the 
radius of the sphere will be the radius of curvature of the 
normal section ; and this we are enabled to do, because the 
four disposable constants in the equation to a sphere will 
enable us to satisfy the four requisite conditions, which are, 
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that upon making of «= co and y ^ y in the equation to the 
sphere, we must have 

Now the equation to the sphere gives, by differentiation, 

a?'- a + P (ir'- 7) = 0, y - /3 + Q (» - 7J - 0, 

l+F^+B(i»'-7)=0, PQ+5'(;»'-7)=0, l + Q«+r(i»'-7)=0; 

hence, there result between the constants a, /3, 7, d, and 
the co-ordinates or, y^ %^ the following relations 

(a^ - a)^ + (y - i3)« + (;^ - 7)* - ^, 
ar - a + p (a? - 7) « 0, y - /3 + g («r - 7) « 0, 

1 + «• f PQ \ /I + <7^ \ « 

^ + r + 2 '^^— + 5 m + ^ + ^ m' « 0. 

«-7 \«f-7 / \«f-7 / 

The latter gives 

and then a, )3, h are known from the equations 
^-o=-p(^-7), y-fi^-qix-y), t' ^ {x-yy{l -^ p'-\-^) ; 



.-. the radius = v/l -^ />- -^ ^M^ "^ ^^^ "^ (P -^ ^^^ ^ 

r + 2«m + ^/»^ 

Hence we have determined the radius and co-ordinates 
of the center of the circle of curvature of the normal 
section at a point wyz, whose intersection with the tangent 
plane at that point is projected into a line represented by 
the equation 

y-y- m{x -x). 

Cor. Suppose the tangent line to make angles X, /u, v 
with the axes of Wy y, %^ and let o* be the length of the 
arc of the normal section, then (Art. 28 and 181), 
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COS/Ul _ 

m = , and 

cos\ 



hence^ by substitution, we get for the radius of curvature 



R^ 



r (cos X)* + 2 « cos \ cos /yi + ^ (cos fxY * 



217. But if the equation to the surface be proposed 
under the form F («r, y, z) = 0, the radius of curvature of a 
normal section may be more readily obtained by considering 
(Art. 200) that the center of curvature of the section is the 
point in which the normal meets the line of intersection of two 
consecutive normal planes. 

^ y dF ^, dF „ dF „^ 

For let — - = f^> ^- = ^> ^- « W^, so that 
ax ay ax 

Udx + Vdy + Wdz = ; 

then the equations to the normal at wyz are 

X-'W r-y Z^% ^ 

-jj- - -p- - -j^ - Q» suppose (I). 

Now if ds be an element of the arc of the normal section, 
and dwy dy^ dz its projections on the co-ordinate axes, the 
equations to the normal plane to the section will be (Cob» 
Art. 126.) 

{X - a?) da? + (F- y) cfy + (Z - «) diif = ; (2) 

and the line of intersection of this with its consecutive is given 
by (2), together with its differential, viz. 

{X - cT) dJ'w + (r- y) d^y + (Z - «r) cf « = d«». (S) 

Hence if JT, F, Z be determined so as to satisfy the above 
three equations, they will be the co-ordinates of the center of 
curvature of the normal section ; and if R be the radius of 
curvature, we shall have from (l) 

R = \/{X - wy + (F - yy + (Z - zy = v/f7'+P+ WK Q 
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but from (3) we get 

da* . \/U* + r* + \V* 
'*" U<Px + Vdy + Wd'z ' 



.-. R 



But since (7d/r + Vdy + Wd* « 0, if we differentiate 

and call 

drF d'F d'F 

8 u, = t?, ^ to ; 

dit^ dy^ dss* 

d'F , d'F , d'F 

Uy —. — — = V f - — — = w ; 



dydz dwdz dxdy 

we get 

Ud^x + Vd-y + Wd^z + udof + vdy^ + wdz^ + 2udydz 

+ %vdxdz + Qtv'dxdy « 0; 

consequently, substituting, and calling 

d.t? dy d« 

dtf a« a« 

we have 



« = 



/'"t^ + rn^v + w^w + 2/m«£7'+ 2lnv'+ 2mnu^ 



which coincides with the former expression for R^ if we 
suppose F(.v, yy z)^z -/(.r, y) « 0. 

218. Hence we can find the conditions, in order that 
the curvatures of the normal sections of a surface at a pro- 
posed point may be all in the same direction, or in opposite 
directions ; that Is, in order that the surface may be convex 
or non-convex about a proposed point. 

. If in the value of R (Art. 216) we always take the radical 
positive, as the numerator 1 + m' + (p + iw^)* is incapable of 
changing its sign, the sign of R will depend upon that of 
its denominator 

r + 28m + tm^ = - {{mt + «)' -^rt - «'| ; 
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if therefore <r, y^ x the co-ordinates of the proposed point be 
such that r^-«'>0, then R cannot change its sign for any 
value of nij and the surface contiguous to that point will 
be situated entirely on the same side of the tangent plane, 
or will be convex at that point ; and if this be true for 
every pointy as in the ellipsoid, the surface will be entirely 
xonvex. If, on the contrary, r^-«*<0, there are two 
values of m for which the denominator will vanish, and R 
will be infinite and will change its sign as m passes through 
each of these values ; therefore the surface will have opposite 
curvatures about the point in question, or will be non-convex. 
Thus in the surfaces considered (Art. 176), of which the 
equation is 

^r - ^pqs + p^t = 0, or {qr - pay + p* {rt - «*) cs o, 

rt — ^ is necessarily negative, and therefore surfaces of this 
class are non-convex at every point. 

For developable surfaces, where r^ — «* = o, the denomi- 
nator of R is a perfect square, and consequently retains the 
same sign ; therefore the radius of curvature will have the 
same sign for every point of the surface ; only it will at every 
point be infinite when mt + 8 ^0, the direction so determined 
evidently coinciding with that of the generating line passing 
through the point. 

219. To determine the normal sections of greatest and 
least curvature at a given point of a curve surface. 

For the same point of the surface, the expression for R 
varies with m, and we may find what value of m will make it 
a maximum or minimum by putting the differential coefiicient 
of R with respect to m (for the quantities jd, 9, r, &c. are 
in general independent of the position of the tangent line 
which fixes the normal section) or rather of jsr - ^y on which R 
depends, equal to 0; hence putting equation (1) (Art. 216), 
under the form 

(x - 7) (r + 2«w + tm^) + !+;>* + 2pqm + (l + g*) m* - 0, 
we have (» - 7) (* + ^^) + PQ' + (1 + 9') w « ; 
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therefore eliminating successively z -^ y and m from these 
equations, we get 

{(l+9>--;>«y/}<+{(l-h<7>-(l+/>>}»»--{(l +!>'>--?<?»•} =0, 

(r^-**)(^-7)«+{(l+pO^-2pg«+(l+9-)r}(»-7) + l+;>*+5f*=0. 

These equations being of the second degree, it follows 
that in general the radius of curvature of the normal section, 
as the cutting plane revolves about the normal, will have only 
one maximum and one minimum value; which, in absolute 
magnitude, may be two maxima or two minima, when the 
curvature of the surface changes its sign about the given 
point. These two normal sections, one corresponding to the 
least, and the other to the greatest radius of curvature, are 
called the principal sections of the surface relative to the 
point at which the normal is drawn, and the corresponding 
radii the principal radii of curvature. 

CoE. Hence the former of the above equations enables 
us, for each point of the surface, to determine the directions 
of the principal sections, and we might also shew from it 
that these directions are at right angles to one another. 
To determine however the angle between the principal sec- 
tions in a simple manner, let us suppose the plane of a^y to 
be coincident with the tangent plane at P, or only parallel 
to it, (this of course we may do without at all altering the 
form of the surface or the positions of the tangents to the 
principal sections) then we must put p ^ 0^ ^ = 0, and the 
equation becomes 

w^ + »w - 1 = 0, 

s 

the two roots of which are always possible and satisfy the 
condition 

trim' = - 1 ; 
therefore the principal sections always exist and are at right 
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angles to one another. Also the same supposition gives for 
the radius of curvature of any normal section (Art. 216), 



r + 28m + tm* 



Having however made the foregoing process answer its pur- 
pose of giving the radius of curvature of any normal sectron 
of a surface in terms of the co-ordinates of the point, we shall 
not deduce from it all the important results which it is capable 
of furnishing, but obtain them by a direct and much simpler 
method. 

220. The sum of the curvatures of any two normal sec- 
tions at right angles to one another, is a constant quantity at 
the same point of a surface. 

Let AOj the normal at any point ^ of a curve surface, 
be the axis of x^ and ofAy^ the tangent plane at the same 
point, the plane oi ay (fig. 64). Let AB be a section of the 
surface made by any plane passing through AOy AC the 
corresponding section of the tangent plane, which therefore 
touches the plane curve AB at A ; and let y s tan d . a? be the 
equation to AC^ so that 9 = /.NAC. Then if JO = i? be the 
radius of curvature of the plane curve AB at ud, and BC be 
parallel to AO^ we have by a well-known theorem 

^nr^limitof-^. 

Let AN 't A, NC = ft, be the co-ordinates of C\ 
.-. BC ^\ tK" + shk Jt^tJi? ■{■ &c., 

for p = 0, 9 » 0, since the plane of wy is the tangent plane ; 
also k B tan d . A ; 

1 + tan* e 



limit of 



dr 

r + 2« tan + / tan*0 + i-T" • ^ **"'^ + ^^• 

dtV 
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1 + tan* 

or R ^ :; m i 

r + 2«tan0 + ^tan*0 

where r, «, t are the values of 

d^x d^z dr« 

at the point A derived from the equation to the surface. 
Hence, if R' be the radius of curvature of another section 
inclined at an angle s= 90° -i- to ANy we have 

■- =» r cos* + 2« cos d sin d + / sin*0, 

•— -, = r sin* — 2« sin 9 cos 6 ■{- 1 cos* ; 
R 

1 1 

which {taking, as usual, the inverse of the radius of curva- 
ture to measure the curvature) expresses that the sum of 
the curvatures of any two normal sections at right angles 
to one another, is a constant quantity at the same point of 
the surface. 

221. Of all sections of a curve surface made by planes 
drawn through the normal at any point, to determine those of 
greatest and least curvature at that point; and to shew that 
they are at right angles to one another. 

We have 

-- = r cos* d + 25 sin 6 cos + « sin* 0, 
It 

2 

or — « r (1 + cos 20) + 25 sin 20 + ^ (1 - cos 20) 

« r + ^ + (r - /) cos 20 + 25 sin 20, 
which is to be a maximum or minimum by the variation of ; 
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therefore putting its differential coefficient with respect to 9 
equal to zero, we get 

- (r - t) sin 20 + 2«cos20 « 0; 
.-. tan 26 = =« tan<180<^ + 20) ; (l) 

28 T "- t 

sin 20 « ± , , cos 20 = :^ 



\/(r - 0' + 4*' ' v/(r - ^)2 + 4«« ' 

2 (r - 0* 4«^ 



* \/(r - if)2 + 4*« v^(r-/)» + 4«*' 

or ~ = l(r + ^) ± ^ v^(r - 0* + 4«^, 

which are the values of the reciprocals of the greatest and 
least radius of curvature ; and the positions of the sections 
to which they belong are fixed by the angles 9 and 90® + 9 
obtained from equation (1) ; consequently the sections of 
greatest and least curvature at any point of a surface, called 
the principal sections at that point, are at right angles to 
one another. 

222. The curvature of any normal section is equal to 
the sum of the curvatures of the principal sections, multiplied 
respectively by the squares of the cosines of the angles which 
Its plane forms with their planes. 

Suppose the axes of w and y to be drawn in the principal 

28 

planes, then since 5=0 and tan 20 « , we must have 

r - / 

« « ; hence 

— = r cos* + ^ sin* ; 
R 

consequently, if we denote by p and p the radii of curva- 
ture of the principal sections corresponding to = and 
=s 90^^ we have 

1 1 

- = r, -7 = ^ ; 

P P 

13 



194 

therefore substituting, we have for any normal section, 

— as - cos* + -7 sin* 0. 
R p p 

This theorem, due to Euler, joined to that of Meunier, 
contains the whole theory of the curvature of surfaces ; for 
it is hence sufficient to know at any point of a surface the 
directions and curvatures of the principal sections, to deduce 
the curvature at that point of every other section, normal or 
oblique. 

223. When the two principal radii have the same sign, 
the formula 

— = - cos*0 + —. s\v?Q 
R p p' 

proves that every normal section will have a radius of that 
sign, and therefore the surface will be entirely on the same 
side of the tangent plane at the proposed point; also the 
principal radii will be the maximum and minimum values 
of the radius of curvature at that point, and the form of 
the surface will be that represented in fig. 65 y where AO^ 
AOf are the principal radii, and AQ, is the radius of the 
intermediate section AP, 

When the principal radii are equal, as well as of the 
same sign, the formula gives A » p, and therefore all the 
normal sections have the same curvature, and may be 
regarded as principal sections; of this we have examples 
at the vertex of a paraboloid of revolution, and the poles 
of a spheroid. 

224. When the principal radii are of contrary signs, 
p positive and p' negative for instance, 

— as - cos* Q 7 sin* 0, 

R p p 

which vanishes, or R is infinite, when Q has such a value co 
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that tan (a ^ ^ "v ^ ; hence for values of between and ± w 

P 
R is positive, or the section situated above the tangent 

plane ; and for all other values, R is negative, or the section 

situated below the tangent plane; also p will be the minimum 

of the positive radii, and p\ numerically, the minimum 

of the negative radii. Hence at the proposed point, the 

form of the surface will be that represented in fig. ^ ; DBE 

being the intersection of the surface with a sphere center A ; 

AE^ AF sections having respectively a positive and negative 

radius, and AB the section made by the limiting normal plane 

through AO. 

Thus in the hyperboloid of one sheet, we know that 
the tangent plane at any point cuts the surface in two straight 
lines, limiting the normal planes which give positive and 
negative radii of curvature, or which separate the convex and 
concave parts of the surface. In surfaces of a higher order, 
the limiting normal planes will cut them in curves having 
with the corresponding sections of the tangent planes a contact 
at least of the second order, since the curvatures of thode 
sections are infinite. In developable surfaces, if we take a 
principal plane at any point for that of zxj then « » 0, 
and since r^ - «* « 0, r = or ^ = ; therefore one of the 
principal radii is infinite. In fact, we know that the tangent 
plane to a developable surface does not cut it, but touches 
it along a generating line; and that this generating line is 
a principal section whose radius of curvature is a maximum 
and infinite, whilst the minimum radius belongs to the section 
made perpendicular to the generating line. Hence, the 
curvature of any surface at every one of its points may be 
assimilated to that of a surface of the second order at one 
of its vertices, as will be seen in the following Article, 
where we shall take a paraboloid, although an ellipsoid would 
do equally well. 

225. To determine a paraboloid of the second order, 
which shall have at its vertex, a complete contact of the 
second order with a given surface at a proposed point. 

13—2 
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Let A (figs. 65 and 66) be the given point of the sur- 
face, Ass the normal, and let the principal sections meet 
the tangent plane iu AtV^ Ay^ which lines take for the axes. 
Also, let 

be the equation to a paraboloid, p^ p being the principal 
radii of curvature of the proposed surface at A. Then if AP 
be a section of this paraboloid through its axis inclined at 
an z to %w^ and AN - r, PN = x^ be co-ordinates of P, 
the equation to AP^ putting r cos for a? and r sin for ^, 
(Art. 101) is 



;^ = ^r«{-cos*e±Asin«e|, 



which represents a parabola, the reciprocal of whose semi- 
latus rectum, and therefore of the radius of curvature at 
its vertex, 

« - cos^ * — sin^ 0. 
P P 

Hence the curvature of every section of the paraboloid is 
the same as that of the corresponding section of the surface, 
and therefore the paraboloid has a complete contact of the 
second order with the surface. 

Cor. What we here assume, viz. that if two surfaces, 
having a common point and common normal at that point, 
have the curvatures of all normal sections equal, (or, which 
comes to the same thing, have their principal sections coin- 
cident and equally curved,) they have a complete contact of 
the second order at that point, agrees with Art. (21 1) ; for 
ttiis, from the general expression for the radius of curvature 
of any normal section, requires that z and its differential co- 
efficients p, qy r, 5, /, should have equal values in the 
equations to the two surfaces, when in them we substitute 
the co-ordinates w and y of the point under consideration. 



197 



226. In the equation to the paraboloid, suppose « 
constant, and « c, therefore 






2pc 2pc 

this is the equation to a section of the paraboloid, or to a 
section of the surface if c be indefinitely small. Hence it 
appears that if the surface be cut by a plane parallel to 
the tangent plane at any point, and indefinitely near to it, 
the section is ultimately a curve of the second order whose 
center is in the normal, and axes in the planes of greatest 
and least curvature ; also the square of the diameter in which 
the curve is intersected by any plane drawn through the normal, 
is proportional to the radius of curvature of the corresponding 
section of the surface. 

This curve has been called by Dupin, the Indicatrix 
of the surface, because it indicates the directions of the 
curvatures; if at any point it be an ellipse, p and p' must 
have the same sign, that is, the curvatures are in the same 
direction; if a hyperbola, the curvatures are in opposite 
directions ; and if a circle, p = p\ and the curvature of 
every normal section is the same. For instance, it has been 
shewn (Art. 104) that an ellipsoid may be generated in two 
ways, by a circle of variable radius moving parallel to itself; 
consequently there are four points on its surface at which 
a plane, parallel and indefinitely near to the tangent plane, 
cuts it in a circle; that is, the indicatrix at those points 
is a circle, and therefore the two radii of curvature equal. 
These points are called umbilici^ and are symmetrically 
placed in the four angles of the principal section containing 
the greatest and least axes. It is manifest that at these 
points, a sphere can have a complete contact of the second 
order with the surface. 

Intersection of Consecutive Normals of a Surface. 

227. As two lines in space will not intersect unless 
the constants which enter into their equations satisfy a 
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certain equation of condition, so if from any point in a 
curve surface at which we have drawn a normal we pass 
to a contiguous point, the normal at the latter point will 
not intersect that at the former, however near the points 
are to one another, unless the second point be taken in such 
a direction as to satisfy the equation of condition for the 
intersection of the normals. The consideration of consecu- 
tive normals throws great light on the subject of the 
curvature of surfaces, as will appear from the following 
propositions. 

228. Having given a point on a curve surface, to find 
the directions in which we must pass to consecutive points, 
in order that the corresponding normals may intersect. 

Take the normal at the given point for the axis of ^, 
and the tangent plane for that of wy^ and let A, ^, / be 
co-ordinates of a contiguous point situated in a section 
through the normal made by a plane inclined at an angle 
to that of zwy so that k^h tan ;: then the equations to 
the normal at that point are 

or - A +pi (« - /) = 0, y' - A; + 9i (» - Z) = 0, 

where pi, qi denote certain functions of h and k (p and q 

dz dss 

denoting the values of —- and — at the origin, and there- 

Sr 

fore each - 0); Then in order that this line may meet the 
axis of %^ its two equations must agree in giving the same 
value for ss' when w and y = 0, that is, 

z = — + I and » = -^ + /^ 

must be the same. But if the points be consecutive, then 
the ultimate values of %' must be the same when A = 0, that is, 
(expanding pi and ^i), 

%' = limit of — 



r A + «A + &c. r + 8 tan 



and % =s limit of 
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c tand 



«A + /A; + &c. « -f / tan 



d^% (Pz (P« 
(r, «, t being the values of — -r, - — — , 3-7 at the origin) must 

dar doody dy 

be identical ; 

.-.« + / tan e r tan + « tan' 0, 

Stand 28 



or tan 20 » 



1 - tan-e" r-/' 



an equation which being the same as that for finding the 
positions of the principal sections through the origin, shews 
that there are two, and only two, directions at right angles 
to one another in which we may pass from a proposed point 
in a curve surface to a consecutive point, so that the normals 
may intersect; and that these directions coincide with the 
principal sections through the proposed point. Also the 
value of 

-7 = r + «tan0 = ^{r+/± \/(r - /)* + 4'«*} 

shews (Art. S21) that the points where the normal is in- 
tersected by consecutive normals, are the centers of curvature 
of the principal sections. 

229* This property of consecutive normals enables us 
in some cases to determine at once the principal sections of a 
surface at a proposed point; for instance, in surfaces of 
revolution the plane of the generating curoe^ supposed to be a 
plane curve, is necessarily one of those sections, because in 
it consecutive normals intersect, and therefore a plane through 
the normal perpendicular to it is the other. The first series 
of consecutive normals intersect in the evolute of the generating 
curve, the second in the axis ; hence, in a surface of revolution, 
the loci of the intersections of consecutive normals, or of the 
centers of curvature of the principal sections, are the axis of 
revolution and the surface formed by the revolution about 
that axis of the evolute of the generating curve. Hence 
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we can find immediately the radius of curvature of any 
section of a surface of revolution, the principal radii being 
the radius of curvature of the meridian, and the portion of 
the normal intercepted between the proposed point and the 
axis of revolution. 

Lines of Curvature. 

230. A series of points on a surface determined by 
the condition that the normals at any two consecutive ones 
intersect is called a line of curvature of the surface. Every 
point of a surface, as appears from the above investigation, 
is situated on two curves of this kind, whose directions 
coincide with those of the principal sections through that 
point, and cut one another at right angles. Thus in start- 
ing from a point P of a surface (fig. 68), there are two 
contiguous points P" and Q the normals at which will inter- 
sect the normal at P; and if of these we take only that 
which is in the same direction with JTP, namely P', and 
then advance in the same direction to the contiguous point 
whose normal intersects the normal at P', and so on con- 
tinually, we shall obtain KPP^n a first line of curvature 
of the surface ; the second line of curvature which passes 
through P will be obtained in the same manner, and will 
be RPQE; and as these constructions may be repeated for 
every point of the surface, we shall thus form two series 
of lines of curvature dividing the surface into curvilinear 
quadrilaterals whose sides in space cut one another at right 
angles.* 

It must be observed that the lines of curvature which 
pass through any point and the principal sections through 
the same point, although they have common tangent lines 
at that point, will not usually coincide. Thus in a surface 
of revolution the meridian PB (fig. 6?) and the section 
through the normal perpendicular to the meridian QPG are 
the principal sections at P; but only one of them is a line 
of curvature through P, viz. the meridian ; the other line 
of curvature being manifestly the parallel PZ>, which has a 
common tangent with PQ at P. 
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231. To find the difFerential equation to the projection 
of the lines of eurvature which pass through a given point of 
a curve surface. 

The equations to the normal at a point wyz of a curve 
surface, are 

w - Of -¥ p(z - x)^Oy y' - y + 9(»' - «) « ; 

and at a contiguous point iV + ^, ^ + Xp, x ■{■ l, tlie equations 
to the normal, are 

.1?'- «r - A +pi(iif'-» - /) = 0, y'^- y ^ Ap + ^,(jjf'- ;8f - /) « 0; 

Pi9 9i9 denoting the same functions of a + hy y + k^ that 
p and q are of w and y^ as derived from the given equation 
to the surface x ^fi^j y)» If these two normals intersect, 
their equations must be satisfied by the same values of w\ y\ %\ 
which will be the co-ordinates of their point of intersection ; 
eliminating therefore a?', y\ %\ between the four preceding 
equations, we shall have an equation of condition expressing 
that the normals intersect, and which will establish a relation 
between h and k or fix the direction in which we must pass 
from the proposed point to a consecutive point in order that 
the normals may intersect. Subtracting the first equations 
from the second, we have 

-*+(Pi- P) («' • x)-P\l = 0, - Ap + (9i - q){x - x) -q^l = 0, 

and these equations must agree in giving the same value 
for x\ 

h -\-pJ ^ p^-p 

" k ^q^l qi - q' 

Now let the points be consecutive; then expanding pp ^i, and 
/, and retaining in their developments only those terms which 
involve the simple powers of h and k^ we must have 

T .. j,h -^(p +rh + sk)iph-^qk) .. rh + sk 

limit of , ~ tt-tS \\ = ""'It of— 77 • 

Ap + (y + «A + tk) {ph + qk) sh + tk 

But if 6 be the angle which the tangent to the projection of a 
line of curvature on the plane of wy makes with the axis of a?, 
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we have A; » A tan ultimately ; hence substituting this in the 
above equation, and making h vanish, we have 

I '\- p^ + pqt8in6 r + « tan 
tan 6 + pq + ^tsin0 s + ttan0\ 

But if we now consider tV and y to be the co-ordinates of the 

projection of the line of curvature, we have tan = — ; hence, 

dof 

substituting and reducing, 



Hl-^f)s^pqt][£l 



+ J(l +g«) r - (I + p^)f] ^ - {(1 ^p^)s - pqr} = 0. 

It remains to substitute for p, g, r, «, t their values in terms 

of w and y derived from the equation to the surface and to 

integrate ; the result will be the equation to the projection of 

the lines of curvature. 

dy 
Since the above equation is of two dimensions in — , its 

integral when completed by the arbitrary constant 6*, will be 
of the form C® + 00 (a?, y) -f >|r (a?, y) = 0. Suppose the line 
of curvature is to pass through a point for which iV =s a, y ^ b ; 
therefore C* + C0 (a, ft) + >/^ (a, b) = 0, which will give two 
values of C; and by substituting them successively in the 
complete integral, we shall have the equations to the two lines 
of curvature passing through the given point. 

CoE. We may find the differential equation to the lines 
of curvature of a surface whose equation is given under the 
form F (^, y, x) = 0, as follows. 

Let Uy F, W have the same meanings as in Art. 217, then 
the equations to the normal at a point wyx and at a con- 
tiguous point are 

U " V " w ' ^^ 

X-w-dw Y -- y -^ dy Z-z-dz 
U-^dU ' V+dV " W-^dW ' 
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the second of which by expanding and neglecting small quan- 
tities of the second order becomes 

<*■» xxr ^dU dy ,„ dF d« ,„ ^dW , ^ 
-^iX-a>) — ^ ^ + (r-j,)— = _+(Z-«)— (2). 

Eliminating X^ F, Z between (l) and (2) we get for t5e 
condition that consecutive normals may intersect, 

U{dxdV'-dydW)^V{dwdW''dxdU)-^W{dydU''d3BdV)«0, 

the integral of which joined to the equation F {w^ y, «) « 0, 
will determine the lines of caryature of the surface. If we 
suppose -F(«i7, y, z) =/(a;, y) - » « so that U ^ p, V ^ q<, 
W^ - 1, dU ^ rdx + sdyy dVs: ado; + tdy, dW^Oy we fall 
upon the equation given above. 

232. The points in which the normal at any point is 
intersected by the consecutive normals, coincide, as we have 
seen, with the centers of curvature of the principal sections 
at that point; and the portions of the normal intercepted 
between these points and the point of the surface at which 
it is drawn, (which, as we have seen, are the radii of curvature 
of the principal sections of the surface at that point,) have been 
called by Monge the two radii of curvature of the surface at 
that point, as being the radii of two spheres which alone can 
touch the surface in two consecutive points. For if with 
the points O, (X (fig. 65) as centers, and radii OJ, (/A, we 
describe spheres, the former will touch the surface along AG 
and the latter along AD^ because consecutive normals to the 
surface in both these sections meet AO, But if with Q, the 
center of curvature of any section AP^ as center, and radius 
JQ we describe a sphere, it will not touch the surface along 
AP, because QP cannot be a normal to the surface, since it 
intersects AO; only, this sphere will have the same tangent 
plane as the surface at A^ and its section made by the plane 
AQP will have with the corresponding section of the surface a 
contact of the second order. 

From the consideration of consecutive normals we can now 
find the expressions for the lengths of the principal radii of a 
surface at any point much more easily than by the former 
method. 
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233. To determine the radii of curvature at any point 
of a surface in terms of the co-ordinates of that pointy from 
the consideration of consecutive normals. 

The equations to the normal at a point xyz of a curve 
surface are 

X " X -k- p{z " %) ^ 0^ y' - y + ^ (»' — »)«= 0, 

and at a contiguous point x '\- h, y -{-k^ z + 1^ the equations 
to the normal are 

d?' - 07 - A + pi ()5?' - » - /) e 0, y' — y — Ap + ^, (;ef' - ;ef - /) « 0. 

The values of x\ y^ z which simultaneously satisfy these 
four equations are the co-ordinates of the point of inter- 
section of the normals; subtracting the two former from the 
latter, we have 

- A + (pi - p) (»' - ») - ;>i/ = 0, - ft + (^1 - q) {z -z^-qyl^O, 

both of which the co-ordinate z roust satisfy. Now let the 
points be consecutive, and let the second point be situated on 
a line olf curvature the projection of whose tangent on the 
plane of xy makes an Z with the axis of x^ then k^h tan Q 
ultimately ; hence, expanding p^, ^„ and / in the above 
equations, substituting for ft^ and then making A = 0, we find 
the equations 

(r -f * tan G) («'-«)« 1 + p' + 'pq tan 0, 

(« + ^ tan 0) («' - ;?f) « tan + pg + g* tan 0, 

which must be satisfied by the same values of z and tan Q \ 
hence, eliminating tan d, we must have 

1 + p' - r (iif' - z (z' -- z)8 " pq 
{z - z) 8 - pq 1 + g« - {%' ^ z)t^ 

or (rt - s^) («' - »)« - {(1 + p^)t - 2pg« + (l ^ g")r}ix - z) 

+ 1 f p* + g^*0 (1), 

the equation which determines z' — z, the projection of a 
principal radius of curvature on the axis of z^ so that 

Hence if we find the two values of z' ^ z from the above 
equation, and substitute them in the value of p^ we shall 
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obtain the values of the two principal radii of the surface at 
the proposed point; also knowing «' — x^ the other co-ordinates 
.V and y of the centers of curvature are known from the 
equations to the normal 

a?' - 0? + p ()5?' - «) * 0, y' - y + g («' - ») « 0. 

Cor. The roots of equation (l) have the same or different 
signs according as r^ - «* is positive or negative ; therefore 
the curvatures are in the same or different directions (as we 
have before seen) according as r/ - «^ is positive or negative. 

■ 

Also in order that the two radii of curvature may be equal 
but of different signs, we must have 

(1 + p^)t - 2pq8 4 (1 + g*) r = 0. 

234. In order that the two radii of curvature may be 
equal but of the same signs, we must have (solving equation 
(l) and putting the part under the radical equal to zero) 

{(l + p')^-.2p9«+(l + ^«)r}*-4(l+p2-f9*)(r^-O=0 (0 

or {(l+p')^-(l +^)r + 2(l +^)r -2pg«}* 
- 4{(1 +p*) (1 + q')-pW\ (rt^s^) = ; 
and expanding the first term and reducing, we find 
{(l+pO^-(l+(2^>}*+4{(l+p>-;>^r}{(l+^)«-p9/}=0...(2). 

Let (I ■¥ p^)8 - pqr =pqu, (l + q^)8 - pqt ^ pqv ; 
••• {{l +p')v - {I '\' q^)uy + 4iuv ^0; 

but |(1 + p')v - (1 + q')u + ^-j-^J 

4(1 +0^) 4w- 

= \0 +p')tJ-(l -^ q)u]' + 4uv - ^ Yu* + ———:; 

... {,, .,,.. (, .,.. _L,) .f. <-f^ .»--o...(,,, 

an equation which can only be satisfied by putting 

or (1 + p^)8 - pqr = 0, (1 + q')8 - pqt = 0, 
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the conditions that the two radii of curvature may be equal 
and of the same sign. 

From this process it appears generally that the roots of 
the equations (Arts. 231, 233) which give the principal radii, 
and the directions of the. principal sections, at any point of a 
surface are always real; for these roots involve the square 
roots of the polynomials (l) and (2), which are here shewn to 
be equivalent to one another, and to (3) which is a form that 
never can become negative. 

235. The points of a surface at which the two radii of 
curvature are the same both in magnitude and sign, are called, 
as has been stated, umbilici. The co-ordinates of such points 
must satisfy the double equation 

1 +p* pq 1 -f g' 
r 'T" t • 

at which we may arrive immediately by observing that, since 
at such points all normal sections have the same curvature, 
the expression for the radius of curvature of any normal 
section, 

r + 2«m + tm^ 

must be independent of the quantity m which particularizes 
the normal sections ; and for this it is necessary and sufficient 
that the coefficients of like powers of m in the numerator and 
denominator should be equal ; 

1 + p* _ P9 _ 1 + 9* 
' ' r 8 t ' 

Also at these points the equation which determines the 
directions of the principal sections at any point, since it may 
be put under the form 

vm + < — ) m — u s 0, 

becomes identical, and therefore the directions of the principal 
sections indeterminate ; in fact, all the normal sections having 
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the same curvature, each of them may be considered as a 
principal section. 

And the shortest distance between the normal at the um- 
bilicus and the normal at a consecutive point taken in any 
direction, will vanish as far as it depends upon small terms 
of the first order ; and for certain directions it will vanish as 
far as it depends upon small terms of the second or higher 
orders likewise. For the first member of the equation 
(Art. 231) 

(A + p,l) (q, ^q)^{k-^ qj) (p, - p) = (l) 

is the numerator of the shortest distance between the normals 
at wy« and any adjacent point iV + h, y '\- ky x -{- 1; and ex- 
panding Pi, qij I in powers of h and k as far as the second, 
we get 

Pi = p + dp +^d*p, qi'^q + dq + ^cPqy l = dx + ^cPx 

where dp ^rh + sk, ^p = uh? + 9,x>hk + tf?&*, 

and similarly for the others, so that the first member of (l) 
becomes 

{A + (p + d;> + \d^p) (dx + ^d'x)} {dq + \^q) 

- {A + ((^ + d(/ + ^cP^) {dx ^ \d'x)\{dp + \d'p). 

But if wyx be an umbilicus, all the terms of less than three 
dimensions in h and k are identically isrero ; therefore writing 
down only the terms of three dimensions we get 

(Ji + pdx) d^q + pd^xdq ~ {k + qdx) dT'p - qd'xdp, 

which put equal to zero gives a cubic for determining 

tan -5 A? -f. A ; 

so that in general there will be either one or three directions 
in which we may pass from an umbilicus to an adjacent point, 
so that the normals shall have a coincidence of a higher order 
than for all other adjacent points. If the coeiScients of the 
cubic should be identically zero, we mCkst have recourse to the 
terms of a higher order in the expansion of (l), and we shall 
generally determine a finite number of directions relative to 
which the normals coincide more closely with the normal at 
the umbilicus, than do the normals at other adjacent points ; 
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and those directions more especially deserve the name of lines, 
of curvature through the umbilicus. 

236. To find whether a given surface admits of umbilici^ 
we must substitute the values of p, g, r, «, /, derived from its^ 
equation in the double equation 

1 + p^ pq l+<f 
~ '^ 8 "^ t ' 

and examine whether these together with the equation to the 
surface can be satisfied by real values of Wy y^ x. Consequently 
the number of umbilici of a given surface will in general be 
limited ; only if the double equation should be reducible to a 
single distinct equation, then that equation joined to the 
equation to the surface will determine a curve on the surface 
every point of which will be an umbilicus, and which is called 
a line of spherical curvature, because about each of its points 
the surface is uniformly curved like a sphere. 

237. If through all the points of a line of curvature 
KPP^ (fig. 6S) we draw normals to the surface, since every 
two consecutive ones intersect, they will form a developable 
surface whose edge of regression will be the locus of the 
centers of the first curvature relative to KPP^. Proceeding 
in a similar manner for each line of the same curvature LQQ\ 
&c., we shall obtain a series of developable surfaces of which 
the edges of regression will form by their assemblage a surface 
which is the locus of all the centers of the first curvature, 
and to which all the normals will be tangents. Also this 
surface will have a second sheet which will be the locus of the 
centers of the second curvature, resulting from the edges of 
regression of the surfaces generated by the normals along the 
lines of the second curvature RPQ, MP^Q\ &c. ; and which 
will be touched by the same normals as the other. 

To obtain the equation to this surface, we must eliminate 
tV, y, % between the equation which gives « — ^, the projection 
of a principal radius upon the axis of z (Art. 233), and the 
equations to the normal. When the two sheets intersect, 
their intersection will be the locus of the centers relative to the 
line of spherical curvature of the surface under consideration. 






APPENDIX. 



The following Problems, distributed into Sections cor- 
responding to those into which the Treatise is divided, will 
furnish occasion for applying the results in the Text as they 
are successively obtained. 



Problems on Section I. 

1. To find the equation to a plane considered as generated 
by a straight line always passing through a fixed point and a 
fixed straight line. 

Let x^ ify % be co-ordinates of P any poini in the generating 
line CQ (fig. 7) passing through the fixed point C in the axis 
of X9 and the fixed straight line AB in the plane of ofy. Let 
af\ y be co-ordinates of Q, and a, &, c the lines OAy OB, OC ; 
then 

ay , ^ ON c " X y ON c - z 

a b CO OQ, o y OQ c 

^ y ^ , . .1 

*'. - + -=»! , the equation required. 

a b c 

2. The equation to the plane generated by a straight 
line that always meets a line whose equations are w ^ mx + a^ 
yszfiz+bf and that remains parallel to a line through the 
origin whose equations are w » m'Xf y s n'xf is 

w — m'x — a y — n'« — b 
m ^wl n ^n' 

3. To find geometrically the distance of a point from a 
plane. 

14 
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Let a}\ y\ x' be the co-ordinates of the given point P 
(fig. 9), xssAa^ + By + c the equation to the given plane ABC. 

Through P draw a plane GKH perpendicular to the trace 
AB ; then this plane is perpendicular both to the given plane 
ABC, and to AOB, and contains the ordinate PN. Let GH 
be the intersection of the two planes meeting PN in Q; draw 
PR perpendicular to GH. Then PR is perpendicular to the 
plane ABC; and PR » PQsinPQR = PQ cos GHK. 

But PQ^PN^QN^x-(Aw + By'+c), 
since Q is a point in the plane ABC, for which iV ^ af\ y ssy ; 

and cos GHK = —-==== (Art. 29) ; 

Vl + A* + B* 

- . , ,. X" Ax ^ By — c 
.•. PRy the required distance, = =: ; 

^x/l + A'-^B* 

the radical being taken with that sign which makes the whole 
expression positive. 

4. To find the equations to a straight line which cuts 
perpendicularly each of two straight lines not in the same 
plane, whose equations are given. 

_ OP ^ mx + a) tT = nix + a'l , , . , 

Let _ > , , /> be the equations to the 

y ^ nx -^ b] y ^ nx + of 

given lines ; then if x ^ Aw ■\' By + c be the equation to a 

plane parallel to them both, Am + Bn ^ 1^ Am'-h Bn'^ ^, 

(Art. 23) 

.-. A^ 

Let X = A'w + B'y + c' be the equation to a plane which 
contains the former of the given line and also the required 
line, and which therefore (Art. 41) cuts the plane parallel to 
both the given lines at right angles ; therefore (Art. 23, and 35) 

'AA'+ Bff^ 1 = 0, A'm + JS'w - 1 = 0, A'a + 5'6 + c- 0; 

hence c's - A' a - B'6, 



n- n 


m^m 


mn* - mn 


mn •- mn 
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and A\An^Bm)^^(B-^n), B^Bm- An) = ^ {A •^m)\ 

.'. « = -4' (a? - a) + jB' (y - 6), , 
or z {An - Bm) = - (.i? - a) {B -\' n) + {y ^ h) {A + w), 
or, substituting the values of A and J3, 
^ {m (m'— m) +n (/i'- w)} = (.r - a) {m'-m -f w(m'n - tnn)] 

+*(y " ^) {w'-» + wi (mn" m'n)]j 

is the equation to the plane containing the former of the given 
lines and the required line. 

Similarly, the equation to the plane containing the latter 
of the given lines and the required line, by interchanging 
m, n, a, 6> and m\ n\ a\ b\ is 

X {m'{m - rn) + n^n — n)] ■= {of — a) {m •- rn •\- n {mn -^ mn)\ 

+ (y - 6') {n - n'+ m{m'n - mn) \ . 

These two equations determine the position of the line re- 
quired, since they are the equations to two planes each of 
which contains it ; the equations to its projections may be 
found by Art. 20. 

5. To find the length of the shortest distance between 
two straight lines whose equations are given. 

If a plane be drawn through each of the lines parallel 
to the other, the perpendicular distance of these planes which 
will of course be parallel to one another, will be the shortest 
distance of the lines (Art. 41). 

so ^ mz + a] 0? = m% + «'!,, . , 

Let V, , ./f be the equations to the 

y ^ n% '\- h\ y ^ n % •\'b) 

lines, z ^ Aoo ■{• By -^ c the equation to the plane which is 

parallel to the second and contains the first, 

.'. Am!-\- Bn^ 1, Am + Bn = l, Aa + Bb + c = 0, 

which give for A^ J?, c, the values 

A^ J- , B= 7 ?— , c ^ - Aa " Bb. 

mn — mn mn - mn 

14 — 2 



212 

Similarly, the equation to the plane which is parallel to the 
first and contains the second, is % ^ Aw •{■ By + c^ where 
A J B have the above values, and c' = — Ad -- Bb' \ and the 
lengths of the perpendiculars dropped upon these planes from 
the origin are respectively (Art. 37. Cor.) 



whose difference 



1/1 V^^ ^rB' \/l + ^» + B' 

-(c-c) ^(a'-a)+J?(5'-6) 



\/l+^ +5" s/x^-A'ArB^ 



therefore, substituting for A and B their values, the shortest 
distance between the two lines 

(n'- n) (a - a) - {m - m) (6'- 6) 



Cob. When e in the equation to the first plane, and 
c the corresponding quantity for the second plane, have 
different signs, the origin is situated between the two planes; 
and therefore the distance of the planes will be found by 
taking the sum of the perpendiculars. When the shortest 
distance vanishes, 

(71'- n) (a'- a) = (m'- m) (5'- 6), 

which is the condition in order that the lines may intersect, 
found in Art. 22. 

6, Having given the lengths, the least distance, and the 
inclination of two opposite edges of a tietrahedron, to find its 
volume. 

Let A (fig. 11) be the vertex, and BOC the base of any 
tetrahedron; complete the parallelogram Cy^ and join Ay\ 
let Nso cut each of the opposite edges AB^ OC^ at right 
angles; then OC is parallel, and Nx is perpendicular to the 
plane ABy» Hence, since they are on the same base, and 
their vertices are in a line parallel to the plane of the base, 

tetrah. Ay BO = tetrah. Ay Bob = ^ AB . By . sin ABy . \ Nx ; 
but tetrahedron Ay BO = tretrahedron AOBCy 
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since they have a common vertex, and equal bases in the 
same plane; 

.-. tetrahedron AOBC ^\AB ,OC.N,v. sin 0, 

where 9 denotes the angle between AB and OC. 

*l. A sphere may be described touching each of the six 
edges of a tetrahedron, provided the sum of every two 
opposite edges be the same. 

8. A cube may be cut by a plane so that the section 
shall be a square whose area is to that of the face of the cube 
as 9 to 8. 



9. If a plane be drawn so that the sum of the perpen- 
diculars let fall upon it from n given points wyx\ x'y'«\ &c. 
shall be always equal to a given line R^ then it will always 
touch a sphere the co-ordinates of whose center, and whose 

radius, are respectively - th of the quantities 2 (tr'), 2 (y'), 

2 {%% and R, 

10. The shortest distance between a diagonal of a cube 

and an edge which it does not meet is a-7-\/2, a being an 
edge, 

11. If be the inclination of two planes lw-{-my-\'n%^a^ 
tx + wi'y + n'% = /3, the distance of their line of intersection 

from the origin = -: — - \/d^ - 2a3 cos + Q^. 
° sm 



Pro^lesAs dN Section II. 

The following Problems furnish examples of finding the 
equations to surfaces from the given geometrical mode of 
describing them. As the simplicity of the result will in 
every case greatly depend upon properly selecting the posi* 
tions of the co-ordinate axes, some instances are here intro* 
duced with that special object. 
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1. If a straight line have always three given points in 
three fixed planes at right angles to one another, to find the 
locus of any other point in it. 

Let the planes be taken for the co-ordinate planes, and 
let the line meet them in the points A^ B^ C, (fig. 23) ; 
and let P be the describing point the co-ordinates of which 
are On « w, NQ = y, PQ « x. Also let PA = o, PB ^ 6, 
PC ■= c, Z AC a = «, / Cbof = 0, Ca being the projection of 
CA on wy. Then 



X ^ csini, 0? = a cos i cos d, p=^b cos i sin d ; 

c1?* v' s^ 

— + — + — 

o- 6* c^ 



.-. —+-- + --= COS* » + sin' » = 1 ; 

-^ M *J8 



hence the locus of P is an ellipsoid. 

2. To find the locus of the intersection of two planes 
drawn through two given lines, so as always to be perpendi- 
cular to one another. 

Let AA\ BB\ (fig. 24) be the two given lines, AB 
their shortest distance which make the axis of «\ also take 
the plane bisecting AB at right angles for that of wy^ and 
the line bisecting the angle between the projections Oa, Oh 
of the lines, for the axis of (c. Then if OA = OB = c, and 
tan a Ooo « 971, the equations to the lines AA^ Bff, are 
y as mofy X ^ c; y=- j»^, « = - c. 

Let X ^ Aos •{• By + c be the equation to the plane passing 
through AA' \ .*. A-^-Bmt^O^ 

A ( y\ J fn(x -c) „ X -c 

.-. « - c = ul <r - — or A ^ — ^^ , B ^ . 

\ !»/ mx ^ y mx — y 

Similarly, if » = A*x -f- B'y - c be the equation to the plane 
passing through BB'y A'-B'm^^O; 

^.^ m(x -^ c) ^^ x-^c 



mx + y mx + y 
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But, because the plaues are at right angles to one another, 

AA'-^ Bff^ I = 0, .-. —\^ / ^ ^+ 1 « 0, 

or (w>^ - 1) af^ H- wi^a?*^ - y^ « (w^ - 1) c^ 

which, since only one of the coefficients is neg^live whether 
m> or < 1, represents a hyperboloid of one sheet. 

CoE. It may be easily shewn that each of the lines 
AA\ BB\ lies in the surface, and that a plane perpendicular 
to either of them will cut it in a circle. If the lines are 
parallel, wi « 0, and y^ + ij?^ — c*, which represents a cylinder 
as it ought. 

3. To find the locus of a point which is equidistant 
from two lines given in space. 

Retaining the same axes and notation as in Prob. 2, it 
will be found that the surface is a hyperbolic paraboloid 
having for equation 

mxy + (1 H- m^) cz = 0, 

4. Two points move in straight lines with uniform 
velocities, to find the equation to the surface generated by 
the straight line which joins them. 

Retaining the same axes and notation as in Prob. 2, 
and besides denoting by a, a\ the initial values of w for 
the points moving in AA', BB\ respectively, and by n : 1 
the ratio of their velocities, it will be found that the equa- 
tion to the surface is 



(n + \)c(cy ^moDz) - (« - \)c{fncx - zy) ^m{a~na)(c' — z^). 

5. To find the equation to the surface generated by a 
straight line which constantly passes through three fixed 
straight lines. 

Let a parallelopiped be constructed, having its three 
edges (of which no two either intersect or are parallel to 
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one another) in the three given lines; take its center for 
origin and lines parallel to its edges for the axes ; then the 
equations to the given lines will be 

/r s — al y ■» 6) a? «= a\ 
is ^ c j * » = - cj ' y a - 6j 

Let the equations to the generating line in any posi- 
tion be 

a? - A y — k 



w s mz + A, y a n% + kj 



m n 



then since it meets each of the given lines, we have three 
equations of condition, viz. 

a — h b + k 
— a « mc -^ hf b m »^ nc -h kf 



m n ' 



and it remains to eliminate i7t, n, A, k^ between these and 
the equations to the generating line. . The result is 

ay« + bzof + cofy + abc = 0. 

Cor. If the signs o^ ttie quantities a, 6, c be changed 
this equation is not dtered ; therefore the same surface would 
be generated by a straight line constantly passing through 
three different straight lines whose equations are 

a? = ol y = — 61 0? as - al 
jtr s - ej ' « = cj^ y as bf' 

The surface, as we know, is a hyperboloid of one sheet ; the 
latter therefore is the only surface that can be generated in 
the manner described above ; the origin is its center, and the 
axes of the co-ordinates are situated in the surface of the 
conical asymptote. 

6. To find the surface generated by a line which always 
intersects two given lines, and is parallel to a fixed plane. 

Let the fixed plane be taken for that of yz^ and let AB 
(fig. 24), the line joining the traces of the given lines on that 
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plane, be taken for the axis of z^ and it6 middle point for the 
origin. Also, let the plane of jcy be parallel to the two given 
lines, and the axis of w bisect the angle between their pro- 
jections made parallel to Ox. Then referred to this system of 
oblique axes the equations to the given lines are 

y = mWy sf as c ; ^ " — wi<2?, « = — c. 

Let <r =: a, y »nss + h^ be the equations to the generating 
line since it is parallel io yss\ then since it intersects each 
of the given lines 

ma =^nc + bf — ma = — wc + ft ; 

.*. ft « 0, and ma=^nCy or eliminating a and /i, mx,v ^ cy 
is the required equation, representing, as we know, a^ hyper- 
bolic paraboloid. 

7. To find the surface generated by a straight line con- 
stantly meeting three given lines that are parallel to the same 
plane. 

Take one of the giv^ lines for the axis of a?, and a line 
intersecting it and parallel to another of the given lines for 
the axis of y, so that the plane of wy is that to which the 
three given straight lines are parallel ; and for the axis of % 
take a line joining the origin with the point in which the third 
given line meets the plane containing the axis of y and the 
line to which it is parallel. Then the equations to the three 
given lines are 

y = Ol a? = Ol y = mw\ 

and the equation to the surface will be found to be 

ky% •{- m{h — k)x% ^ hky^ 

representing a hyperbolic paraboloid since the surface Las not 
a center, and is generated by a straight line that does not 
continue parallel to itself. No two of the fixed lines must 
be in the same plane ; for if so, two planes will be generated, 
viz. that containing the two lines and meeting the third 
at an infinite distance, and that passing through the point of 
intersection of the two lines and the third line. 
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8. The locus of a point, whose distauce from a fixed 
point is always equal to n times its distance from a fixed line, 

is a spheroid with semi-axes , , c being the 

1 - n y/i -n* 

perpendicular distance of the fixed point from the fixed line. 

Let H (fig. 6) be the given point, HA = c the perpen- 
dicular from it on the given line ATt ptoAuce AH to O so 

C Vl^C 

that AO = r , and consequently HO = z • Draw Oz 

parallel to AT for axis of x, and take OA for axis of ic, and 
let P with co-ordinates Wy y^ x he a point in the locus so that 
HP'^n^PT', 

.'. ( - <r j + y^ + »* = »* . MA^ «= n^ [tZ~^ " ^] "*" ^*^*' 

or (1 - w^) j/^ + J!f* + (1 - n') or" = -^^ ; 

1 — w 

which represents a spheroid with the semi-axes above stated. 

9. To find the locus of a point whose distance from a 
given point always equals n times its distance (measured 
parallel to a fixed plane) from a given line. 

Take a plane through the given point parallel to the 
fixed plane for the plane of wy^ and a plane through the given 
line perpendicular to the fixed plane for that of /vxy and sup- 
pose the axis of y to contain the given point, then 

a^ + (y -by + z^ ^ n^y^ + n* (mz -^ a -- wy 

is the required equation, «r s 972 <^ + a. being the equation to 
the given line in the plane of a^z. 

10. The locus of a point whose distance from a fixed 
plane (that of wy) always equals its distance from a line 
inclined at an angle a to that plane, has for its equation 

y^ - a?y sin 2a + Gv® — »^) sin^ a == 0. 
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11. To find the equation to the surface of a cable-ring, 
having given a and c the radii of its inner and outer boundaries. 
Also to shew that the section made by a plane touching the 
inner boundary is a Lemniscata when c ^ 3a, 

Let ACB a diameter of a circle whose center is C meet 
OZf a line in the plane of the circle, at right angles in O; 
to find the equation to the surface generated by the revolution 
of the circle about Ox. Take ON, NP co-ordinates of P a 
point in the circle, then 

PN' ^AN.NB^ (OA - ON) . {ON - OB), 
or »* = {tV — a) (c - w) 

is the equation to the generating curve in the plane of xw; 
therefore (Art. 52) the equation to the surface generated is 

To determine the section made by a plane touching the 
inner boundary let a? « a, then 



ss^ = (v/o* + y* - o) (c - \/a® + y'0» 
or ix" + fy = ic + a) {(c - a)y* - 2a«r«}, 

which becomes the equation to the common Lemniscata if 
c ^ 3a, 

12. If the axes of a hyperboloid become evanescent, 
always preserving a constant ratio to one another, the surface 
is changed into its asymptotic cone. 

Let the equation to the hyperboloid be 

x" f s? 

± s 1 

a" h" c" ' 

a, by c being certain given values of the semi-axes ; and sup- 
pose the semi-axes to diminish continually, but always to be 
proportional to a, 6, e; then they may be represented by wa, 
91 6, TIC, where n is a common multiplier continually growing 
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less; therefore the equation to the surface in its successive 
changes will be 

tfc -^ — « 1, or ~ ± ^ - ~ = n* ; 



w*a* n^&« n^c* ' a^ 

therefore, making n = 0, or the semi-axes wa, w6, tic, evan- 
escent, the equation to the surface becomes the same as that 
to its conical asymptote, viz. 

a?* y* «* 

— ± — a 0. 

a* ft'* (? 

13. If two fixed lines pass through a point, the locus of a 
third line passing through the same point and making angles 
o, a with the former, such that tan ^ a. tan ^ a' is invariable, 
is a cone of the fourth order. 

14. To find the locus of a circle whose center is the 
origin, and which always passes through the axis of %^ and 
through an ellipse whose equation is a^y*' + Va^ = a^y*\ 

15. If three lines mutually at right angles and passing 
through a fixed point C intersect the surface of a sphere, 
then the center of gravity both of the triangle formed by 
joining any three points of intersection, and of the pyramid 
having C for its vertex and that triangle for base, will lie in 
spherical surfaces described about C as center with radii 



-= \ \/3r'-2cP and ^ \/sr^ - 2(P 

respectively, r being the radius of the sphere and d the 
distance of its center from C 

16. If the paraboloid la^ -v ty^ '^I'lx be cut by planes 
through its axis, the directrices of the sections will lie in a 
surface whose equation is 4«f {la^ + ty^) + IV {w^ + y^) = 0. 

17. If one of the co-ordinates of an ellipsoid be produced 
so that the part produced may equal the sum of the other two, 
its extremity will trace out an ellipsoid of the same volume as 
the original one. 
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18. The locus of a circle that always touches the axis 
of z at the origin, and also passes through a fixed straight 
line ay •¥ btV ^ ab in the plane of a^y^ has for its equation 

%^ (ay + bx) + («' + y*) {ay + bw ^ aB) = 0. 



Problems on Section III. 

We shall here give some applications of the principal 
results obtained in this section, relative to the projections 
of plane surfaces, the transfprniatio|i of co-ordinates, and the 
intersections of surfaces by planes. 

1. The pyramid whpse vertex is the origin, and base any 
plane surface, is equal to the three pyramids whose common 
vertex is any point in the plane of the surface, and bases its 
three projections on the co-ordinate planes. 

Let (/, a perpendicular from the origin upon the plane in 
which the surface lies, make angles a, jSs y with the axes of 
/r, y, z; also let A denote the area of the surface, and <r, y, z 
the co-ordinates of any point in its plane, 

.'. w cos a + y cos (i ^ z cos y ^ d. 

Hence, multiplying by ^A^ 

d 

Acosa.^af + Jcos(i.^y + Acosy.^z^A-t 

X J y A ^ ^ A ^ 
3 ^ S 3 3 

which (since the volume of any pyramid is equal to the 
area of its base multiplied by one third of its height) ex- 
presses the property announced. The quantities -4,, Aj^ Ag 
will be positive or negative according as a, j3, y are acut^ 
or obtuse. 

2. To find the sum of the projections of any number of 
areas upon a given plane. 
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Let D'y D"y &c. denote the areas; a, /3', 7'; d\ /3", 7"; 
&c. the angles which the perpendiculars upon their planes 
from the origio make with the rectangular axes of Xy y, z 
produced in the positive directions. Also, let a, /3, 7 be 
the angles which a perpendicular to the given plane makes 
with the same axes. Then the areas must be multiplied 
respectively by the expressions 

cos a cos a + cos /3 cos /3' + cos 7 cos 7' 

cos a cos tt"+ cos /3 cos /3"-f cos 7 cos 7", &c., 

which are the values of the cosines of the angles between the 
plane of projection, and the planes in which the areas lie. 
The sum of these products will be 

S = cos a (D' cos a' + D" cos a" + &c.) 

+ cos /3 (Z>' cos /y + D" cos /3" + &c.) 

+ cos 7 (D' cos 7' + D" cos 7" + &c.) ; 

or, if we denote the sums of the projections on the co-ordinate 
planes of yXy »^, wy by »S„ S^y Sg respectively, 

S =s Sje cos a -^ Sy cos /3 + aS, cos 7 ; 

which enables us, from knowing the projections of any areas 
upon three planes at right angles to one another, to find 
the sum of their projections upon any plane whose position 
is given relative to the same planes. In forming the values 
of Sgy Sj^9 Sg regard must of course be had to the signs 
of cos a', cos a", &c. 

3. To find the position of the plane on which the sum 
of the projections of any number of areas is a maximum. 

Let Sgf iSy, Sg denote the sums of the projections of 
the areas on the co-ordinate planes of y% »a?, tvy respec- 
tively ; Sa^y Sy'9 Sg' the sums of the projections on three 
other planes yx\ %\vy a/y at right angles to one another 
having the same origin, 
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.'. Sy « S:, COS af'w + Sy COS 0?'^ + Sg COS a?'ar, 
Sy' a= aSj, cos y'ci? + Sy cos y'y + Sg cos y ijr, 
'S'*' = *S'* cos )8f'a? + ^Sy cos x'y + «?, cos «V. 

Hence, squaring and adding and taking account of the equa- 
tions of condition to which the cosines are subject, 






Hence, if the planes of y'x , ^ ^ , iT ^ , be so situated that 
the sums of the projections on two of them vanish, the sum 
of the projections on the third will be the greatest possible ; 
let this be the plane of y«\ then S^ = 0, S^^^ 0, and 

the greatest sum S ^ S^ ^ \/Sl + SI + S^. 

But if we had begun by supposing the projections on 
the planes of y'%\ x'w\ soy' given, we should have had 
the equation 

Sa = Sjf cos asaf •\- S^ cos xy + S^^ cos mz. 
In this case therefore, Sg = S^f costva?'; similarly, 
Sy- SgQjo%yx\ Sg-^ S^cosxof'; 

which three equations determine the position of the plane (or 
rather of its normal, viz. the axis of ,v) on which the sum 

of the projections is a maximum, since »Sv = X^^'i + S^ ^ S** 

Cob. Let S' denote the sum of the projections on a 
plane whose normal makes angles a, fi\ y with the axes 
of ^, ^, %y and an z = d with the normal to the plane of 
greatest projection, and let the latter normal make angles 
o, /3, 7 with the axes; 

.•. cos 6 = cos a cos a + cos /3 cos fi' + cos y cos y 
S^f cos a + Sy cos )3' + Sg cos y S' 

,\ S'si S COS 9. 
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Hence, the sum of the projections vanishes on all planes per* 
pendicular to that on which the sum is a maximum. 

4. To find the area of the surface of any portion of a 
right cone on a circular base. 

Let ACM (fig* 3d) be a section through the axis of the 
cone perpendicular to the cutting plane CPB; 

AC^c, AB^c\ /^CAB^fix 

also let Cpb be the projection of CPB on a plane perpen- 
dicular to the axis, then 

C6 = (c 4- c) sin ^/3 = major axis of projection ; 



and v'cc^sin ^/3 «s ^ minor axis both of CPB and Cpb^ since 
it is a mean proportional between the perpendiculars dropped 
from B and C upon the axis of the cone ; 



.*. the area of projection Cpb « tt sm* — . . 

2 2 

But Cpb is the projection of the conical surface CABPy 
every portion of which is inclined at an z = 90° - ^ /3 to the 
plane CM^ 

.'. area of surface CABP = 7r sin * 

5. Three straight lines mutually at right angles and 
meeting in a point, constantly pass through a plane curve 
of the second order; to find the locusf of their point of 
intersection. 

Let Aa^-^^By'^C] ^ , ' , 

> be equations to the plane curve> 

ft, Ac, I the co-ordinates of the point of intersection of the 
three lines; and let the curve be referred to that point as 
origin, and to the three straight lines as axes; let the co- 
sines of the angles formed by the new axes of a?', y\ «\ with 
the axis of ct?, be denoted by m^ n^ r \ and similarly for the 
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axes of y and z ; therefore by the formulse of Art. 90, the 
transformed equations to the curve are 

J(maf'+nf/+ r%' + A)* + 5 {m'af + ny + r »' + Ar)* « C, 

In order that the axis of a/ may meet the curve, these 
two equations must agree in giving the same value for af\ 
when y' and »' = ; 

/. A{fnx-\- hf + B[mw + kf = C, m"a/ + f « 0, or ^r' r, ; 



hence, substituting this value of w in the former equation, 
and proceeding in a similar manner with respect to the axes 
of y and %\ we have 

A{m"h-mlY +* B(m'k - m'0*= Cm'\ 
A {n"h - niy + B {nk - n'/)'^ « Cw"*, 
^ (/'A - rtf + S (r'ifc - r'ly « C/'*. 

Therefore, adding these equations together and taking account 
of the equations of condition to which the quantities m^ n, &c. 
are subject, 

the equation to the locus; which is therefore a surface of 
the second order concentric with the curve. 

Cor. If the given curve be an ellipse, this equation 
becomes, replacing A, Ar, I by a?, y, ^, 

that to an ellipsoid ; if a hyperbola, the equation to the sur- 
face is 

that to a hyperboloid of one or two sheets, according as 
the transverse axis of the hyperbola < or > the conjugate axis. 

In the case of the ellipse, if we remove the origin to 
15 
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the extremity of the major axis, by writing a? - « for a?, the 
equations become 

now let 6' = 2 a/) — jo% p being the distance of the focus of 
the ellipse from its vertex, and make a infinite ; 

which shew that when the curve is a parabola, the locus 
required is the paraboloid which it would generate by re- 
volving about its axis. 

6. Three straight lines mutually at right angles and 
meeting in a point are applied to a surface of the second 
order ; to find the locus of their point of intersection. 

Let the equation to the surface be -4 j?^ -f Bj^ + C%^ = X) ; 
then referring it to the three straight lines as axes and 
to their point of intersection as origin, the transformed 
equation is 

A{mx H- ny' -f r% + Jif + B{mx* + ny + rV + A;)* 

+ C(m 00 -\- n y + r z + I) ^ D. 

Now making successively y\ %\ = 0, a?', %\ = 0, a?', y\ = O, 
in order to determine the points where the axes of a?', y\ x 
meet the surface, and calling Ah^^ Bk^ + C/^ - D - G, we have 

af''{m'A + m'B + m"C) + 2af\mAh + mBk + m'Cl) + G = 0, 
y ^(wM + n'B + n'^C) + 2yXnAh -\- n' Bk + n'Cl) + G = O, 
^'«(r^^ + /^5 + r'''C) + 2i^'(r^A + r'5ib + r'Cl) + G = 0. 

But since the axes of a?', y', z' touch the surface, the two 
points in which any axis meets it coincide in one; therefore 
the roots of each of the above equations are equal, and the 
first members are perfect squares ; 

.\ {m^A + w'^jB + ni'^C)G ^{mAh^wlBk^ m'Cl)\ 

{v?A •+ n^B + 'r^''C)G = {nAh + n' Bk + nCVf^ 

if A + r' B + r"« C)G ^ {r Ah ^- vBk + r'Ciy. 
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HeDce, adding together these equations, and taking account 
of the equations of condition to which the quantities m, n, &c. 
are subject, 

or, restoring the value of G, and reducing, 
A{B + C)A» + B(A + C)k^ + C(A + B)P ^ {A -^ B + C) D, 

the equation to the locus, which is therefore a surface of the 
second order concentric with the proposed one. 

Cor. For the ellipsoid, replacing A, Ar, / by <v, y^ Zy 
this equation becomes 

a^ v' %^ 

e E s 

if gy g\ g" denote the three altitudes of the triangle formed 
by joining the vertices of the ellipsoid (Cor. Art. 82). 

If we remove the origin to the extremity of the semi- 
axis a, and then make a infinite, the equations become 

— -h — > - 2^ = 0, y* + »* = 4(p + p)iV 4- ^pp ; 
2j» 2/) 

if therefore the given surface be a paraboloid, the locus 
required is a paraboloid of revolution. 

If the given surface be a hyperboloid of one sheet, making 
(? negative, the equation to the locus is 

(6' - i?)^ + (a' - ^)it + (a' + h^)^ = a*ft' - c»(a" + 6«) ; 
the locus is therefore an ellipsoid when c, the imaginary semi- 
axis, is less than — . and of course less than either 

of the real semiaxes ; a point, viz. the center, when 

c s ; imaginary, till c = fc the less of the real semi- 

V o* + 6* 

16 — 2 
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axes ; a hyperboloid of two sheets till c ^ a^ when it becomes 
a hyperbolic cylinder; and a hyperboloid of one sheet for 
all future values of c, i. e. whenever the imaginary axis is 
greater than either of the real axes. 

If the given surface be a hyperboloid of two sheets, 
making W and c* both negative, the equation to the locus is 

which is imaginary, as long as a the real semiaxis is less 

be 
than — . . , and of course less than either fe or c ; a 

he 
point, when a = ; afterwards an ellipsoid, till a = c 

Vb^ 4- i? 
the less of the imaginary semiaxes, when it becomes an 
elliptic cylinder ; a hyperboloid of one sheet, till a-b when 
it becomes a hyperbolic cylinder; and for all future values 
of a, a hyperboloid of two sheets, *. e. whenever the real 
axis exceeds each of the imaginary axes. 

Also, if in the original equation we put Z> =0, ^ = — , 

jB = — , C » — , we have the equation to a conical sur- 
b* c* 

face of the second order, and the equation to the locus be- 
comes 

(I? + c^)c^ + (a* + 0^)3^ + {a"" + 6')»^ = 0, 

which is also the equation to a conical surface of the second 
order ; one, or two of the quantities a\ 6% c* being negative. 

7* To find the equation to the section of an oblique 
cone on a circular base. 

Let the diameter of the base on which a perpendicular 
from the vertex falls, be taken for the axis of x. Then 
(Art. 49) making 6 == 0, the equation to the surface is, putting 

c^y^ sr (^cof - ax) (2cr + az — cw); 
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therefore, the equation to the section made by a plane through 
the axis of y inclined at an Z.Q to the plane of the base, is 

c^y* = (c cos d - a sin 6) \2cra/ + (a sin d - c cos 0)af^\ . 

c c 

As long as tan lies between - and — , , or between SJB 

a a 

and SEB (fig. 34), i. e. as long as the plane cuts both sheets 

of the cone, the section is a hyperbola. 

c 
When tan =6= -7 ; or the plane is parallel to ES\ the 

section is a parabola. In other cases it is an ellipse, which 
becomes a circle when 

c* = (c cos d — ami 6) {c cos 6 - a sin 0), 
or, c* + c^ tan' = c^ - c (a + a ) tan + aa tan*0 ; 

c(a + a') 



.'. tan ss 0, or tan = 



' 2 • 

aa " c 



The first value of d gives the base of the cone; thd 
second gives 

tan e « tan (SJB + SEB), 

or if 2>u^y be the plane of the circular section, 

DAE = SAB + SEB, .'. Z>J*y = J?JE:*S ; 

that is, the cutting plane makes the same angle with one 
side of the principal section of the cone, that the base does 
with the other. This circular section is called the subcon- 
trary section. 

8. The sum of the squares of the reciprocals of any 
three semidiameters of an ellipsoid mutually at right angles^ 
is equal to the sum of the squares of the reciprocals of the 
semiaxes. 

Let a, /3, y be the angles which any semidiameter r 
makes with the axes, then the co-ordinates of its extremity 
are a? = r cos a, y ^ r cos/3, a? = r cos ^ ; 

1 cos' a cos^/3 cos'y 
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aod formiog similar equations for r and /', and adding, since 
the semidiatneters are mutually at right angles, we find 



11 1111 

J. _« + 8 \- -I- — 

r r T a c 



9. If a sphere be placed in a paraboloid of revolution, 
the section of the paraboloid made by any plane touching the 
sphere is a conic section having the point of contact for a focus. 

10. The eccentricity of any section of a paraboloid of 
revolution is equal to the cosine of the inclination of the 
cutting plane to the axis. 

11. To shew that among the constants tn^ n, r &c. 
employed in passing from one rectangular system of co- 
ordinates to another, the following relations hold ; 

and similarly for w, n\ n% and r, r , r". 

Eliminating y and x from equations (3) Art. ^ we get 

\af « (wV' - n^r)x + (w'V - nr*')y + (n/ - n'r)% 

= \m3D + \my + \rn'% from (5). 

.«. Xm ■» nr' - w'V, Xw' = n'V - nr\ Xm" = nr' - nV ; 

/. X» « (nV' - nV)» + (n V - nry + (»/ - nV)« 

« (n« + n'« + n"«) (r« + /« + r"0 sin» (Cor. Art. SO) 

Bl,d being the angle between the axes of ^andiv'; and 
.*. sin 0«»1. Hence X= ± 1, and the proposed results are esta- 
blished. 

12. To shew that 

{mm my + {nn'ny + (rrry « (wi wr)« + {m'nVy + (mW)*. 

we have (mm'my 
■s mW(«n"+ rr")(nn' + rr) from (7) 
^mm nn .n+wwi rr .r+mn r.m nr + m nr ,m nff 
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and forming similar expressions for {nnn'Y ^^^ (rrr*^^) and 
adding them together, observing that 

nrm m (nn + r r ) = - (wi w w )% 

we get 2(fwmWy + 2(«nV')« + 2(rrV')« 

^ mn r ,m nr -^ m nr . nin r + mnr . mn r •\- mnj .m nr 

+ m n r . mn r + mn r . m nr ; 

and as the second member does not alter when we simul- 
taneously interchange m' with n, m" with r, n" with /, the 
proposed result is established. 

13. To pass from the rectangular system of co-ordinates 
«v» Vi ^» to another rectangular system w\ y\ « ; having given 
the z at which the planes of xy^ wy\ are inclined to one 
another, and the angles 0, >//, which their line of intersection 
makes with the axes of <r and a/ respectively. 

Let the new plane of wy* intersect the plane of wy in 
the line Ox^ (fig. 29), and be situated above it ; and let 
Ox perpendicular to the plane oo'y be the axis of x\ and 
Ox\ Oy\ the axes of oo and y \ and let a sphere be 
described about O as a center with radius 1, cutting the 
axes in the points tV, y^ x^ &c. ; and suppose these points 
to be joined by arcs of great circles. Then if xx^ « 0, 
and z xx^y = 0, or xx = ^, the plane of x*y and the axis 
Ox will be completely determined ; also if x'x^ s= \|/, then 
the positions of Ox\ Oy\ in the plane afiy will be fixed. 

Also we have 

X a= X coi X X -{- y cos y x + x' cos x'x^ &c. ; 

and our object is to express the nine cosines in terms of 
^9 09 >^9 which may be done by means of the fundamental 
theorem in Spherical Trigonometry for finding one side of 
a triangle in terms of the other two and the included angle. 

First, from the triangle xxiXy in which ixx^x « 180® - 0, 
cos XX s cos cos >|/ — sin sin >^ cos Q ; 
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and changing yj/ into 90^ + \/^» 

cos yw a — cos <p sin yj/ — sin cos \^ cos 9 ; 
also from the triangle «'^,^, in which sf'ofi = 90°, zXiW = 90** - 0, 

cos xw « sin sin d. 
Secondly, from the triangle .r a?,y, in which J7,y ■ 90® - ^ 
cos wy B cos >|/ sin + sin >// cos cos 9 ; 
and changing \/^ into 90" + \/^, 

cos y'y s — sin >|/ sin + cos ^ cos cos 9 ; 
also from the triangle %af,y^ in which ijf'o?! = 90**, Xic^y » 90^+ 0, 

cos j^'^ s — cos {p sin d. 

Lastly, from the triangle wxi«^ in which zwi^ 9QP, afwxX « 90^ - 0, 

cos T% B sin ^ sin 9 ; 
and changing y^ into 90® + >j>, 

cos ^';v B cos \/^ sin d ; also cos x'x « cos 9. 



Pboblems on Section IV. 



The following Examples will illustrate the method of 
drawing tangent planes and normals to curve surfaces, and 
finding their volumes and areas. 

1. . To find the equation to the tangent plane to an 
ellipsoid at a proposed point. 

a^ y^ z* 
The equation to the surface is -r + — + — = 1, 

or 0* c' 

w % d« y X dx 

* ' a* (^diV * 6* €^dy 

Hence, substituting for — > -7- > their values in 

dw dy 

dx , dx , 
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the equation to the plane which touches the ellipsoid at the 
point ofyx, is 

xz SI? wx a? yy v* 

<r c* a* a' 6* 6* 

auo yy xsii 
or — ^ +-— + — -=l. 

Cob. To find where the tangent plane cuts the axes^ 

c? 
making y ^ 0^ si^ ^0^ we get so ^ -^ ^ the distance from the 

center at which it cuts the axis of x ; similarly the distances 
from the center at which it cuts the axes of y and x^ are 

— and — . 
V « 

2. To find the equations to the normal to an ellipsoid at 
a proposed point. 

^. d% i? X d% c^ y , 
Since — ■■ — r-, -r-«=-7i-5 the equations are 
dx or X dy b* x 

Cob. By making x' ^ 0, we find the co-ordinates of the 
point where the normal meets the plane of xy^ 

also, the length of the normal, intercepted between the sur« 
face and the plane of xy^ is 

^ a^ x" b^ SI? rt* 6* c* 

3. To find the locus of the extremity of the perpen- 
dicular dropped from the center upon the tangent plane to an 
ellipsoid. 

The equations to a perpendicular from the center on the 



234 

tangent plane are a?' = — -»', y^Ti-ss\ which, combined 

or z tr % 

with the equation to the tangent plane, give by elinainating x 

and y, 

d's/ a\v b^y' 

in which expressions ^', y', »' are the co-ordinates of the 
point of intersection of the tangent plane and perpendicular ; 
and cV, y, x the co-ordinates of the point in the surface to 

cT^ mS egi 

which the tangent plane is applied so that "~i + tj + "% *= 1 5 

therefore the required equation is 

(aa;y+ (6y')* + (cz')^ = (^'« + y'* + x'y. 

Hence if R be the central distance of a point in the ellipsoid 
the normal N at which makes angles a, /3, y^ with the axes, 
and P be the perpendicular on the tangent plane at that point, 
we get from equations (l), considering that JP® = /p'* + y'^ + x'\ 
P cos a » «?', a* cosa = Pj?, &c. 

1 f^ ^ ^' :?^' 

- + t; + T 1 = o'cos^a + 6' cos«/3 + c" cos*v, 
or }r e ) ' 

jj2p8 « p' (^8 + y* + 5f*) = a* cos^a + 6* cos^/3 + c* cos*7. 

4. If three tangent planes to an ellipsoid are mutually at 
right angles, their point of intersection will trace out a sphere 
concentric with the ellipsoid. 

Let P the perpendicular from the center on a tangent 
plane make angles a^ /S, 7 with the axes of x^ y* ^ ; then the 
equation to that plane is x cosa + y'cos/3 + ^cos^ « P, which 
must be identical with the equation to the tangent plane 
expressed by the co-ordinates of the point of contact, viz. 

wx vv' ^^ 
a* Ir & 



836 



ofp r. yP *^ , ^' y' «* 

•. cosa = — T-, co8j3 = -r-, cos7 = -^, but — + _ + - = 1, 



as before, which gives the length of the perpendicular in terms 
of its inclinations to the axes. Now let there be two other 
perpendiculars P', P'\ which make with the axes the angles a', 
fi\ y ; a\ )3", 7" ; respectively, 

.-. P'2 = a* cos^a' + V cos^)3' + c* cos^V , 

P"« - a* cos^a" + 6« cos* /3" + e" coB^y ; 

and suppose the three perpendiculars to be mutually at right 
angles ; then since a, a\ a' are the angles which a line (viz. 
the axis of w) makes with three rectangular axes, viz. the 
three perpendiculars, if we take account of the condition to 
which they, as well as /3, /3', /3", 7, 7', 7", are subject (Art. 
5), and add, we find 

but the first member is equal to the square of the distance 
from the origin of the point of intersection of the three 
planes ; this point therefore describes a spherical surface con- 
centric with the ellipsoid whose radius = \/a* + 6* + c*. 

In the case of hyperboloids, one at least of the quantities 
o*, 6^, c* is negative, and hence their sum may be negative or 
nothing ; in the former case there is no point in space through 
which three rectangular planes touching the hyperboloid can 
be drawn, and in the latter, the center is the only point which 
has that property. 

CoK. If we remove the origin to the extremity of the 
semiaxis a, and then make a infinite as in Art. 7^9 the equation 
to the ellipsoid will become 

■^-+ — ; = 2a?; 
^P 2p' 
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and the equation to the sphere will become 

or, making a infinite, — .tr « p + p' ; therefore the locus, in the 
case of paraboloids, is a plane perpendicular to the axis of the 
surface^ and at a distance a - (p + p') from the vertex. 

5. Three planes mutually at right angles constantly 
touch the perimeter of a plane curve of the second order ; to 
find the locus of their point of intersection. 

Let the equation to the curve, and to one of the rect- 
angular planes, be respectively 

— + — = 1, a?' cosa + y' cosj3 + x' cos^y ■= d ; 

then making x' » 0, the equation to the trace of the plane on 
jpy is j7'cosa + y' cos/3 « d, which must be identical with the 
equation to the tangent of the curve 

a?a?' yy xd ^ yd 

-T- + -7i- = 1, so that cosa = —r , cosfl = — - ; 

(CO d\ * / V d\ * 
— ) + (x) "* «*cos'o + 6'cos*/3; and similarly 

e[^ = a« cos«a + ** cos*/3', d"« - a« cos^a" + 6* cos«/3". 

Hence, adding, d* + d'* + d''^ = a* + 6% which shews that 
the locus is a sphere, concentric with the curve, whose ra- 
dius « \/d^ + 6^ 

CoE. If the curve be a hyperbola, the radius = v/a* — 6* ; 
therefore we must have the transverse greater than the con- 
jugate axis, otherwise the problem is impossible; if 0=6, 
as in the rectangular hyperbola, the locus is a point, viz. the 
center. If the curve be a parabola, it may be shewn, as in 
Prob. 4, that the locus is a plane perpendicular to the plane 
of the parabola passing through its directrix. 

6. If two concentric surfaces of the second order have 
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the same foci for their principal sections, they will cut one 
another every where at right angles. 

a^ y*' s^ w^ tr z^ 

be the equations to the surfaces ; then the equations to the 
tangent planes are 

WW yy s^x ww' yy %z 

a'* 6^* & ' o'^ 6'* c 2 

and in order that these may be at right angles^ we must have 

x^ f/' «f' 

+ Jl + SB • 

d'd' Vb'' &c^ 

(hence one of the surfaces must be a hyperboloid, for some of 
the quantities a^, 6% &c. must be negative ;) and this equation 
gives the relation among the co-ordinates of the points in 
which the surfaces may intersect at right angles. But by 
subtracting the two equations, we find 

for the relation among the co-ordinates of the actual points 
of intersection, which must be identical with the former if 
the surfaces intersect every where at right angles. Hence> 
equating the ratios of corresponding coefficients, 

flS «. a'2 = 68 - 6'^ = t-* - e\ 
or a« - 6* « a* - h\ a« - & « a'* - c^ fc« - c* - V' - c\ 

which three equations express that the principal sections of the 
surfaces have the same foci, or that the surfaces are homofocal. 

Cob. In like manner, if the surfaces have not a center, 
and we represent their equations by 

9? ^ 9,w ' »* y* ^w 
by eliminating w between these equations, and comparing the 



338 

result with the equation expressing that the tangent planes are 
at right angles, we find that the surfaces will intersect every 
where at right angles^ provided 

2o 2a' ' 2a 2a' 

that is, the foci of the principal sections of the surfaces must 
be coincident. 

7. If three surfaces of the second order have the same 
foci for their principal sections, and if each of three planes 
mutually at right angles touch one of them, the point of inter- 
section of the planes will trace out a sphere. 

8. If the tangent planes to two homofocal surfaces of 
the second order be parallel, the difference of the squares of 
the distances of those planes from the center of the surfaces 
is invariable. 

9. The locus of the projection of the origin of co- 
ordinates upon the tangent planes to wyx «= a% has for its 
equation ^la^ayz « {w^ + y* -f- »')'. 

10. If the equation to a surface be \/^+\/y+\/^=\/a> 
the sum of the portions of the co-ordinate axes, intercepted 
between the origin and tangent plane at any point, is constant. 

11. If a?y2r be the point in a curve surface the tangent 
plane at which forms with the co-ordinate planes a pyramid 
of the least volunoe, the equation to that plane will be 

X Y Z 

— + — + -« 3. 
w y z 

12. The number of normals to a surface of the n^ order 
that may pass through a given point cannot in general exceed 
w' - w* + w. 

Take the given point for the origin, and suppose the 
equation to the surface to be 

w « «« + F,«"-^ + F,««-« + ... + F„_i« + F, - 0, 
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where V^ denotes an integral function of a? and y of t 
dimensions ; then 

du du 

-— + -— .p = 0, or R ■\- Qp -0'^ 

dx d% 

similarly, S + Q^ * ; 

consequently the points of the surface through which the 
normal drawn from the origin may pass, will be determined 
by the values of cc^ y and % that simultaneously satisfy the 
three equations 

w = 0, Qx - R% ^0, Qy - Sz ^0; (l) 

and as each of these equations is of n dimensions, they will 
determine n^ points. But if ^ = 0, u and Q are reduced to 
r„ and Fn_i; and equations (l) are replaced by 

;jf = 0, F^^O, F;,., =0; 

which determine n (w - 1) points in the plane of wy that may 
be foreign to the question, and such (not that the normal at 
them passes through the origin but) that at them the tangent 
plane is parallel to the axis of % ; consequently the number 
of points determined by equations (l) that satisfy the proposed 
condition cannot in general exceed n^ — n^ + n, 

13. If jp, r be the perpendicular on the tangent plane 
and the radius vector at any point of a surface, then p^ -r- r 
will equal the length of the perpendicular on the tangent plane 
at the corresponding point of the surface which is the loeus of 
the extremity of jo. 

Let tT, y^ « be the co-ordinates of a point in the first 
surface, a, /3, 7 those of the corresponding point in the second 
surface ; then we have the relation 

a^ H- /3y + 7« = i>^ = a* + )3* -I- 7^ (1) 

since a, )3, 7 are the co-ordinates of the extremity of p. But 
this being the equation to the tangent plane at {a^yx), the co- 
ordinates Wy yy z may receive indefinitely small variations 
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without the magnitude or position of p being altered ; there- 
fore we may differentiate considering a, fi, y as constant, 

.-. ada? + /3dy + 7d« " 0. (8). 

Now if V ^f{a, j3, «y) - be the equation to the surface 
traced out bj the extremity of p*, and P the perpendicular on 
the tangent plane to that surface, 



„ dV ^dV dV ^/ldV\* (dV\* , , 



dfi ' dy ^ \da} \dfil \dy) 
and from the equation to the surface 

dV , dV ,^ dV , 
—.da^j^.dd^—.dy^O. (3) 

But differentiating (1) completely and taking account of 
(2) we get 

(^ - 2a) da + (y - 2j3) d/3 + («r - 27) dy ^ ; 
hence comparing the two latter equations Wjp have 

1 dV 1 dV 1 dV 

w -- 2a da y - 2/3 dfi » — 2y dy ' 

dV 
Therefore substituting for --— , &c, in the value of P. and 

da 

reducing by means of equation (l) we get 

p ^ a(ay-2a)+j3(y-2j3) + 7(^-27 ) ^ a^ -H jS" + V ^ ^ 

" v/(^-2a)''+(y-2/3)« + (i^-.27)« ** v/^ + y' + «* " »• * 



Application of the FormulcB for the Volumes and Areas of 

Surfaces to Examples, 

1. To find the volume and area of the surface of a 
sphere, (fig. 41). Here 

€PF / 



dxdy 
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dV • ' „ 

and integrating between the limits j; « 0, a? « JfQ « y/«' - y\ 

/. integrating between the Hmits y « 0, y = CM, 

volume AMBQ = - (a*y - ^j^), 

and, making y = a, vol. ABCD « - . — « ^^ 

4 3 6 * 



.'. vol. of whole sphere = 8 



Tra' 47ra? 



-^- =S- v.. (£)■.© 



A / ^ y* a 

^V 1 + — + — «= — ====• 



and taking the integral between the limits w^O, a? = v/a*-y* 

dy 2 • 
/. integrating between the limits y « 0, y = CJf, 

area of surface PBJQ « ^^, 
and making y « a, area of surf. DJB « ^^ 



2 • 



•Tra' 



.•. area of surface of whole sphere « 8 = 47ra*. 

^ 2 

16 
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2. The volume of the solid which is common to two 
equal spheres that have their centers in one another^s surfaces. 



18 



12 



3. To find the area of the spherical surface intercepted 
by a right cone whose vertex is in the center of the sphere, 
and whose vertical angle is %a. 

As m Ex. 1, -r- » a sm"* . ■ + C, 

dy y/^~r^ 

and integrating from J7 » to ^ a v^a'sin*o — y*. 



dS 



. , . /a* sin* a - y* 
a sm * 'v i T^ » 



dy a* - y* 

and again integrating from y » to y ^ a sin a (Integ. Cal. 
Art. 89), 



ira* 



S e (l - cos a). 

4. To find the area of the spherical surface intercepted 
between two meridians inclined at an angle 0, and a plane 
perpendicular to one of them at a distance c from the center, 
and parallel to their line of intersection. 

-T- = « sm-* . + C 

. . oftanO 
«osin-'-— ==, from y bO to y e^tand; 
va* - or 



.-. S^aw sin-* " ^" _ o3 tan 9 f ^ 



-aa?sin ^- > , -g'sin-*— 7 . + C, 
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and integrating from or s c to x ^ a^ we get the surface 
required^ 

. . _ asind . , ctand 



5. To find the volume intercepted between the surfaces 
whose equations are 



> * - - 



.-. ^-iy>/a;" + y^ + ia;*log(^ ^ J; 

and taking the integral from y ■» to y ^ \/d* — tir*, 

-r- = * a V a* - ^' + i «»' log ; 

ax X 

therefore integrating between the limits j; «> 0, x ^ a^ we get 
(In teg. Calc. Ex. 5, p. 97) 

tto^ -Tpa* Tra' 



r^ + 



8 24 6 ' 

47ra' 



.•. volume required t^ sV ^ 



& The axes of two equal cylinders intersect at right 
angleS) to find the volume and superficial area of the portion 
which is common to both. 

Let OC (fig. 46) be the axis of one cylinder, OA that 
of the other; then the equation to AB or to the cylinder 

whose base it forms is i^ « \/a^ - y', 

\/a* - y\ and -7- « a? v^a* -y* + C ^ a^ -y% 



• • 



16—2 
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integrating between the limits a? « 0, w^ ON « \/a* -j^ ; 
hence, integrating again between the limits y » 0, y » a 

So* . 160* 
vol. ADMB aa — , and whole vol. intercepted = . 

o o 

f 

Again, -— «— _ ^, — -0, .• 



dy v^o* - y* ' do? ' " do? rfy y/a* - y* * 



dy v/a*-y* 



+ C = o from /r - to a? = v/a* - y^ ; 



hence area of ADPB ^ a^m area of CDPB^ and area of whole 
surf. — l6o^ 



7. If the axes of the equal cylinders intersect at an angle 
09 it will be found that the volume common to both is ^7-; — , 



and the surface 



dsm a 
l6a* 



sma 



8. The volume of the figure generated by a straight line 
which moves parallel to the plane of yz and constantly passes 
through the axis of w and through the perimeter of a circle 
whose plane is perpendicular to the axis of y and center in 
that axis, is \ira^by a being the radius of the circle and h 
the distance of its center from the origin. 

9. To find the volume contained between the co-ordinate 
planes and the surface 



v^+^A+V--i- 



The section of this surface by a plane parallel to a^y at a 

distance x' from it, is the parabola v - + s/ ^ « 1 - \/ — ; 

a b. c 

and the area contained between this curve and its two tangents 
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« — ( 1 - \/ - j ; consequently integrating this from x'^s o 

to «'= c, we get the required volume =» — abc. 

a^ y^ X* 
10. The volume included by the surface -- + — + —.«: i 

or Ir d* 

2n 

is wdbc, 

n + 1 



11. The volume intercepted in the positive compartment 

of tvyx by the surfaces wy k axy a^ -^ y^ m c^^ is i — ; and the 

a 

area of the intercepted part of the surface Jcy ^ axis 

waUr c*\* 



n{'4)H 



6 

12. To find the differential coefficients of the volume 
and surface of a solid, bounded by two of the co-ordinate 
planes and a plane parallel to the third, and by a plane 
through one of the co-ordinate axes^ and by a given curve 
surface. 

Let DMQ (fig. 40) be a curve surface, QD being its 
trace in the plane of x/v. Draw planes MP, Np parallel 
to yxj and MA^ NA planes passing through Ax. Let 
^9 ^9 ^ be co-ordinates of the point M and t » tan z HAP, 
therefore y ^ aft\ also let ;r + ^9 {^ + A) (^ + e) be co-ordi- 
nates of the point K, Then A AHP m i^a^ty 

e e / A\ 

and area KH = (<r + A)* — a?*- -he ( *v + - ) . 

■''2 2 \ 2/ 

Now the volume DMP may be considered as a function 
of X and t\ and by subtracting the increments arising from 
their separate variations from. that arising from their simul- 
taneous variations, it may be shewn that 

\o\.MKmk d'V 



he dwdt 



+ &c. ; 
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hence, taking the limit of hoth sides, by making h and e 
vanish, in which case vohMKmky becoming ultimately a 
prism whose base is HK and altitude MH^ ^zhe(jv + ^h)y 
we have 

dtvdt 
Also, itS^ area of the surface DMQ^ by a similar process 
we may shew that 

surf. MN d'S „ 
he dwdt 

and taking the limit of both sides, in which case 
snrf.MN = tiKsecy = he Iw+^j sec7, 

In applying these formulae to examples, the substitution 
of 47/ for y gives 

cPF d«,y 



integrating with respect to <r, considering / as constant, 
between the limits x = GN = (^j « «= CfN'^ y\f {t) (these 
values being obtained from the equations to the bounding 
cylinders AN^ A'N') (fig. 42) we obtain quantities, functions 
of t only, which when multiplied by St are respectively the 
ultimate values of the volume and surface of the wedge 
PM' ; and these integrated between the limits t ^my t ^m\ 
will give the volume and surface contained between two 
planes inclined to xw at angles whose tangents are respec- 
tively equal to m and m\ 

13. A sphere is pierced by a cylinder the diameter of 
whose base is equal to the radius of the sphere, and their 
surfaces are in contact ; to find the volume and area of 
the surface of that part of the sphere which is intercepted 
by the cylinder. 
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Taking the center of the sphere for origin, and planes 
drawn through the axis of the cylinder and perpendicular to it 
for those of %w and wy^ and using the formula of Prob. 12, we 
have 

^Y 



dxdt 

dV 
dt 



= C - 4 — L. {««- (1 + <«).r«}l- -(^, - — ^l 



from » ■ to » ■ AN - a cos* MAN ■ ^ (fig. 44) ; 

1 + * 

.-. F-^/tan-'f-f .-? — - -4 ^ ' t l + C 

and integrating between the limits ^ — 0, ^ a oo , 

3\2 3j 6 9 

Now vol. ABCD = -^ ; therefore the part of ABCD not 

comprized in the cylinder s — . - Consequently, if the sphere 
be pierced by two equal cylinders, the part not comprized in 
them = - (diameter)^ 

Again, for the area of the surface 



d^^^ ^ ^'^\dw) "*■ \4y) ""^^'v/o'-^O + O' 

dt i+^«^ ^ ^ 11+^ 0+O*j 

taking the integral between the limits or a 0, ar a ^ ; 

1 + * 

.'.Sma* (tan-'/+ . ^ \ + C, 
V VI + fl 
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and taking the integral between the limits / » 0, / ■> oo , 

area of surf. BDP « aM - - 1 j . 

Now area of surf. BCD ; therefore part of BCD not 

intercepted « a' ; and if the whole sphere be penetrated by 
two equal cylinders, the area of the surface not comprized 
in them « 8o* — 2 (diameter)'. 

14. To find the volume of any wedge of an ellipsoid 
intercepted between two planes passing through an axis, 
(fig. 41) 

dxdt 



WS8 



-c*vA_^7|-e« Vi -*»(^, + ^) ; 



dV _ . c i ./I <»\)l 



dt sj_ ^\ U* Wj *j_ ej 



integrating between the limits a^O^xm MQ 






^' y* 1 if* 1 

for in the plane of wy^ — -¥ -j-^ I ; •*• -• + 75 " -t» 
'^ a^ Ir a* or or 

abc f(it\ 

tan"^ (— j = vol. of wedge JBQC, 

abe w 



.\ V 



and making ^infinite, vol. ABDO 



S 2 

47rabc 



•*. vol. of wjiole ellipsoid 

lifc To find the volume of a spherical sector which is 
inclosed by the spherical surface, and a conical surface having 
the center of the sphere for its vertex and one of the circles of 
the sphere for its base. 
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Let a be the radius of the' sphere, and 2a the vertical 
angle of the cone ; then by the formula of (Art. 118), 

cPF a'sinS dV a" ^ ^ o' 

-. cos + C7 as — (1 - COS a) 



ded(p 3 dip 

between the limits » 0, » a ; therefore integrating again 
between the limits 0^0, « Stf, 

volume of sector = (l — cos a). 

3 ^ 

16. The volume contained between the co-ordinate planes 
and the surface which is the locus of the projection of the 
origin on the tangent planes oi wyz ^ a\ may be shewn by 

polar co-ordinates to equal — . 

17. To find the area of the surface of an ellipsoid. 

Let DR (fig. 41) be a section parallel to the plane of 
a^y at a distance » c cos from it, and BR a section through 
the axis of iv, inclined to the plane of «a^ at an z yj/y and let 

tan \^ s -tan (b ; and let S « area of surface BDR ; then S is 
^ a ^ 

a function of 6 and <py and if Z/J?', BR' be sections cor- 
responding to the angles -¥ SO and + ^0, we shall have 

d^S ^ area of surf. RR' 

+ &C. 



d(pd9 SipSe 

Now if OR = py O'r ^ p + 5^, and y « inclination of tan- 
gent plane at R to wy we have ultimately 

area RR' =(its projection on wy) sec y ^ pSp Syf/ sec y. 



But the equation ioRD is*— + ^ = sin*0. 



p* cos* a/^ p^ sin*\l^ p* cos^ \1^ , , ^ ^ . , ^ 



a« ft« o 



. _ cos d> 1 » y* COS </) ^ - 

,\ p = a sm & — -V > ^'^d cp ^ a cos ^ cd ; 

' cosy ' cos\lf 
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b / cos \^\ ^ 
also£^|/B -| ^j 50, ultimately; 

.*. area RR^ ■> afr sin cos 98<p89 sec 7 ; 



a6sin0cos0-\/ 1 ^ — • — , 



*' d<l>de «f " ■ a* a' '^« 



8 afr sin v^l - {/A cos* + v sin* 0} sin* 0, 

. . a* - c* 6^ - c« 

making — = /x, — — — = if, 

and observing that w^p cos >|^ « a sin cos 0, and y « 6 sin sin ; 
this can be integrated only by elliptic transcendants and gives 
the whole area 

_ 2^c»+ ^fL= {^F{a) + (a» - <?)E{a)], 

where o cos o ■» c, and the square of the modulus « rrr-i sr . 

If the ellipsoid differ little from a sphere, making 

(i (cos 0)* + 1/ (sin 0)* e tt 
(which is a small quantity in the case proposed) and expanding, 

^^ ah sin e \l - ^tt(sin0)*- ~tt*(sin0)*- &c.} 



/. integrating between the limits 0sO, ds-^^r, (Int. Cal. p. 126) 

-— --a6(l -itt M* tt'-&c.) 

and integrating again between the limits » 0, « ^ tt, 
we find the area of the surface of ^th of the ellipsoid 

IS 11 IS 

where P,- ^ ()u + f), /*»- M»r^ +mi/-^ + v*.--4;&c 



i 
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and in general P. is the coefficient of »* in the developement 
of (1 -M«)'^.(l - vzyK 

1 8. To find the area of the surface of an oblique cone on 
an elliptic base. 

Let the perpendicular VM (fig. 47) upon the base from 
the vertex of the cone fall upon CJ the major axis of the 
ellipse, CM =»/, VM = A ; zr s a sin 0, y « 6 cos 0, co-ordi- 
nates of P, BP'^s, VPT the tangent plane along VP^ 
cutting VMP' in YQ^ VH a perpendicular upon PT^ 
S^aresL of surf. JffFP; then ultimately 

— . 50 = surf. VPP' = triangle VPQ ^^ PQ.VBm ^VH.^s; 

as will be found upon calculating VH, since -r-- = v a* - c*sin* <p 

where (?es a*— 6*; this can only be integrated by elliptic func- 
tions, unless A and /be so related that h^f^ = f?{h?-k-l?) when 
the quantity under the vinculum is a perfect square, and 

whole surface of cone — . 

c 

19. To find the whole area of the surface which is the 
locus of the projection of the center of an ellipsoid on its 
tangent planes. 

Employing polar co-ordinates we have (Art. 120) 

^S rising , . ^ . r« , ,^ ^ 

« rr sin0, smce — ** ^ (Prob. 13, p. 2S9), 



d<pdd P P 

where / is the radius vector of the ellipsoid at a point where 
the normal makes an angle 9 with the axis of x and its 
projection on the plane oi coy makes an angle with the axis 
of w, and r is the perpendicular on the tangent plane to the 



Mpacid at tluit poiDt; cooseqaeDtly by Prob. 3, p. 234^ we have 
4FS 



dif^dO 



dntf 'v/tf*co^a+ ft*co^/3 + ^ooaP-y 



SID V^Co" sin cos ^)* 4- (^sin sin 0/ + (<^ G06 0)*. 



Bat for the sarfaoe of an ellipsoid with semiaxes a^b, c 
we have (Prob. 17)» 

^g 

" --- - sin 0\/(ab' c5os 0)* + (b'ccos sin 0)* + (aViin 4b sinffy 
dipdO 

which coincides with the preceding expressifm if 

aV • c*, 6V as a*, a V • fi* ; 

. be ^, ac , ab 
or a «• — , b =-;-, c e— . 
a o e 

Consequently, as the limits of the integrals are the same, the 

area of the surface which is the locus of the projection of the 

center of an ellipsoid (with semiaxes a, 6, e) upon its tangent 

planes, is equal to the area of the surface' of another eUipsoid 

. , . be ac ab 

with semiaxes — » -r > — • 

a b c 



Pkoblems on Section V. 

The following are examples of finding the equations to 
curves in space, and drawing tangents, normal planes. Sec. 

1. A sphere is pierced by a cylinder the diameter of 
whose base is equal to the radius of the sphere, and their 
surfaces are in contact ; to find the nature of the curve formed 
by their intersection. 

Take the center of the sphere for the origin, and planes 
drawn through the axis of the cylinder and perpendicular to 
it, for those oi xa and wy respectively ; and let AN « a?, 
NM « y, MP « X (fig. 44) be the co-ordinates of a point P in 
the curve, and AB « 2a. Then because P^ is in the spherical 
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surface, ^ + y* + i^ « 4aS and because JIf is a point in the 
semicircle uf +y' s 2a^; therefore the equations to the pro- 
jections on wy and xx^ or the equations to the curve, are 

the latter representing a parabola J9Z>, vertex B^ and axis 
AB\ if we eliminate ^, we find 4a*y* « 4a*»* - «r* for the 
equation to the third projection on y%. 

Differentiating equations (l), we find 

dy a ^ w c?y a* d% a (fx a* 
dof y * daf y* ' dx x* dcf 9? ' 

Hence the equations to the tangent PT at a point xy x^ are 

a ^ w . , a , ' ' 

y -y Ur - ai\ «f - « « - - (ar - zp) ; 

. y X 

and the co-ordinates of its trace T on the plane of wy^ making 
x' B 0, are 

^ B 4a - 07, y = — , 

The equation to the normal plane is 

, a— or,. ^ €L ^ , ^ 

J? - 4? + (y - y) - - (« - «) = ; 

y X 

and the equation to the osculating plane 

{y -y) »'-(«''- «) ^ - (^' - ^){a«* + (o - af)j^}. 
Also if « 8 length of arc DP, 






VdW \dW ^ 2^ 2a -0? 



let 07 - 2a CO8^0, .*. -7^ =» - 2a >/2 v/l - i sin*0 ; 

therefore, integrating between the limits « -^ tt, d « 0, 
arc DPB ^ elliptic quadrant semiaxes 2a vi) ^^^ ^^ 
2. To find the equations to the Helix. 
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Whilst the rectangle ABCM (fig. 45) revolves uniformly 
about its side AB^ the point P moves uniformly along the 
parallel side JVC, and generates a curve called a helix. 

When the rectangle is in the plane of zxj let P be at 
J/, and let the velocity of P = « times the velocity of Jlf, 
.•. PM « w . arc DM ; also let AN « w, NM « y, MP « x 
be co-ordinates of P, and AM -b a, 

.'. «r « wacos"^- , and y » \/a* - a^ ; 

a 

which are the required equations; the former may also be 

written x ^ na sin" -. 

a 

Cob. Since the corresponding increments of DM and 
PM are always in a given ratio, the curve DP always cuts 
the generating line CM of the cylinder on which it is traced 
at the same angle ; and the line touching DP is always inclined 
to the plane of aty at a constant angle a whose tangent s n ; 
therefore also the length of the helix 

DP 8 sec a . arc DM s a seca cos"^ - . 

a 

3. Let A (fig. 36) be the pole of the great circle wBy 
of a sphere whose center is C; and as the quadrant AB 
revolves uniformly about ACj let the point P move uniformly 
along it ; to find the equations to the locus of P. 

When the plane ACB coincides with xw^ let P be at j^, 
and let E"^ velocity « n times that of the point P, ' 

,'. arc Bw =» n . arc AP ; 

also let CN - a?, NM « y, MP « «r, be co-ordinates of the 
point P, and AC ^ a, 






tan""^ - = n cos"* - , and a?' + y* + «* = a* ; 



^ a 



which are the required equations. If n » 1, these equations 
may be transformed into 
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Cob. To find the area of the spherical surface included 
between the co-ordinate planes and the path of P. 

Let AK be a position of the quadrant very near to AB^ 
meeting the curve in P', and a section of the surface through 
P perpendicular to JC in p ; then if ACP^9, JCP'«0 + 50, 
we have the increment of the area AwBP = PP^BB^^ PpB'B 
ultimately; hence (Int. Cal. p. 182.) 

is = BB" . PM ^n.Fp. PM ^n.aSO .a cosO^ ultimately, 

or -— - = na'cos^. 
du 

Therefore area of surface AxBP ^ ncP sin0. 

This result may of course be obtained by means of the 
formula of Art. 113. 

Also if V be the volume contained between the co-ordinate 
planes and a conical surface whose directrix is the path of P, 
we have, making z BCw >a 4^, 

.*. --— «C co8d = — cos^, from Q ^ ACP ^^ . Xod^9^x 

d(l> 3 3 n n 

.•. V xa sin J- , from » to (f> a BCof^ 

3 n ^ ^ • 

or volume PBodAC « sm 9. 



4. To determine the curve to be traced on the surface 
of a s]^ere so that its length shall always be equal to n times 
the ordinate x of the describing point. 

Let 0?, y, X be the rectangular co-ordinates of the de- 
scribing point, and r, 0, 9 the polar co-ordinates, then we 
are required to assign a relation between and 9 which will 

give « a nr cos 0, or ( — j — nVsin*^, since r is constant; 

therefore (Art. 132) 
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1 + 8in*0 (^\ = n 8in«0 or ^ - ^ v^n* sin'd - 1 ; 
Vo^y d0 8in0 

0^ , n cos d . , cot d ,^ 

+ C- ncos"'-7== + sin-*— p===, (Integ. Cal.p. 120), 

Vn'-l \/n*-i 

orsm * — 7===+C = wco8 * — . +sin-* — . — _ 

the equation to the projection on the plane of y;y; the 
constant C may be determined if any point be given through , 
which the curve is to pass. 

5. To find the line of greatest inclination at any 
point of a curve surface; that is, among all the straight 
lines which touch the surface, to determine that, whose in* 
clination to the plane of ay is the greatest. 

As all these lines must lie in the tangent plane at the 
proposed point, the line required is obviously that which is 
perpendicular to the trace of the tangisnt plane on <ry. Now 
the equation to that trace is 

y - y - - (y- 0?) - - ; .-. y' - y = 2 (^'- ai) 

is the equation to a line perpendicular to it, passing 
through the point (<r, y), and is therefore the equation to 
the projection on the plane of wy of the line required ; 
the other equation 

P -^T 

is obtained by combining the former with the equation to 
the tangent plane (in which the line in question lies) so as 
to eliminate y' - y. 

6. Hence we can determine the curve of greatest in- 
clination on any surface, that is, one whose tangent is always 
inclined at the greatest angle to. the plane ot aty. 

Suppose y " C^) the equation to the projection of the 
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curve, then the equation to the line touching the projection at 
a point (Wy y) (which must be identical with the equation to 
the projection of the line of greatest inclination) is 

atT aw p 

If, therefore, we determine p and q from the equation to 
the surface, independent of z^ and substitute them in the 
above equation and integrate, the result will represent a 
curve on which if a cylinder be erected, it will intersect 
the surface in a curve having the property that its tangent 
is always inclined at the greatest angle to the plane of ofy, 

Ex. Let the surface be of the second order represented 
by the equation 

^v By . . ^ w n 

.•. -J- =a — - ; or, integrating, y^ = C w". 

Hence the curves of greatest inclination are of double cur- 
vature, and are projected horizontally into parabolic curves 
if jl and B have the same sign ; if, however, the point of 
departure, which determines the constant C\ be in a prin- 
cipal plane, zw for instance, we have y ^ when w a a;\ 
and therefore C' » ; hence the curve of greatest inclina- 
tion is the principal section in xw since its equation is 
reduced to y ^ 0. 

T* On a given surface to determine the curve of con- 
stant inclination, that is, one whose tangent line is always 
inclined at a constant angle to the plane of wy. 

Let z «/(a?, y) be the equation to the surface, p and q 
the partial differential coefficients of z ; also suppose y ^ <f> {w) 
to be the equation to the projection of the curve of constant 
inclination, and y the angle at which the tangent line at a 
point wyz is inclined to the axis of z\ then (Art. 131) 

17 
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but. Off ffj » being co-ordinates of a point in the curve, we 
have X */(^» y) with the condition y ^(p (jv) ; 

dz d ^, ^ d ^^ ^dy dy 



...tanv(p + ?g).\/i+(gy; 

and it remains to substitute for p and q their values in terms 
of a and y^ and to integrate this equation. We shall then 
have the required relation y *^ (p (w), 

8. When the given surface is one of revolution, the 
equation to the projection of the curve of constant inclination 
on a plane perpendicular to the axis, may be conveniently 
expressed by polar co-ordinates <p, p, so that 

w ^ p cos (Pi y ^ p sin (b. 



As above we have 1 + 



(S'- '"••>'(£)'' 



which may also be put under the form (-7-) = ^-^ ?^, 

\dp) p^-p* 

p being the perpendicular from the origin upon the tangent 

to the required projection. Now from the equation to the 

dz 
generating curve z b^(/>)^ we can find -— in terms of p, and 

dp 

hence obtain the differential equation to the required projection. 

Ex. Let the surface be a paraboloid, and the origin 
in the center of its base, c its altitude, a its semi-latus 
rectum ; 

dz p P^ o p' 

^ ^ ^ dp a a* p -F 
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or, p* — p* « a* cot* 'y, 
the equation to the involute of a circle whose radius s a cot 'y. 

If the surface be a right cone, the projection is an 
equiangular spiral. 

9. To determine a curve traced on a surface of revolu- 
tion, which always cuts the generating curve at the same 
angle. 

Let DP (fig. 48) be the curve, EN its projection on 
a plane perpendicular to the axis of the surface; CPG 
a section of the surface through its axis meeting the curve 
in P, PN^x, DP ^8, ON^p Z AON = <p, and a the 
constant angle CPD at which the curve cuts the meridian ; 
also let CQP^, a meridian plane very near to CPG and 
inclined to xw at an angle + ^(pt cut the curve in P', 
and a section of the surface through P perpendicular to its 
axis in Q ; then ultimately 

. ^jyj. PQ pS<p . d8 

smCP'l).— =^orsina.--p, 

d(f> tana / [^^\^ 
dp p \dp) 

by integrating which (since z=f(p) by the equation to the 
generating curve), we obtain the equation to the projection. 



Ex. Let the surface be an oblate spheroid ; 
.•, iir es — \/ a — p , 3— = — 



C J—:. :: d« Cp 

« • dp a \/a^ - p* ' 



d(b tan a /c? - ep^ . . a^ ^ c^ 

••• :r "" V — ^ Y y where e* = — ; 

dp p a* — ff or 

2 ^ 2 

to integrate this, make -— ^=tJ*, and the result is 

a — o 

^ + C = i tan « {log. (^) - «log. Q-^)} . 

17—2 
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If the surface be a right cone, the projection of the 
curve is an equiangular spiral ; if a sphere radius a, the 
equation between the radius vector and perpendicular on 
the tangent to the projection, is 

1 cosec' a cot* a 

10. To determine the shortest line that can be drawn 
between two given points on a surface of revolution. 

Let OC (fig. 48) be the axis of the surface which take 
for the axis of x^ and a plane AOB perpendicular to it for 
that of wy ; DP a portion of the shortest line » s, 07, y^ x 
the co-ordinates of P, ON = /j, z AON" = 0, 

if xssf(p) be the equation to the generating curve, and 



putting p ^ Wf <p — y, -—- = Pf in order to adapt the expres- 

dp 

sion to the usual formulae of the Calculus of Variations. 
Hence N « —— = o, P = — =. 



dy ' dp \/i -f.^i?V+ \f {^)V' 

dP 

but N — -—- + &c. as 0, for a maximum or minimum ; there- 
at? ' 

fore in this case P cs a constant. 



or 



^ P ^d<p^d8 

ds c , 1 

•'• P "^ ^ = - > or sin CPD oc -— , as shewn in Prob. g. 

Hence the shortest line always cuts the meridian at an 
angle whose sine varies inversely as the distance of the 
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point of intersection from the axis; and the equation to 
its projection on a plane perpendicular to the axis of the 
surface is 

dp py/p'^c" Up) 

c being the distance from the axis at which the shortest 
line cuts the meridian perpendicularly. Also for the length 

of the shortest line we have — = — — . 

dp c d p 

Ex. 1. Let the surface be a right cone, and mz = p v/l - »»% 
the equation to the generating line, then 



1 



d(b c * , 

~-^ y ; .'. p=^c sec m (d) + a), 

the equation to the projection, which is therefore an elliptic 
spiral. 

Ex. 2. Let the surface be a sphere, and let DP be 
the arc of a great circle, then 

sin CZ> . _ 
sm P = -: — — — sin Z> ; 
sm CP 

if now the meridian revolve round OC, 

1 1 

sinP 



sin CP ON" 

hence an arc of a great circle is the shortest line that can 
connect two points on the surface of a sphere; this result 
may be obtained from the formula. 

Ex. 3. To determine the shortest line on the surface of 
an oblate spheroid. 

Let CEB (fig. 49) be the plane of the equator, PE, PN 
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two meridians, AB a portion of the shortest line cutting PE 
perpendicularly at A. Let the point M be determined by the 
angle 0, so that CT = p « a sin 0, TM = 6 cos ; and let A 
be similarly determined by the angle a, so that its distance 
from the axis » a sin a ; then by substitution we get 



d8 . ^ /a« cos* + 6« sin« 

-J- = sine V — r-r^ r^ • 

d9 sm*0-sm*a 

Now, since a is the least value that can assume, let 

cos 9 s= cos a cos yj/, 

sin da sin 

cos a sin \^ dy^ cos a sin \^ 



\/6* + (a* — 6*) cos* a cos' >^, 



» ! 

or — — as va* cos* a + h^ sin* a - (a* - 6*) cos* a sin' >!f 

= (f\/l - c® sin'>|/, 

therefore s s arc of an ellipse, amplitude >|/-, whose semiaxes 

are a = \/a* cos' a + 6* sin' a, 6, and eccentricity = c. At the 
point By ^ 90<*, therefore >^ = 90^, and AB = a quadrant of 
the ellipse; also 

• „,- . a sin a . i . « 

sm PMA = = sin a at the point -ff, 

.-. Z JiBi: - 90° - a. 

For the projection on the plane of the equator, 

,.d(b . ds dd) sin a da 

since p^-ll=asina— , /. -7^ = — :-7^3T' 
' dp dp ay asin'ea>|/^ 

d0 a \/l — c' sin* \^ - . 

or, — ^ « — : ; . a . > where w = cot' a, 

a\|^ a sm a 1 + n sin^ >^ 



c' (?' 



1+ (l + n sin' \^) 



a sin a ((i + n sin' >//) \/l -c'sin'>|/ 
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^ osma l\ n/ ^ w ^ j 

employing the notation of elliptic functions (Integ. Calc. 
p. 208.) 

Cor. If the eccentricity of the generating ellipse be 
very small, let 

— — — e= €, and cos^ a cos* yi/ ^ m\ 

d(f) sin a \/l? + (o* - 6*) cos* a cos*\// sin a Ix-^me 
dyj/ a 1 — cos* a cos* \^ 1 — m 1 + 6 

sin a f 1 - »i (l - w) (3 + m) « ^1 

« \l — 6 + '-^ ^6*- &c.>, 

1 -m I 2 8 J 

sin a sin a / oe* e* cos* a . \ 

= z o~r e cos* yl/ - &c. I ; 

1 - co6*acos*>/f 2 V 4 8 ^ / 

,/lan\l/\ sina/ Se*\ 6*/, sin2>^\ . , ^ 

/. = tan"M-7-^ ->l/ e +-;; V+ sinacos*a+&c. 

The indefinite continuation of the curve will manifestly 
produce an infinite number of spires similar and equal, and 
contained between two parallels each at a distance « b cos a 
from the equator. 

11. If a uniform and perfectly flexible thread of given 
length have its ends fastened in a surface of revolution whose 
axis is vertical, and rest upon that surface supposed perfectly 
smooth, to find the curve into which it will be formed. 

Taking the axis of the surface for that of »y and a plane 
perpendicular to it for that of wy^ and proceeding as in Frob. 10, 
we have, h and k denoting constant quantities. 



/'(*+'^5^"-^'^*-^'>'^^-^^K^)'-^ ©"-*'""''"""' 



264 



which, since we have x^f(p) by the equation to the gene- 
rating curve, is the differential equation to the projection of 
the required curve on a plane perpendicular to the axis of 
the surface, 

12. The lines of greatest inclination on the surface 
«=/{— I are given hy the intersection of the surface with 
the cylinder a?* + y* « a*, where a is a parameter. 

13. The tangent line at the point ayx to the curve 

w* y* 2af a^ y' «* 

X -- w y Y-y x Z -^ z 

a* V' a " w a' if * 



Problems on Section VI. 



1» If a surface of the second order having a center be 
cut by a plane which always passes through a fixed point, to 
find the locus of the centers of all the plane sections. 

Let A of + -By* + C** = X> be the equation to the surface^ 

)jf - c « ^' (a? - a) + jB' (y - 6) (l) 

the equation to the cutting plane, a, 6, c being the co-ordinates 
of the point through which it always passes ; therefore, elimi- 
nating y, the equation to the projection of the section on xa is 

J«»+C«»+— \x-c~A'{x-a) + fi'6}* = 2). (2) 
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Let A, A;, / be the co-ordinates of the center of the section, 
then h and / are the co-ordinates of the center of the projec- 
tion ; if therefore in equation (2) we substitute a?' + A for ^, 
and x' +1 for «f, the projection will be referred to its center 
as origin, and therefore the coefficients of oo' and x must 
each vanish ; 

.-. ^A + -^^{(A-o)^'*-(fi'6 + /-c)^'} =0, 



CI 



B 
B 



+ ffi {Q •'C)-^ffh^A'{h^ a)} « 0. 



Multiply the latter of these equations by A and add it 

to the former, 

Ah 
.-. Ah + CA'l = 0, or ^'- - — - ; 

similarly, ^=-|^. 

Hence substituting these values of A' and B in (l), and 
expressing that it is satisfied by A, A;, /, we get 

Ah (A - o) + Bk (A; - 6) + CI (l-c)^ 0, 

the required equation, which represents a surface of the second 
order similar to the proposed one, the co-ordinates of its center 
being j^ a, ^h, ^c. 

It is manifest that the two surfaces intersect in a plane of 
which the equation is Aaw + Bby + Ccx <= 2>. 

2. To find the locus of the middle points of chords of 
a surface of the second order that has a center, all passing 
through a given fixed point. 

Take the given point for the origin, and two conjugate 
diametral planes which pass through it for the planes of zar 
and wy, and a plane parallel to the third conjugate plane 
for that of yx; then the equation to the surface will be 
of the form 

aai^ + fty* + cx^ + 2a'\v + d « 0. 



266 

Let ^ B niiv, p'snXi be the equations to any chord ; then 
combining these equations with the former, we have 

(am* + bn^ + c)x^ + Sia'mss + d = 0, 

in which equation the values of x are the co-ordinates of the 
extremities of the chord ; therefore the co-ordinates of its 
middle point are 



, am f 



am^ + bn^ + c 

Hence, eliminating m and n, the required equation to 
the locus is 

ao/^ + by^ -^ cx^ + a"w = ; 

which represents a surface of the second order, similar to the 
proposed one, and similarly situated and passing through its 
center and through the origin. 

3. The curve of contact of a surface of the second 
order, and of a cone the vertex of which is given, is a plane 
curve. 

Let aco^ + 6y* + c«* + 9.a*x + '-Ib'y + 9,cx + d = 0, 

be the equation to the surface which may represent all surfaces 
of the second order. Then the equation to the tangent plane 
at a point ix!yx\^ 

» 

{ax^d)X ■\' (by + b') Y+(cx-^c) Z + a'2? + 6'y+ c'» + d = 0. 

Now because the cone and surface touch one another, at 
the points of contact their tangent planes coincide ; and since 
the tangent plane of a conical surface always passes through 
its vertex, if ^, Af, / be the co-ordinates of the vertex they 
must satisfy the above equation ; 

.'. (aw-h a)k + (by + b')k + {cx+c)l+ ace + Vy + c'« + d = 0, 

which gives the relation among the co-ordinates ^, y^ x of the 
points of contact, and shews that they all lie in the same plane. 
The curve of contact is therefore a plane curve resulting from 
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the intersection of the plane whose equation we have just found 
with the given surface. 

CoE. If the surface have a center, the line joining that 
point and the vertex of the enveloping cone, passes through 
the center of the curve of contact. 

Let C (fig. 52) be the center of the surface, A the vertex 
of the enveloping cone, QRS the plane of the curve of contact ; 
and let any plane drawn through A and C cut the surface in 
the line of the second order PQG, and the cone in the straight 
lines AQf AS; then C is the center of the section PQG^ and 
AQ^ AS are tangents to it. Also, by a property of lines of 
the second order, QS^ a line joining the points of contact, 
is an ordinate to the diameter PG which passes through the 
intersection of the tangents ; therefore QS is parallel to the 
tangent at P, and is bisected in F, and CV.CA ^ CP^. 
Since therefore every chord of the curve of contact drawn 
through the point where a line joining the vertex of the cone 
and the center of the surface meets the plane of contact, is 
bisected in it, that point is the center of the curve of contact ; 
also the plane of contact is parallel to the plane touching the 
surface at the point where the same line meets the surface, 
and its distance from C is determined by the equation 

CV.CA=^CP\ 

Similarly it may be shewn, that if a cone envelope an 
elliptic paraboloid, the line drawn through the vertex parallel 
to the axis of the surface passes through the center of the curve 
of contact ; and the portion of it between that point and the 
vertex is bisected by the surface. 

4. If the plane of contact of the enveloping cone of 
a surface of the second order always pass through a fixed point 
or a fixed line, the locus of the vertex of the cone will be 
respectively a plane or a straight line. 

Let af\ y\ %' be the co-ordinates of the fixed point through 
which the plane of contact always passes; then they must 
satisfy its equation, 

.'. {aoB + a') ^ + {by* + 6') A; + {cz' + c') Z + ax-^-h'y* + cV + d = 0, 
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vhich gives the relation among the co-ordinates h^ k^ I of 
the vertex of the cone, and shews that the locus of the 
vertex is a plane; and that that plane is the plane of 
contact with the given surface of a cone whose vertex is 
in the given Axed point, for the equation may be put 
under the form 

{ah + a)a/ + {bk + h')y' + {cl + c')x' + ah + Vk + c'/ + d = 0. 

Again, let jr « m« +/, y ^ n% -^ g^ be the equations* to 
the line through which the plane of contact always passes. 
Then, in order that the plane may contain the line, we 
must have (Art. 25), 

{ah '{'a')m'\' {bk + 6') fi + {cl + c) = 0, 

{ah + a')/+ (^* + ^')g + «'A + ^'^ + c7 + d = 0, 

which are the equations to the straight line in which the 
vertex moves, its co-ordinates being A, ky L 

5. If the plane of contact of the enveloping cone of a 
surface of the second order always touch a surface of the 
second order, the locus of the vertex will be another surface 
of the second order. 

Let the plane of contact always touch a surface of which 
the equation is 

tno^ + wj^ + Ts? + Zmw + %ny + 2/« + « e (l); 

then the equation to a plane touching this surface at a point 
wy% is 

(ma?+m')it?'+(«y + w')y'+ {rx-^T)z -{-mx + ny + r'x +«b0, 

which must be identical with the equation to the plane of 
contact, namely, 

(aA + a')y+ {bk -{- b')y' -{-{cl •¥ c)% + a h + 6'A; + c'/ + d« 0; 

mw-^-m ah -h a ny + n bk + b' 
rx + r cl-^c rx + r cl -^ c 

WL w + ny + r'x + 8 a'h + b'k + cl -h d 
rx + r' cl -h c' 
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and it remains to eliminate .r, y^ x between these equations 
and equation (l). The result will be found to be 

- (ah + a ) + - (bk + 6') +- (cl + c') - (a'h + b'k-hcl + d)} 
m n ^y^^^ ^j 

- — + — + s){^(ah + ay + -(bk + by^-(cl^cy\, 

which represents a surface of the second order. 

Cor. If the surfaces are concentric and 

aa? + fey* + c»' = 1, ma^ + ny* + rs^ = 1, 
their equations, the above result is reduced to 



a* 






V 






c« 










h^ 


+ 




A;^ 


+ 




I' 


a 


1. 


m 






n 






T 









6. If two surfaces of the second order have each a prin-* 
cipal section in the same plane, the projection of their curve of 
intersection on that plane is a curve of the second order. 

Suppose the plane of xy to contain a principal section of 
each surface, then no odd powers of % can enter into their 
equations, which will therefore be of the form 

^a?« + 5s^ + C^ + ^Cwy + 2-4"a' + 25' y + i> = 0, 

am^ -»- by^ + c«f* + ^cay + ^a'w + 26"y + ci = 0, 

and if we multiply these equations respectively by c and C 
and subtract, we shall find the equation to the projection of 
the curve of intersection of the surfaces on the plane oi wy to 
be of the second degree in w and y. 

Hence if the axes of two surfaces of revolution intersect, 
since the plane containing the axes will be a principal plane of 
each surface, the projection of the curve of intersection on that 
plane will be a curve of the second order. 

7- To find the diametral surface of 

<* (^y •{■ 00% -^ y%) = wyXy 
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which passes through the middle points of a system of chords 
equally inclined to the three co-ordinate axes. 

Here the equation to any chord, if afiy be its middle 
point and my/s « i, will be 

.'. o { (a + mr) (j3 + mr) + (a + m r)(7 + mr) + (/3 + mr){y -^mr)} 

= (a + mr) (/3 + mr) (y + f»r), 
or m'r^+(o+/3+7-3a)m*r*+{a/3+a7+)37-2a(a+j3+7)}mr 

■{■{afiy -a(aj3 + 07 +)37)}«0, 

or Ai^ + Br^ + Cr + 2> = 0; and if p, -- Pf q be the roots, 

•- Aq^B, - Ap"" = C, Jp^g = 2> ; .\ AD^BC; 

.*. a/37 - a (a/3 + 07 + /37) 

« (a + /3 + 7 - 3a) {a/3 + a7 + /37 - 2a(a + (i +7)} 

the required equation. 

8. The sum of the squares of the projections of an 
ellipsoid on any three planes at right angles to one another, 
is equal to the sum of the squares of its projections on its 
principal planes. 

Let the equation to the surface referred to any three 
rectangular axes through its center be 

aa^ + by' + c«^ + 2ay% + 2Vw« + 9,caiy = d, (1). 
Since at those points in the surface for which 

ex + a!y + h'x = 0, (2) 

d% dx 

— and — become zero, the tangent planes at those points 

if 

are parallel to the axis of i^; hence, eliminating x between 
(1) and (2), the equation to the projection of the ellipsoid 
on the plane of wy is 

a» (ac - fe'«) + y^ {be - a'O + 2.vy (cc- ab') = dc ; 
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.*. square of area of this projection 

7rM«^ ir^e^c 

" (ac - b'') {bc^ a ^) - (cc - a by " SiS^^Ss * 

(^19 ^2 9 ^89 being the roots of the cubic in Art. 146) therefore 
sum of squares of projections on the co-ordinate planes 

" TTZ = TT* (a ^'^ + a* 7* + p 7') 

*1 "8 *8 

where o, j3, 7 are the three semi-axes of the ellipsoid. 

9. If be a given point in a surface of the second 
order and OA, OB^ OC any three chords passing through O, 
mutually at right angles, the plane ABC will always pass 
through a fixed point in the normal at 0, 

Let the equation to the surface be 

aa^ + 6y^ + es? + cwy + c'x « 0, 

the co-ordinates being rectangular, and the axis of ^ a normal 
at the origin. Let the surface be referred to three new rect- 
angular axes; 

.-. a (ma/+ny'hrxy+ b{m'w-\-n!y^' rV)*+ c{m'jB'¥n"y+r^Wy 

+ c\ma/+ ny' + r %') (ma/ + ny + r V) + c" (w' V + w'V' + ^"^') — 0. 

Let A, ky I be the parts of the axes of a\ y\ ss intercepted 
by the surface 

.'. A (am^ + brn^ + cni*^ + cmm) + c'm"^ 0, 

k {an'' + 6w'« + cn'^ + c'»n) + cV« 0, 

/ (ar^ + br' + cr"* + cVr) + c V'= 0; 

therefore the equation to a plane passing through the ex- 
tremities of A, k, I is 

and referred to the original axes, it is 

ma + my + m'x not -{- ny + n"x ra? + r'y + r"« 
A •*• k "*■ 1 '' 
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and putting ^ » 0, ^ » 0, to find when it meets the axis Xy 
we have 

— + — H- y 1 « 1, or « (a + 6 + c) + c =0, 

consequently the plane cuts the normal in a fixed point* 

10. An infinite number of surfaces of the second order 
may be made to pass through the sides of a given quadri- 
lateral in space. 

Let ^ s 0, «^ » 0, D B 0, w ^0^ be the equations to four 
planes OAB, BJC, CAO, OBC (fig. 11) forming a tetrahe- 
dron ; then the equations to the four edges AB^ Bd COy OA 
forming a quadrilateral in space, will be 

.-0| «.0l «, = 01 « = 01 

« rr j W^OJ V = Oj ^ = Oj ^ ^ 

If therefore the equation to a surface of the second order be 
tw =s fjL.uVy it is evident that every one of the four straight 
lines (1) will be situated in the surface throughout its entire 
length ; and as jul is arbitrary, an infinite number of surfaces 
may so pass through the same four lines. 

11. Any tangent plane to a two-sheeted hyperboloid will 
cut off from the asymptotic cone, a cone of constant volume ; 
and the point of contact with the hyperboloid will be the 
center of the plane section of the asymptotic cone. 

12. If through any point of a hyperboloid of one sheet 
the two generating lines that intersect in that point, and a 
diameter of the surface, be drawn to meet any tangent plane 
of the asymptotic cone, a pyramid will be formed of constant 
volume. 

13. The locus of the centers of all sections .of the surface 
Aaf^ + Bf^ + C«* = 1 that are at the same distance d from 
the center has for equation 

(Aof^ -f. Bf + Cxy = (A^ai* + jBV + Cx^) (P. 
14i, The area of a section of an ellipsoid made by a 
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plane through its center such that a perpendicular p to it 
makes angles a, /3, 7 with the axes of the ellipsoid, 



TT 



abc trabc 



P \/a^cos^a + 6^cos*/3 + c^cos^7 ' 

15. The locus of the intersection of tangent planes to 
an ellipsoid drawn at the extremities of a system of conjugate 
diameters, is an ellipsoid concentric with the original one, and 
having its axes greater in the ratio of \/3 to 1. 



Problems on Section VII. 

1. To find the equation to the cylindrical surface which 
envelopes a given oblate spheroid. 

Let the center of the spheroid be the origin, and the 
plane of zx that which contains the axis of the spheroid, 
and a line through the origin to which the generating line 
of the cylinder is always parallel; therefore the generating 
line in any position will be a ^ m« -i- a^ ^ «» j3. 

Let c* (^ + y*) + a*2f' = a^c^ be the equation to the 

dx dx 
spheroid, therefore the equation m •-— + w —— = 1 becomes, 

dx dy 

since » » 0, 

m(?w + a?x = 0, which together with <? {a^ + y*) + a^x^ « a^c^ 

are the equations to the directrix; and if between these and 
the equations w » mx + a, y '^ ^^ yfe eliminate <r, y, x we find 

Therefore, restoring the values of a and /3, the equation 
to the surface is 

f (a« + w«c*) + a« (a? - mxy = a!" (a* + w^O- 

If we make % ^ -^c^ we shall obtain the equation to 
18 
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the curve in which the cylinder meets the horizontal plane 
on which the spheroid stands; this gives 

«* (j? + mcY 

— + ^^ —^ 1, 

a* a* + m*c* 

which is the equation to an ellipse, the origin, that is, the 
point on which the spheroid stands, being the focus. Hence, 
an oblate spheroid placed in the Sun on a horizontal plane 
stands in the focus of its shadow. 

2. If a cylindrical surface be circumscribed about a 
surface of the second order of which the equation is 
Aa? -^ By^ + Csi? = 1, and if R be the length of the semi- 
diameter to which the cylinder is parallel, and X, /u, v the 
angles which it makes with the axes, the equation to the 
cylindrical surface is 

Aw^ '\' By^ + Csi? - 1 = i2* (-4^p cos X + By cos fjL + Cx cos i/)'. 

3. To find the equation to the conical surface which 
envelopes a given surface of the second order. 

Let the given surface be Aar^ -^ By^ + Ci»^ « X), then the 

equations to any generating line through the vertex (a, 6, c) 

will be 

Of --a y-b %-c 

— -— = = = r (1), 

I m n 

and to find the intersection of this with the surface we have 

A{a + Irf + S (6 + mrf + C {c ^ nrf - Z> = 0, 

and since the values of r must be equal, we have between 
Z, m and n the relation 

{Aal'{' Bhm -{-CcnY 
= {AP + Bm^ + Cn") {Aa^ + S6« + Cc^ - JD), 

therefore substituting for /, w, n their values from (l), r dis- 
appears and we get the equation to the enveloping cone 

{Aa (a? - a) + Bb (y - 6) + Cc {z - c)^ 

= {A (^ ^ ay + B (y ^by ^ C (z-cyi {Aa'-^Bb^+Cc'^D) 
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which reduces at once (agreeably to Cor. Art. l65) to 

(Jaf" + By^ + C«* - 2>) (Aa^ + Bb^ + Cc" - D) 

^(Aaof -^ Bby + Cc» - Df. 

It is evident that in the saine way the enveloping cone to 
any surface represented by an algebraic equation F (x^ y, i^f) = 
may be determined, by finding the equation of condition between 
/, m, and n that F{a + /r, b + w»r, c + nr) « may have a 
pair of equal roots, and then eliminating /, m, and n by means 
of the equations (l). 

The cone touches the surface along the curve in which it is 
intersected by the plane represented by Aaoo -{• Bby + Gcx = D 
obtained by substituting for p and ^ in « — c =p (a? - a) + Q' (i( - 6). 
Also if aS « AC (fig. 52) the length of the line joining the 
vertex of the cone and the origin, and R = CP the portion 
of that line which forms a semidiameter of the surface, it 
may be shewn that 

R' 



/ 

/ 



Aa'+Bb^^ + Cc^'^D. ~^, 



which may be substituted in the above equation to the 
conical surface. 

Cob. If instead of referring the surface to its axes, 
we refer it to a system of conjugate diameters, one of which 
passes through the given vertex and is taken for the axis 
o{ Zy the equation to the plane of contact will be Ccss-D^O'^ 
and the equation to the enveloping cone will be found to be 

(« - c)« - ( J - ^) (^^ + By^). 

4. If a cone envelope an elliptic paraboloid, the line 
joining its vertex and the center of the curve of contact is 
parallel to the axis of the paraboloid, and bisected by the 
surface; and the volume of the cone is ^rds of the volume 
of the enveloped segment of the paraboloid. 

5. If lines be drawn from the center of an ellipsoid 
parallel to the generating lines of an enveloping cone, a 

18—2 



..*' 
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conical surface will be formed intersecting the ellipsoid in two 
planes parallel to the plane of contact. 

6. One of the most useful applications of the general 
method of determining conical surfaces, is to find the stereo- 
graphic projection of a curve upon any plane; that is, the 
trace upon the plane, of a conical surface, called the optical 
cone, whose vertex is the place of the eye, and directrix the 
given curve. 

If we take a line drawn through the place of the eye, 
perpendicular to the plane of projection for the axis of ^r, 
the equation to the optical cone will be 






which results from the general equation to conical surfaces, 
by making a = 6 = 0, and changing the sign of c, that is, 
supposing the vertex to be situated below the plane of sy. 
If in this equation we make x constant, we obtain the 
equation to the stereographic projection of the given curve 
upon any plane perpendicular to the axis of %; and if in 
the result we make c infinite (so that the projecting lines 
may all become parallel to one another and perpendicular 
to the plane of projection), we shall find the equation to 
the orthographic projection, which is the sort of projection 
BO frequently employed in every part of this subject. 

When the curves to be projected are situated on the sur- 
face of a sphere, the term stereographic is usually con- 
fined to the case where the eye is situated in the pole of 
the great circle whose plane is the plane of projection; 
and when the eye is in the center, and the plane of pro- 
jection is a tangent plane to the surface, the projection is 
called gnomonic. We shall now illustrate the method by 
the following examples. 

7. To find the stereographic, gnomonic, and orthographic 
projections of any circle of a sphere. 

Let the center of the sphere be the origin, and a plane 
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perpendicular to the plane of the circle to be projected, 
the plane of zoo ; then 

a^ + y^ + »* = r*, % = ax ■{■h^ 

are the equations to a circle of the sphere, forming the 
directrix of the optical cone; 

also (c ^ a{z ■\- c), y = /3 (5? + c), 

are the equations to the generating line; hence, eliminating 
^) y^ ^9 between these four equations, we find 

aca +6 ft + c .fc + c 

«^- yOf^a- , y = /3 



1 — aa ' 1 — aa ' " ' 1 — aa 

.'. (b + cy (a* + /3') + (aca'\- by :=. r* (1 - aa)' ; 

or, restoring the values of a and /3, 

(6 + cy (a?* + y^) + {aca + 6 (ar + c) }* • r' (jt + c - aa?)% 

the equation to the optical cone, from which those to the 
projections may be deduced, as follows. 

In stereographic projection, the plane of projection passes 
through the center, and the eye is situated in the surface of 
the sphere, therefore ijr = 0, c = r ; 

.-. (b + ry {a^ + y*) + r* (a^ + 6)* ^T^ir- axy^ 

g 2 2or« ^ r-b 

or .17* + y* + -w = r . , 

r + 6 r + o 

the equation to a circle, whose radius = vr*(l + a^) - 6*, 

und distance of its center from that of the sphere = . 

r + b 

In gnomonic projection, the plane of projection touches 
the surface, and the eye is situated in the center of the sphere, 
therefore ar = r, c = ; 

or ^« (6« - aV) + ti'y'' = r* (r^ - 6«) - ^i^aaf'. 



278 

the equation to an ellipse, hyperbola, or parabola, according 
as 6^>, <, or « a^i^. 

In orthographic projection c « oo , iv » o ; 

.'. 0?^ + j/^ + (oa? + 6)* = r^, the equation to an ellipse* 

It is to be observed that the optical cone, since it meets 
the surface of the sphere in a plane curve, will meet that 
surface again in a plane curve (Art. 78) ; so that the stereo- 
graphic projection relative to any point, of any circle of a sphere 
upon the surface of the sphere, is a circle. 

In the same manner it may be shewn that the stereo- 
graphic projection of any plane section of a paraboloid of 
revolution upon a plane perpendicular to its axis, is a circle, 
the eye being placed in the vertex ; or that the stereographic 
projection of any section of an oblate spheroid upon the plane 
of the equator, is a circle, the eye being placed in the pole. 
We may employ the same method also to compare any angle 
on the surface of a sphere with its different projections ; this, 
however, may be done more simply by geometrical con- 
siderations, as will be seen in the following problem. 

j^-^ 8. The gnomonic, orthographic, and stereographic pro- 
jections of the rhumb-line, which is a curve of double curvature 
traced on the surface of a sphere so as to cut all meridians 
under the same angle, are three of Cotes^s spirals. 

First to find the gnomonic projection. 

Let yBoOj (fig. 55) be the plane of projection perpendicular 
to 5C, Tt its intersection with a plane touching the sphere at 
a point P in the plane of zof^ then Tt is parallel to By% Pi 
a tangent to the rhumb-line at P, Q the projection of P de- 
termined by producing CP to meet the plane wBy. Then 
z TQt is the projection of TPt ; 

Tt TP Tt TP as 

and tan TQ/. — ._. — = —tan TP^-— tana, 

if a a the constant angle at which the rhumb-line cuts the 
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meridian. Let BQ bi p^ p = perpendicular from B on Qt 
which touches the projection of the rhumb-line at Q, BC s a, 

. p a tana 1 cosec^a cot^a 
then . « — ^ or -T = — + — r— • 

the equation to one of Cotes's spirals. 

Secondly to find the orthographic projection. 

Let ofCy he the plane of projection (fig. 56), Tt its inter- 
section with a plane touching the sphere at a point P, situated 
in the plane of %w^ then Tt is parallel to Cy ; Pt a tangent 
to the rhumb-line at P, N the projection of P, then Z TNt 
is the projection of TPt ; 

^ur Tt TP Tt TP ^„, CP 
and tan TNt as -—-- e -rrrz.. -=r;r *= 7=—; . tan TPt « -;rr;-tano; 

TN TN TP TN PN 

or if CN = p, p = perpendicular from C on Nt which touches 
the projection at N, 

p a tan a 1 cosec^a cot^a 

or •— 



2 2 ' 



the equation to the hyperbolic spiral, as already found p. 260. 

Thirdly to find the stereographic projection. 

Let CO = CP be perpendicular to the plane of projection 
xCy (fig. 5^ ; join PO meeting the plane of projection in Q, 
which is therefore the projection of P, and Z TQ^t of TPt. 
Then z PPQ « complement of CPO « complement of COP 
^PQT, .-. PT^QT; and since T^ is perpendicular both to 
PT and QT, .-. z TQt = TP^ = a ; therefore since the angle 
between the tangent and radius vector is constant, the curve is 
an equiangular spiral, its equation being p = psin a. 

Cob. It appears, that if an angle a on the surface of a 
sphere have one of the arcs which contain it, a meridian, and if 
y denote its gnomonic, w its orthographic projection, and 6 the 
arc of the containing meridian intercepted between its vertex 
and a plane through the center parallel to the plane of projec- 



280 



tion, then tan y ^ sinO tan o, tan w ■» -: — - tan a ; also tana 

' sm 

8 \/tan<o. tan^, that is, the tangent of the stereographic 
projection is a mean proportional between the tangents of the 
orthographic and gnomonic projections of the same angle. 

9. To find the equation to the conoidal surface gene- 
rated by a horizontal straight line which constantly passes 
through a Helix, and the axis of the vertical cylinder on 
which it is traced. 

The equations to the Helix are (Prob. 2, p. 254) 

<v 
07* + y' = a% z = na cos"' ~; 

a 

let the equations to the generating line be )ir = /3, y ^ asfy 
then eliminating a?, y, z^ w^ + cfai^ = oS 

or - = — , ; .'. i3 = wa cos"^ — t^- — na tan"'a ; 

« n/i + a'* "^ v/l + a* 

therefore, restoring the values of a and /3, the equation to the 
surface is 

1 y 
z as WO tan"* - . 

This is the surface presented by the inferior superficies of a 
staircase, attached to a vertical column round which it winds. 

10. To find the equation to the surface generated by 
the revolution of any straight line about a fixed axis. 

Let the fixed axis be taken for the axis of z^ and let the 
equations to the directing straight line be 

X = Az + A, y = Bz + At, 

and those to the generating circle z ^ (i, ^ + y*«a; then 
eliminating a?, y, Zj we get (Aji + A)* + {Bfi + A;)* = a, or, 
restoring the values of a and /3, 

(Az + hy + (Bz + ky = ^« + y*, 
or a« + y« - (^' + B*) «« - 2 (^ A + Bk) z ^ h^A- k'. 
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which is the equation to the surface, and manifestly represents 
a hyperboloid of one sheet with its center in the axis of z. 
If in this equation we make cr s 0, or ^ » o, in order to find 
the equation to a section through the axis, the resulting 
equation represents a hyperbola; therefore the surface is a 
hyperboloid of revolution. Also if, retaining one of the above 
equations to the directrix, we change the signs of the second 
member in the other, the equation to the surface is not altered ; 
therefore the same surface may be generated by two' different 
straight lines, and through any one of its points two straight 
lines may be drawn so as to entirely coincide with it. This 
agrees with Art. 73. 

If we take for axis of w the shortest distance of the 
directrix from the fixed axis, the equations to the directrix, 
since it is parallel to the plane of yzy will be a? = A, ^ s B» ; 
therefore putting -4 « 0, i = 0, the equation to the surface 
(reckoned from its center as origin) becomes 

11. An oblate spheroid revolves about any diameter, to 
find the equation to the surface which envelopes it in every 
position. 

Let 0? « tnZf y - n% be the equations to the diameter, 
c*' (jc^ + y«) + a^%^ ^ a^c^ the equation to the spheroid ; 
then the equation 

{y — n%)p - (tT — m%)q + my - rnc = 

becomes {my — nou) {aP — c') = 0; so that the equations to 
the directrix are 

c^ (^ + jr) + «*^* = «^<?*> nw ^ my, 
and the equations to the generating circle, 

z + mof + ny = fif w^ -i- y^ + z^ ^ a; 
eliminating 4?, y, z between these four equations, we find 



a«(a - c") (w^ + n') = (j3 v/a'* - c' - c v'a - a)' ; 
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therefore, restoring the values of a and /3, the required 
equation is 

= \(x + ma + ny) \/a' - c* - c \/a^ —a^^y^- z^\K 

12. The locus of the normal to the surface y ^ x tan n« 
along a generating line is a hyperbolic paraboloid. 



PfioBLEMs ON Section VIII. 

The following are some examples of finding the equations 
to twisted and developable surfaces, and envelopes. 

1. To find the equation to the twisted surface of which 
the directrices are two vertical circles having the opposite sides 
of a horizontal parallelogram for diameters, and a straight line 
passing through the center of the parallelogram perpendicular 
to the planes of the circles. 

Let the center of the parallelogram be taken for origin and 
its plane for that of xy^ and the rectilinear directrix for the 
axis of y ; then the equations to the three directrices will be 

/r =s « = 0, 

y = - 6 (a? - o)^ + «* = r*, 

y - +b (of -^ ay + sts* Bs 1^. 

Also let the equations to the moveable line be 

^ = a(y-/3), « = 7(y-/3), 

so that it already fulfils the condition of meeting the axis of y, 
and one of the parameters consequently is eliminated; then, 
expressing that it passes through each of the circles, we have 

|a (6 - /3) + a}« + 7* (6 - /8)» - W"-^ ^ ' 
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therefore, by subtraction, 

/3(6a* + aa + 67*) «0; 

and rejecting the value /3 » which would make the moveable 

line always pass through the origin and so generate an oblique 

cone, we have 

o 
a* + 7* +7-0 = 0...(2), 

by virtue of which, either of the equations (l) gives 

oa(6«-i30«6(^-o')...(S); 

and it remains to eliminate a, /3, y between (2) and (sy and 
the equations to the generating line. Substituting the values 
of a and y given by the latter in (2) we find 

fiway-^ , and then o *= - 7 



a w ^ b a^ + si^^ 

therefore, substituting these values of a and /3 in (3) and re- 
ducing, we find for the equation to the surface 

{awy + 6 (ap« + «*)}« = 6Va?« + b^x^ (r« - a»). 

2. To find the equation to the developable surface gene- 
rated by a straight line which constantly touches a Helix. 

The equations to the Helix being 

SS SI 

w = a cos — , y ^ asm — , 
na na 

at a point for which x => a the equations to its tangent are 

a 1.0. 

tV - o cos — = sin — (x — a), 

na n na 

. a 1 a . . 

y - a sm — = — cos — {x -- a); 
na n na 

a .0 _ a a \/(jf •{- f^ — a^ r- (cy 

.\ w cos 1- y sm — « a, and tan — = — ^ — ; 

na na na y^ -^ a^ 
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also, adding the squares of the above equations, we find 

therefore the equation to the surface is 

/-z ;; ;; ^ >i /« \/^* + y« - a" - 3py\ 

n vw -¥ y* - or 9 % - na tan ^ — . 



3. To find the nature of the curve traced upon a cylin- 
drical surface, when the surface is made plane. 

Let /r, y^ x be the co-ordinates of any point in a curve 
traced upon a cylindrical surface; then the equations to the 
generating line which passes through that point are 

x' — X - m (a/ ^ ai)i y '-y ^ n {w — ai)'^ 

and the equations to the tangent line of the curve are 

dx , dy 

let i denote the angle between these two lines, y the in- 
clination of the generating line to the axis of a?, and s the 
length of the curve ; then (Art. SO) ^ 

, dx dy ^ ds 
cos t = cos 7 (m -— + w — — h 1) -f- -J- . 

dx dx dx 

Now when the cylinder is developed, the generating lines 
preserve their parallelism, and may therefore be taken for 
the ordinates ; let a line perpendicular to them be the axis 
of the abscissae, and a, /3, the co-ordinates of the point id 
question ; 

. d/3 . d/3 . dx dy ^ . 

then — — = cos «, /. ~- = cos 'y (m -— + n -j- +05 ^Iso 
ds dx dx dx 



1 + 



/rfyy fdx\^ /da^ (d^\ _(^Yf (ifiVX 
[dx) '^[dx) "\dx) '^[dx) "[dxJY'^Ua)]' 



i 
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— J ; and if between these and 

the two equations to the curve we eliminate ^p, there will 
remain a differential equation between a and /3 which will 
be that to the required plane curve. But if the latter 
equation be given, that is, /3 = /(a), we may eliminate a 
between the two above equations, and there will remain a 
differential equation between /r, ^, and Zy which, with the 
given, equation to the surface, will be the equations to the 
required curve of double curvature. 

Cor. If the curve on a plane be a straight line, the 
angle i is constant ; 



[ dx dy \ 
y\m v- + «^+ 1 
' \ dos dw I 



d% dy \ da 

. . cos 'y I m T- + « -r- + 1 1 ■* cos I . — 

dx 



is the equation for determining its nature, when the plane 
is applied to a cylinder ; the curve is called the Helix, 
and we have for its length, by integration, 

cos y (mx + ny + x) = cos i (« + C). 

It is manifestly the shortest line which can join two points 
on the surface of the cylinder. , 

4. To- find the nature of the curve traced upon a 
conical surface, when the surface is made plane. 

Let a, 6, c be ihe co-ordinates of the vertex of a conical 

surface, .r, y, x co-ordinates of a point in a curve traced upon 

it, and r the distance of that point from the vertex. When 

the- cone is developed, the generating lines become radii 

vectores, and if 9 be the angle which r forms with some fixed 

fd8\^ 
radius vector, equating the two values of (;7— 1 > we have 

and r* = (ai - ay + (y - by + («? - c)* ; 

from which, together with the two equations to the curve 
we may eliminate or, y^ ^, and there will remain a relation 
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between r and 0, the equation to the plane curve when the 
surface is developed ; or, if r ^f{Q)^ and the equation to the 
conical surface be given, we may eliminate r and 0, and so 
arrive at the remaining equation to the curve of double 
curvature resulting from the application of a plane on which 
a given curve is traced to a given conical surface. 

Co£. All curves which make a constant angle with the 

generating line of the cone are characterized by the equation 

dv 

— 8 cos e, and become equiangular spirals when the surface 

ds 

is developed. Also all curves which become straight lines 

when the surface is developed, and which therefore are the 

shortest lines which can connect two points on its surface, are 

ds d J 
characterized by the equation — = --- \/r^ - a\ a being the 

length of the perpendicular let fall upon the line from the 
vertex as origin, or 

or finally, by developing this equation, 

When the surface is a right cone on a circular base, the 
problem admits of a very simple solution, as will be seen 
in the following instances. 

6. A given curve being traced on the surface of a right 
cone whose base is a circle, to determine its equation when the 
surface is developed. 

Let P (fig. 58) be a point of the curve situated on the 
generating line CJR, Q its projection on a plane perpendicular 
to the axis; then our object is to find a relation between 
CP = r, and the angle which CP makes with C-i, when the 
cone is developed ; call this angle 0, and let 

CQ^r'y QCw:=ff, m = cosec ^CZ>; 
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now, when the cone is developed, Q is subtended by a circular 
arc, length AR ; 

r.e.JC^ff.AD, or, 0' = m0; 

also CP.smPOD = CQy or,/--; 

m 

if, therefore, /(r , 9') « be the given equation to the locus 
of Q, /( — , IW0 1 = is the equation to the curve when 
the surface of the cone is developed. 

Conversely, if /(r, 0) « o be the equation to a curve traced 
in a circular sector, and the sector be formed into a right cone, 
the equation to the projection of the curve on a plane perpen- 
dicular to the axis of the cone will be/f mr', — | =0. 

Ex. 1. A right cone being intersected by a sphere whose 
center is in its surface, to determine the equation to the curve 
of intersection when the cone is developed. 

Let B in the plane of jirzr be the center of the sphere (fig. 58) 
BC ^ c, a ^ its radius, a - ^ vertical z of the cone, then 

(c sin a - .r)* + (c cos a - «f)* + y^ = a* 

is the equation to the sphere, and s^ tan^ a — ^r" -f* j^ is the 
equation to the cone; therefore, the equation to the pro- 
jection of their intersection on the plane of wy is 

c*+ (a?*+ y*){l + cot^ai -2c^psin a - 2c — ; \/a^+ y^=a\ 

sin a 

and its polar equation is, making w = r cos d', ^ « / sin 0", 

c* + /* cosec'o - 2c /sin a cos ff - 2c/cosec a cos*o « a*. 

But m = cosec a, r « / cosec a, ff ^ m6 ; 

therefore, when the cone is developed, the equation to the 
curve of intersection is 

r^ - 2cr {sin* a cosmd + cos* a} + c* - a* = 0. 
Ex. 2. If a semicircle be described upon the bounding 
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radius of a quadrant, to find the equation, to its projection 
upon a plane perpendicular to the axis, when the quadrant 
is formed into a cone. 

Here meSir-i — = 4?; also the equation to the semicircle 
is r B a cos 0, therefore the equation to its projection is 

r' « :^ a cos ^ Q\ 

6. To determine the shortest line on the surface of an 
ellipsoid. 

^ y' ** 
Let — + —+ — = lbe the equation to the surface ; then 

a P 7 

p = -— — jQ'^-T^ -; and the equations to the shortest line 
'^ a z p X 

become (Art. 190) 

w" = — — «"> y" = 7? - ^"> where x" « --^, &c., the arc b bein cr 
an independent variable ; also we have x' ^px +qy' which gives 

+ ^+ 0(1), and.-. — +?L + _ 

xx' yy*' %x' yx' (sf y* «*\ . v 

a p y X W p* 7V 



'— '' - '--" ' " " 



d?<r yy xx yx (xx yy xx\ 

Now — + "^4- — ^-^^ — +5 + — r 

a p 7 X \ijC ^ y^l 

Hence multiplying this by equation (2) so as to eliminate 
- — , and integrating, we get 



U i3 ^ 7/ W /3* 7V C'' 

between which and equation (l) together with the equation 
to the surface if we eliminate one of the variables, we shall 
obtain the required differential equation of the first order 
to the shortest line, or geodesic line as it is called. 
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7. The direction of the shortest line at any point of air 
ellipsoid is determined by the condition that the product 
of the semidiameter of the surface which is parallel to that 
direction, multiplied by the perpendicular from the center on 
the tangent plane at the same point, is invariable. 

For if a semidiameter D be drawn parallel to the tangent of 
the shortest line at ocyx^ w\ y\ x' will be the cosines of the angles 
which it forms with the axes of the ellipsoid, and we shall have 

y* y'« x^ I ^ aP ^ ft? I 

from Prob. 3, p. 234, P being the perpendicular from the 
center on the tangent plane at wy%\ therefore the result of 
the preceding Problem becomes 

8. The following are examples of Envelopes, when the 
equation to the series .of surfaces contains only one parameter. 

Ex. 1. To find the equation to the envelope of all right 
cones of a constant volume, whose axes are in the same 
straight line, and bases in the same plane. 

The equation to any cone is i?f « a { 1 J , where 

a = altitude, h = radius of base, and the origin is in the center 
of the base. Let its volume always equal that of a hemi- 
sphere, diameter 3e; 



- , or a= — — ; .•. «r = 

3 12 ' 46*-^ 46' 



differentiate with respect to the parameter 6, 

27c' Sic' /-^ J ^ 3 -^ 

27c' I ^\ <? . . . J 

.*. X « ——^ x- 1 — s= -r i , the equation required. 



Also y/al' + j/* = — , amA X =-^ \\ - -j 



2b , 27c' f^ 2\ 9<? 

19 
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are the equations to the characteristic, that is, determine the 
radius and position of the center of the circle, in which 
the cone, the radius of whose base s 6, is intersected by the 
consecutive cone of the same yolume. 

Ex. 2. If a series of planes, passing through a fixed point 
in the axis of Zj have their traces on the plane of :vy all of the 
same length ; to find the equation to the developable surface 
formed by their intersections. 

If cb distance of the fixed point from the origin, a = length 
of the trace on the plane of wy^ and a » the angle which it 
makes with the axis of iT, the equation to the plane is 

+ - = 1; 



a cos a a sm a c 

which being di£Ferentiated with respect to a gives o^tan^a « y ; 
therefore substituting in the equation to the plane, we get 

c a 
the required equation to the surface. 

The equations to the characteristic in this case are 

w ^ % y 

- sear a + - « l, — »= tan'a. 

a c w 

Ex. 3. If the center of a spliere whose radius — a, 
describe a curve in the plane of wy^ to find the equation 
to the annular surface which envelopes the sphere in every 
position. 

Let a and j8 be the co-ordinates of the center of the 
sphere in any position, and y =/(<J?) the equation to the 
curve which it describes, therefore /3 - /(a) ; 

.-. (^-a)^+{3^ -/(a)}* + «« = «* 

is the equation to the surface, and by differentiating with 
respect to a, 

^-a+{y-/(a)}/'(a) = 0; 
these are the two equations to the characteristic, whose 
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position and magnitude depend upon a; and if we elimi- 
nate a between them, we find the equation to the envelope. 
The characteristic in this case is manifestly a circle of con- 
stant radius whose center is a point in the curve which 
forms the axis of the surface, and whose plane is perpen- 
dicular to the tangent line at that point, as is expressed 
by the above equations; hence its nature is entirely inde- 
pendent of the curve whose equation is y ^/(w) ; it is also 
the curve of greatest inclination, for its tangent line at every 
point is perpendicular to the intersection, with the plane 
of aftff of the plane touching the surface at the same point, 

therefore its equation is (p. 257) 3— = - • The remaining 

diO p 

equation is that to the envelope since the characteristic is 

situated upon it, which we obtain by observing that the 

normal always meets the plane of wy in the curve which forms 

the axis of the surface, and the length is equal to the radius 

of the generating sphere ; 

.*. - X x/l +p^ -^^ = a, (Art. 1 10) or x^ (1 +^* + g*) = a^ ; 

this might also have been obtained by eliminating the 
arbitrary function from the two equations to the characteristic ; 
hence the integral of the equation z^(l + p^ + q') - a' is re- 
presented by the system of equations to the characteristic. 

Ex. 4. If the vertex of a right cone describe a given 
curve in the plane of wy^ and its axis be always perpen- 
dicular to that plane, to find the equation to the surface 
which touches and envelopes it in every position. 

Let a and /3 be the co-ordinates of the vertex, y ^f(ai) the 
equation to the curve which it describes, therefore j8 = f(a) ; 
a « tangent of the angle which the side of the cone makes 
with the plane of ofy ; then the equation to the surface is 

(or - a)' + {y -/(«)}«= ^; 

differentiate twice successively with respect to a, 

19—2 
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from which equations we may deduce as above the equation 
to the envelope, and the equations to its characteristic, and 
edge of regression* 

The tangent plane to the envelope at any point is also 
the tangent plane to the generating cone, and therefore makes a 

constant angle -y with the plane of a^y; but sec */ = \/l +jp* + 9*> 
therefore, since a » tan y, the di£Ferential equation to the 
surface is 

the integral of which is of course represented by the system 
of equations to the characteristic. 

Hence, if S denote the area of any portion of the surface, 

Jig 

-1 « \/l -^ p* -¥ (f as sec 'v, or *y = -4, sec 'v ; 

doidy ' 

that is, any portion of the surface bears a constant ratio 
to its projection on the plane of xy. The characteristic in 
this case is evidently a side of the generating cone, and 
therefore perpendicular to the intersection of the tangent plane 
with the plane of wy ; therefore its two equations are 

dw p 

hence the curve of greatest inclination of all surfaces generated 
in this manner is a straight line, inclined at a constant angle 
to the plane of wy. 

9. The following are examples of envelopes when the 
equation to the series of surfaces contains two parameters. 

Ex. 1. To find the equation to the surface touched by 
a series of planes so drawn, that the product of the per- 
pendiculars let fall upon any one from two fixed points is 
invariable. 

Let the line joining the two points be the axis of 07, 2a its 
length, and the origin in its middle point; z^^Aw-k- By+v 



293 

the equation to one of the planes ; then the product of the 
perpendiculars upon it will be found to be 

1 + ^^ -t- S" " ^"PP^s^^ or c*= 6«(l + ^«+ B") + A^a\ 

Hence, differentiating the equation to the plane successively 
with respect to A and B considering c as a function of 
^ and B by virtue of the above equation, we have 

A A 

= cr + (a«+6«)- or ir= -(a»+6«)-, 

c ' c 

B ^B 6« 

Oasy + 6* — or ye— 6* — ; and consequently «f = — ; 
c c c 



■*" J.2 + M '=' li - ^» 



the equation to a prolate spheroid, whose axis coincides with 
the line joining the two given points. 

Ex. 2. Let the equation to a surface be 

w^ y* x^ 

— + 7- + — =1; 
a* 6"* c" 

to find the equation to the surface which it touches in all the 
positions it can assume, subject to the condition a"+6"+c''B/p" 
a constant quantity. 

Differentiating the equation to the surface successively with 
respect to a and 6, regarding e as a function of a and b by 
virtue of the equation of condition, we have 

+ —77- 7 = 0, or — = — .— ; 



y* «* 6*"* y" ijr" 6* 

■■ ^ J. a, Q or — — ^ •— — • 

a?" y" «* «"• o"+6*+c^ «* Ap" .»" c*"*"* 



a* &"• c" c" c" c* c" A* A 



JN Tl 



29* 



or 



iT-i' — "' (1)"" -i' ©""-1= 



m» m« mn «» 



. ^+» ^ ^w+B ^ ym+» _. ^"•+»^ the equation required. 

If m = n = 1, the equation becomes \/x + v^ + vy = V^> 
and agrees with Prob. 10, p. 238; if m c=ns=2, it is;8f + «i7 + y= A?, 
which shews that if a series of surfaces of the second order 
have the sum of the squares of their axes constant, they are 
all touched by a plane. 

Similarly, if the equation of condition be abc = ft^, it may 

3 

be shewn that the equation to the envelope is wyz ^ I — J ; 

and if m s 1, we find wyx « — for the equation to the surface 

touched by a series of planes which form with the co-ordinate 
planes a pyramid of constant volume. The surface repre^ 
sen ted by the equation wyz ^ bl constant, has also the property 
that the tangent plane at any point <r, ^, %^ forms with the 
co-ordinate planes a pyramid of smaller volume than any 
other plane drawn through the point of contact, the equation 
to the tangent plane being 

/ # ' 
w y % 

- + - + - = 3. 

w y % 

Ex. 8, To find the equation to the surface touched by a 
series of planes which cut olF from a given right cone, an 
oblique cone, such that its volume is constant, or such that 
the transverse axis of its elliptic base is constant. 

If the volume of the oblique cone be constant, then by a 
property of conic sections the transverse axis of the elliptic base 
is also constant, suppose it .'. = 2 c, and let j3 = semi-vertical 
angle of the cone ; then it will be found that the equation to 
the touched surface is s? sa cot*/3 (^^ + y* + c^), the origin being 
at the vertex ; which belongs to a hyperboloid of revolution 
about the axis of the cone, and to which the surface of the 
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cone is an asymptote, the ^ axes of the generating hyperbola 
being c and e cot j3 ; also the point of contact is the center of 
the elliptic section. 

In like manner if a series of planes cut off from a parabo- 
loid of revolution a segment of constant volume, the surface 
touched by them is a similar and equal paraboloid about the 
same axis. 

Ex. 4. When from three straight lines meeting in a point 
a plane cuts off three segments such that the product of two 
of them divided by the third is constant, the plane constantly 
touches a hyperbolic paraboloid. 

Ex. 5. To find the equation to the surface which is 
always touched by a plane whose equation is 

mx -^ ny '{■Iz ^ v (l), 

971 and n being independent parameters, and I and v functions 
of 171 and n determined by the equations 

m'* +n* + ?= 1 (^), 

tn n I 



+ -«— -2-0 (3). 



Differentiating (l) with respect to m and n, and taking 
account of (2), we have 

(m\ dv f n\ dv 

But differentiating (3) with respect to m, and putting for 

•- — the value found above, we have, making 
dm 

(5-7)*'' 



»* — o* »* — c* 



A 



.imilarly,_ ^, _ ^ . ^ g - 5) « • 
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therefore, multiplying by m* and n*, and adding. 



m' 


• 


n 




,1 


«»- 


a«' 


t)*- 


6* 


' t,«-c» 




or 


1 




-(t- 




«*- 


i? 


• 


1 




, A 


rl_«^ 






» (4) by (l) and (s) ; 



^■^ 



a-')- 



Therefore multiplying the squares of these three equations by 
r, m', 91^, and adding, 

^ = ^(a?* + 2^+»* + t?*-2t?«)«* by (l) and (2), 

or 1 » ^ (r* - ©*) t>*, making r* « ^ + y* + ^^^ 

Hence from (4) -r = — , or -— = — , ; 

and adding unity to each side of these equations we find 

therefore eliminating x — /t>, we have 



similarly 






|JJ - a2 r« - v« ' r* - 6« r* - ©« ' 



therefore multiplying by «f, a?, y, respectively, and adding, we 
have the required equation to the surface, 

^z' a^a^ 6V ^ r. • V ^ 



10. To find the singular points of the surface 

a^ai^ 6'y' c*«* 

r*-a' r*-6* r*-c* 

a, 6, and e being in descending order of magnitude. 
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We must have (Cor. Art. 108) — = 0, — = o — = o 

djB dy ^ dz ' 

or a {o2(r2 « 6« . c^) + a^w^+ ft^ + c^^^ * 0, 

We can neither suppose the three variables to vanish together, 
nor two of them to vanish together, for by neither of these 
suppositions is the equation w = satisfied. Also if we 
make a? or s? vanish separately, the values of the other co- 
ordinates become impossible ; but if we make y « 0, we find 

a — c cr — ir 

•which are real values and satisfy « = ; and at the point 
corresponding to these values, we get 

consequently the equation to the tangent cone at the singular 
point, taking that point as origin, becomes 

Also for the distance of the singular point from the center 
we have, substituting its co-ordinates in (l), 

;^T^2"*";5^c«"^' which gives r^=6«. 

If fig. 60 represent the intersecting ellipse and circle that 
form the principal section of the surface in the plane of az^ 
then the intersections of those curves, otte of ^hich is J?, are 



298 

the singular points, and the two sheets of the surface meet 
in them. 

11. To shew that tangent planes can be found which shall 
touch the surface in the preceding Problem in circles whose 



radii 



2b 



The section by wx is an ellipse and a circle intersecting one 
another represented by the equations 

(ay* 4- «* - 6') (oW + c^«» - oV) « (fig. 60). 

Let PQTbe a common tangent to this ellipse and circle, 
then CQ the perpendicular upon it * 6, let ^ QTC » 0, then 



a« 



CT=6cosec0, TQ^bcotO, rP^-cot^, and cot 9 

b 

■■ \/ -o — ,o* W® shall begin by determining the intersection 
a '^b* 

with the surface of a plane perpendicular to xw passing 

through the common tangent PQ,T\ for which purpose we 

must, in the equation to the surface, change w into — w cos 9 

+ 6cosec 9i and z into ^sin 9 (Art. 101) which gives, dividing 

by 6* and observing that c? cos* 9 -{- (? sin* 9 ^If^ 

(^ + y* + 6*cosec*d - %bwQot9) (a^ + f^ + a*cosec^9 r-a?cot0) 

6 



-0.^(6^ + ^) -yHa*+c^) 



2o* 



(6* + c*) ^ cot - a*6*cosec» 9 - a*c* cot*0 « 0. 



6 

From this we get by successive reductions, taking notice of the 
value of cot 0, 

(^* + y^)« + (a;^ + j^) {(a*+ fc*)cosec*^ - 2^cot ^(ft + ^U 

+ aVcosec*^ - 4^o*6 cot0cosec*0 + 4a"a^*cot*0 - (<r^+ f^)(p? + (f) 

1__J + (6»+c*)4?cot0-<;^6*cosec'e-a»c*cot»0-.O, 



J 
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or (cT^ + y^)^ + 2(A*-f y^)acot0|acot0-^ [- +-U 
+ (a cot (9)* - 2 (o cot 0)3 (^ + ^^ Of -^a^a^ coee (- + -]'= 0, 



or 



a^+ y* + a cot Ola cot - a? ( - + - j I e o. 



which shews that for the assumed position of the cutting plane, 
the two curves of intersection become united in a circle (and 
consequently the plane touches the surface at every point in 
the circle) whose equation is 



y* = a cot e ( ^ + - j a? - a* cot* - ^* 
(^ cot 9-w\ (cr - 6cot 0) = (Pr - a)(af -QT), 



so that PQ is the diameter of the plane drcle of contact ; also 
by the ellipse CP^ ^ a^ + c^ - -p-. 



2 2 •* 

ac 1 



.-. PQ» = a»- 6» + c* - -^ = ^ (a« - b')(b* - c»). 



Problems on Section IX. 

1. As a first example of this theory, take the curve of 
double curvature, resulting from the intersection of a sphere 
and cylinder, considered in Prob. 1, p. 258. 

Its equations are f^=2aaf •- w\ 9?^ ^c? —^acOy and the 
equation to the normal plane, as we have seen, is 

a — 3B a , . 

0? + « '— = % — (1). 

To obtain the equations to the line in which this is inter- 
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sected by the consecutive normal plane, we must join to it 
the derived equation with respect to j?, namely 

f 1 a-w dy\ a dx 

or, by substitution, -f + -r =0, (2) ; 

and to find the equation to the surface generated by the per- 
petual intersection of the normal planes, we must eliminate 
^, y, and «, between these two equations, and the equations 
to the curve. 

Now from (2) f-^')' = ?C - -, ori' . af?^')'. 

and (1) may be written -' - + ^ - 0, 

•^ x.a « a X 



or 



x^^ a\ a J x^\ a) \xj 



Hence substituting for - its value, and reducing, we find for 

a 

the surface generated by the intersection of the normal planes 

Also 1 +€/'* + ^p'*= — 3 (2a + ai) 



.*. radius of curvature 



(2 a + a?)* 
v/lOa + Sa? 



2. On a given surface, to trace a curve of such a nature, 
that its involute shall be a plane curve. 

The curve of constant inclination, that is, one whose tan- 
gent line is inclined at a constant angle to the plane of wy^ will 
have this property. For if a denote the length of the arc, inter- 



] 
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cepted between the plane o( a:p and a point whose ordinate 
is x^ and y = the constant angle which the tangent line makes 

with the axis of «, then -— » cos y ; 

/. X ^ 8 cos -y, and 8 ^ x secy 

•B the length of the tangent line between the point of con- 
tact and plane of ay; hence if a thread be applied to the 
curve of equal inclination, and then be unwound from it 
beginning from the plane of wy and be kept stretched in 
the direction of a tangent, the extremity of the thread will be 
always in the plane of <ry, and will describe a curve which is 
manifestly the involute of the projection of the curve of equal 
inclination on the same plane ; for the projection of the tangent 
line will touch the projection of the curve, and will be of the 
same length. The equations to the curve of equal inclination 
were found at page 257. 

Ex. Let the surface be a right cone and the origin in 
its vertex, so that p - x tan a, 

cot^ a = cot* y -^ — -, or p = p \/l - (tan a cot yY^ 

P P 

the equation to an equiangular spiral. Hence it follows that 
this curve cuts the generating line of the cone under a con* 
stant angle, that is, it is the conical helix. Hence if a thread 
be applied to the surface of a cone, according to a helix traced 
on it, and then be unwound beginning from the vertex, its 
extremity will always be found in a plane perpendicular to the 
axis through the vertex, and will trace out an equiangular 
spiral on that plane, which is also the involute of the pro- 
jection of the conical helix on the same plane, and therefore 
similar to it* 

3. If a uniform and flexible string be suspended from 
two points in the surface of a vertical cylinder whose base is a, 
circle, it will form itself into a curve of double curvature, such 
that the involute lies on the surface of a sphere. 
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Let J (fig. 61) be the lowest point of the catenary, AB 
the radius of curvature at that point ; take the horizontal plane 
drawn through B for the plane of wy^ and the axis of the 
cylinder for that of x^ and let CMy MNj NP be the co- 
ordinates of any point P in the curve. Draw NT per- 
pendicular to the tangent PT and join CT\ then PT is 
perpendicular to the plane CTN^ for a line drawn through N 
parallel to PTy and therefore coinciding with the tangent 
plane of the cylinder would be at right angles both to TNy 
CN^ and therefore to the plane passing through them; and 
CNT is a right angle, therefore 

C7 r* = CN^ + NT = CS» + BA^ = CA\ 

because the perpendicular upon the tangent from the foot of 
the ordinate, is constant by the nature of the catenary. Hence 
the locus of 7^ is on a sphere radius C^, and since CTP is a 
right angle, therefore PT touches the sphere. But PT^ arc AP\ 
if therefore a thread be unwound from AP beginning from A^ 
and be always kept stretched in the direction of a tangent, its 
extremity will trace out a curve situated on a sphere and the 
thread itself will be a tangent to the sphere. 

4. In a curve of double curvature, if SY be a perpen- 
dicular on the tangent at any point P from a fixed point S9 
and SY' be a perpendicular on YY' the tangent to the locus 
of F, then, h being the perpendicular from S on the plane 
through FF' and the middle point of SPy 

SY'^SP'^SY'^'-h^ 

In fig. 55 bis take Q, jB, points of the curve on opposite 
sides of P and very near to it, and let g, r, be the points^ of 
intersection of the perpendiculars from S on the chords PQ, 
PR produced ; these points lie on a sphere diameter SP* 
Through O the middle point of SP^ and through the line qr 
draw a plane cutting this sphere in the circle q Yr. Now let 
Q: jR, move up to and coincide with P; then Pg, Pr both 
coincide with PY the tangent to the curve at P, and qr 
coincides with YY' the tangent to the locus of F; and SY* 
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being the perpendicular from the vertex of a cone upon a tan- 
gent to the circular base, it is easily shewn that 

S¥^ = SP* . {SV* - A»). 

Hence the normal plane to the locus of the foot of the per- 
pendicular on the tangent to any curve from the pole, always 
bisects the corresponding radius vector. 



Problems on Section X. 



We shall next apply the results obtained in Section X. to 
several particular cases. 

1. To find the equation to a plane which shall have a 
contact of the first order with a surface at a proposed point. 

Since the equation to a plane (which here takes the place 
of F = 0, Art. 212) contains only three arbitrary constants, 
a plane can in general have only a contact of the first order 
with a surface completely given. We have therefore 

from which there results between the constants A^ J?, c, and 
the co-ordinates x^ y^ z of the proposed point in the surface, 
the relations x ^ Aw •{- By + c, A ^p^ B ^ q; subtracting 
therefore the value of x from that of «\ and putting for A 
and B their values, the equation to the plane having a contact 
of the first order with a given surface at a point wyz, the same 
as that to the tangent plane, is 

»' - ^ = p (y - a?) + g (y' - y). 

2. The equation to a sphere is 

(^'-a)« + (y'-/3)«+(i^'-7)»«5*, 

and since it contains only four arbitrary constants, a sphere 
cannot generally have a complete contact of the second order 
with a surface. Suppose it required only to have a contact 
of the first order ; 
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d» si ^ a d» y' — /3 

then — 7«--7 , -— =--^^ . 

dm X ^y dy x ^ y 

Hence there results between the constants a, /3, y^ £, and the 
co-ordinates w^ y^ z^ of the proposed point of the surface the 
following relations, 

z — y z ^y 

or jr - a + p (« - 7) e 0, y - /3 + 9 (« - 7) = 0, 

which equations shew that the centers of all the spheres lie in 
the normal to the point of contact. 

Also (*-7)Ml+l'' + y'}«^» orz^y^ ^ ; 

and o = jr + . = ^ fi ^ y -^ 



Hence the number of spheres, which may have a simple 
pontact with a surface at the same point, is unlimited ; the 
radius of the sphere being assigned, the co-ordinates of its 
center are given by the above equations. 

3. To find the radius of curvature of any normal 
section, at a given point of an oblate spheroid. (Art. 229.) 

Let / = z PGA^ PG being a normal (fig. 67) ; and let the 
section PQ make an angle a with the meridian, and its radius 
of curvature = i? ; 

••• radius of curvature of meridian PO = p = ., . /. , , 

' (1 — e^ sm*/)* 



a 



radius of curv. perp. to meridian PQ' ^ p ^ . ; 

Vl - e^ sin*/ 

' ' p sin*o + p cos^a y/i - e*sin^/ ' 1 - e* + e*cos*acos*/ * 

4, To find the umbilici of an ellipsoid. 

These are points (Art. 226) at which, if the ellipsoid were 
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generated by a circle of variable radius moving parallel to 
itself, ' the plane of the generating circle would become the 
tangent plane. Let M (fig. 67) be one of these points which 
is necessarily in the principal section containing the greatest 
and least axes, and let MT be the tangent at M\ then 



tan MTN^ - ^ ^-^ . - _,_= (Art. 104) 



if CN^Wj since the equation to BPM is «=-\/a* — a?*; 

a 

hence the co-ordinates of il/, and of the three other umbilici 
similarly situated in the other quadrants of the principal 
section, are 

m^ ^a \J ^, af - ± c V —^ o • 

^ " & ^ or ^ c* 

Also the radius of curvature at an umbilicus 

c* \ or J ac 

since it is the radius of curvature of the principal section cor^- 
responding to these co-ordinates. 

5. To determine the lines of curvature of an ellipsoid. 

a^ y^ sf? 
Let the equation be — + 75 + — = 1; 

« P 7 
d% y w dx y y 

da? a % dy p z 

dy afis^ 
therefore, by substitution in the equation of Art. 231, 

20 
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+ J/3(a-7)**-«(^-7)y*-«/3(«-/3)}^-/3(«-7)*y-o, 

or Awy{^\{a^-Ai^-B)^-wy^Oi 
\awj aw 

.^'(^ J, 'Ja^.B. 

which will be both positive if we suppose the plane of pro- 
jection, that is, the plane of ary to contain the greatest and 
the mean axis, so that a, fi, y are in descending order of 
magnitude. 

dy wu 
To integrate this equation, let 3^ = — , u bemg a 

dof y 

function of w\ 

.-. wy IJ -— - ij + — (y-^Ay" - S) = 0, 

or Aa^u* - y* + u{(ii^ ^ Ay^ - B)^ 0, 

Bu 
•*• J^(^ + '^^) * ^'** (1 + ^^) "" ^^9 or y* e w*u - 



1 + Au 



dy du B du 

Hence dififerentiating 2y —-rx2/vu + jg^ 7-^— -— , 

^ dof dof (l + Auy da 

du{ ^ B \ dy 

or -7- <ar - ^-r-Ji « 0, smce 2y —- = 2au ; 

dai\ (1 + Auy] ' ^ dof 

.*. u ^ C9 which gives y^ ^ C la^ j-~] 

the complete integral, C being the arbitrary constant. 

\/b , 

Also takins the other factor a? = r— , we have 

or G^v^)'+(«-\/5)«»o 
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the idngular solution, which resolves itself into the two 

y « 0, « - i s/B ^^a\f -5 J, 

and indicates the umbilici of the surface (Prob. I V.)^ the normals 
at which, as we know, are intersected by the normals drawn 
from consecutive points in every direction on the surface. 

6. To construct the projections of the lines of curvature 
of an ellipsmd upon the plane containing the greatest and the 
mean axis. 

First, to determine the constant in the complete integral, 
let x\ y be the given co-ordinates of the point through which 
the lines of curvature pass. 



•••"■•-'^(•'■-r^)"'^-'' 



and l-^AC^ ^^ "*"?,"^'^ ±Ai>/(^y'' + ^ + ^y - ^Bw\ 

Hence, we see that C lias two real values one +, and the 
other ~ , and that 1 + AC is always + ; hence the complete 
integral represents an ellipse when C is — , and a hyperbo^«. 
when C is + ; and therefore the projections' of the lines of 
curvature passing through any point on the surface of an 
ellipsoid upon the principal plane containing the greatest 
and mean axes, are an ellipse and hyperbola. 

In the first case, if m and n be the semi-axes of the ellipse, 

n« ^ , B J wt» An^ 

fi»* 1-AC B B 

is the equation by which m and n are connected ; in the 
second case, if m and n be the semi-axes of the hyperbola, 



n^ , B m* An* 



20 — 2 
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Hence the semi-axes for each ellipse in the projection are 
the co-ordinates of a point in the same given hyperbola, and 
for each hyperbola the semi-axes are the co-ordinates of a 
point in the same given ellipse ; these are called the auanliary 
^ellipse and hyperbola ; they are concentric with the ellipsoid^ 
and their semi-axes major and minor (which are the same for 
both curves, and coincide in direction with those of the 
ellipsoid) have the following values 

V^.,^/|H|.„av/^^^/|;|. 

Hence we have the following construction for the pro- 
jection, upon the plane containing the greatest and mean 
axes, of the lines of curvature of an ellipsoid. Let ACB 
(fig. 68) be this plane (that of a}y)^ and with the axes 
found above construct the auxiliary ellipse and hyperbola 
GO^ HO. From any point / in the hyperbola, and i fa 
the ellipse, let fall perpendiculars on the axes CA^ CB ; and 
with semi-axes CNy CM construct the ellipse MN^ this 
is the projection of a line of the first curvature ; and in the 
same manner the projections of any number of lines of the 
first curvature may be constructed. Again with semi-axes 
miy ni construct the hyperbola nJT, this is the projection 
•of a line of the second curvature ; and similarly any number 
of projections of lines of the second curvature may be cour 
structed. 

As the points / and i approach and Cr, the ellipse and 
hyperbola continually approach the lines CO9 CB^ and are at 
last confounded with them ; therefore CO^ CB are the pro- 
jections of lines of curvature, and consequently the curves in 
which the surface is cut by the principal planes of wss^ yss are 
lines of curvature; also if in the equation to the auxiliary 
hyperbola we make m « a, we find w = 6, therefore the ellipse 
AB is included in the construction, and is itself a line of 
curvature. Hence the intersections of the surface with its 
three principal planes are all lines of curvature. Since CO 



aV^ 



-6^ 
^ — 2 and is therefore < a, the point O falls within 



or — c 
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Ihe ellipse AB ; it is the projection of an umbilicus of the 
surface (Art. 235) round which the lines of both curvatures are 
symmetrically disposed, and towards which they all turn their 
concavities. 

If the plane of projection contain the mean and least axes, 
i. e. if 7, /3, a be in descending order of magnitude, then 

B = a— , -^ = -B — ^are still both positive, so that this 

7 — a p 7 — a 

case is resolved into the preceding. 

7. To construct the projections of the lines of curva- 
ture of an ellipsoid upon the plane containing the greatest 
and least axes. 

If we suppose the plane of projection, that is, the plane 
of wy to contain the greatest and least axes of the ellipsoid, 
we shall find the construction easier. In that case a, 7, /3 
are in descending order of magnitude, and 

"^' /3(«-7)" ^* 
suppose ; B still remains positive. Hence 

Hence both values of C have the same sign, and are 
both negative 

which must always be the case, because the given point being 

in the surface of the ellipsoid, we must have ^ H < 1* 

P a 
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Hence both projections are ellipses ; and if m and n be 
the semi-axes of any ellipse, we have 

which is the equation to an ellipse whose semi-axes are 

In this case, therefore, the semi-axes of each ellipse of 
the projection are the co-ordinates of a point taken on another 
given ellipse, which is the same for all. 

Hence let BJ (fig. 69) be the principal section of the 
ellipsoid containing the greatest and least axes; and concen- 
tric with it describe the auxiliary ellipse YJT with the semi- 
axes just found, and which we observe are greater than the 
corresponding semi-axes of the ellipsoid a and 6. From any 
points /, i let fall perpendiculars on OJCy OF and with these 
as semi-axes construct the ellipses MN^ mn; then JtfJNT, mn 
are the projections of lines of curvature. If in the equation 
to the auxiliary ellipse we make m » a we find n s 6, therefore 
the principal section is itself included in the construction ; and 
if from the points A and B we draw tangents meeting the 
auxiliary ellipse in D, the perpendiculars dropped from every 
point in DY will serve to construct the projections of lines of 
the first curvature, and perpendiculars dropped from the points 
in DJC will serve for the construction of the projections of 
lines of the second curvature. 

It is not difficult to shew that if Jf F be joined, all the 
ellipses in the projection are touched by it, and consequently 
they are all inscribed in the same equilateral parallelogram. 
This however must appear from the singular solution of the 
differential equation to the lines of curvature, for that re- 
presents a curve which always touches and envelopes the curves 

comprized in the complete integral. Now the factor a;*- j — vi' 
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(p. S06) which in this case becomes ^- — r^, put equal 

to zero, gives a value of u which substituted in the equation 

y«« a/'u - ;; — gives y«« — (ar - v/fi)'; 

1 — A^U Ai 

and this equation represents the four chords which pass 
through the vertices of the auxiliary ellipse, and of which YX 
is one touching AB at an umbilicus of the surface. 

The conclusion from the whole investigation is, that if the 
two lines of curvature which pass through any point on the 
surface of an ellipsoid be projected upon the principal planes, 
the projections will be an ellipse and hyperbola, or two ellipses, 
according as the plane of projection does or does not contain 
the mean axis of the ellipsoid. 

Cor. 1. Since the equations of condition which charac- 
terize umbilici always make the differential equation of the 
lines of curvature identical, and since that equation in the 
present case is 

Aooy (^ +(a7«-.^y«-5)^-a?y = (l), 

we must have wy ^ Oy o^ — ^y^ — ^ s o ; but we cannot sup- 
pose w mOy for that gives y^ equal to a negative quantity ; 
therefore we must have 

ysO, ar^By or w^^ay/— — --, 

a — cr 

which equations indicate four points placed symmetrically in 
the four angles of the principal section containing the greatest 
and least axes, and of two of which O (fig. 68) is the pro- 
jection. These expressions for the co-ordinates of the um- 
bilici agree with those previously found by considering that 
they are situated at the extremities of the diameters which 
pass through the centers of all the circular sections of ai» 
ellipsoid. 



Cob. 2. in constructing the projections of the lines of 
curvature of an ellipsoid upon the plane containing the 
greatest and the mean axis^ we saw that for each of the 
umbilici the lines of curvature passing through it were re- 
duced to a single one, viz. the vertical ellipse projected 
into CO A. This also appears from the differential equation 

d t/ 
to the lines of curvature; for since --—, for the particular 

dof 

values of w and y belonging to an umbilicus, assumes the 

form ~, we must, to obtain its true value in that case, recur 


to the next derived equation according to the principles laid 

)down in Art. 235 ; this gives, not writing down the terms 

ivhich involve -;— -, 

dor 

t)ut at an umbilicus when y » o, a b: :L \/lS this equation i^ 

decomposed into — -^0, ^(-~| +1«0; therefore 

djff \dat) 

is the only admissible value, which when integrated and cor- 
rected so as to pass through an umbilicus, gives y » 0, anil 
indicates the vertical ellipse which is projected into COA. 

8. The lines of curvature of an ellipsoid are the curved 
in which it is intersected by homofocal surfaces of the second 
order. 

Let the equations to a given ellipsoid and to another 
homofocal surface be 

J?* y' «* ^ y^ 9^ 

or br c* a* h* c^ 

then the plane of <ry being supposed to contain the greatest 
and least axes of the ellipsoid, the constants a'% 6'^, c^ are 
subject to the conditions 

a^^W^a^^h\ a^^t?^a^^c\ c^-fr^ = c'^-*% -(S) 



dot 
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which amount only to two distinct equations, so that one of 
those constants is arbitrary. The co-ordinates of all the points 
bf intersection of (l) and («) by Prob. VI., p. 237, satisfy the 
equation 

«^* y* «^ 

which shews that some of the constants a'*, 6'% c^ are negative ; 
and from equations (3) it must be either 6'* alone, or 6'* and c* 
together that are negative. Hence the curve of intersection 
of (1) and (4) which is the same thing as that of (l) and (2) 
has for its projection the equation 

^ f c'^ yV c'^\ 

or -^^(a«.c^)-J^,(c^.60 = i; (5) 

which represents an ellipse since b'^ is always negative. Let 
J^ and Y denote the semi-axes of this ellipse, then 

■■■'^['-i)*'"{i- ')-"-"'■ 

so that the semi-axes of (5) are subject to the same condition as 

are the semi-axes of the projections of the lines of curvature of 

the ellipsoid by Prob. VII. ; consequently the curves in which 

(X^ f/^ %^ 
the ellipsoid is intersected by -^ — 7;^ + -7J « 1, in which a^ is 

arbitrary but h'^ and c^ subject to the conditions a^ + 6'* = a' - 6% 
a'« — c'* «s a^ — c% are its first lines of curvature. Similarly the 



second lines of curvature lie in the surface -^ — ^— .^—si, 

where a'* is arbitrary, but 6'* and c'* subject to the conditions 
o'2 ^ 5'8 « £j« „ if^ ok^ + c'« ^c? — ^* And equation (4) shews 
that those lines of curvature are likewise situated on a conical 
surface of the second order concentric with the ellipsoids 
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9. To determine the radii of curvature of an ellipsoid. 

Let the equation be — + ^ + — « 1, then taking the values of 

a p 7 

the differential coefficients from Ex, 5, we have 



— 2pq8 



y* f (y\* ^1 



But in taking the sum of these three equations, the co- 
efficient of 1 3- 1 within the brackets is 

.-. (1 + p*)t - Qpqa + (1 + 9*)r « 

»»'»'•'-••- (^y^(^ - ^'^^^ - ^> - -^^^ -^ ? • 

2> being the distance of wyz from the center, P the perpen- 
dicular from the center on the tangent plane, and ^'«a+/3 + 'y; 
therefore by substitution in the equation of Art. 233 and re- 
duction we have 

But i? - - (,'-«) v/i+y+9»- - ^^-;;^, 



i J 
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••• s* — ^_i2 + -o:.o. 0) 

Let B!y R" denote the values of R in this equation, then 



R'.R"^{^^)\ R' + R" 



which is the simplest form to which the result can be reduced ; 
the first equation shews that at points where the tangent planes 
are equidistant from the center, the product of the radii is 
constant ; and the second that at points which are themselves 
equidistant from the center, the sum of the radii varies inversely 
as the perpendicular on the tangent plane. Hence the volume 
of the ellipsoid may be expressed by the two radii of curvature 
at any point, and the perpendicular on the tangent plane, for it 

3 S 

Also the radius of curvature at an umbilicus (since the two 
radii become equal to one another) 

abc . /^* «*\ ^ , ^ 

« ---- = abc (—:+-: « — , as before. 
P^ \a* cV ac 

The equation (l) for determining the two values of R may 
be presented under a different shape, leading to several im- 
portant results; and may be investigated by the following 
direct method that is equally applicable to all surfaces whose 
equations are of a particular form. 

10. To find the two radii of curvature at any point of 
a surface whose equation is of the form 

0(j?) + >/.(y)+xW = ^- 

In this case the quantities u\ v\ fUJO vanish in the formula 
df Art. 217, a^^d we have 

^w + m*t? + r^w « —\/WTWTW' = P suppose. 
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which must be a maximum or minimum by the variations of 
/, HI, n under the conditions (Art. 24) 

^ + m* + n*«l, lU-^mV^nWmO, (2) 

by virtue of which m and n may be considered as functions 

of /; hence differentiating the above three equations with 

respect to /, multiplying the two latter by indeterminate 

coefficients X and k, adding them to the former and then 

^ . - dm . dn . , 

liiaking the coefficients of — - and -— vanish, we get for 

dl ul 

finding /, m, n the equations 

flit? + /c F + \m = > which give P + X « ; 
nw +/cW^+Xn » oJ 

^ u- P V -P fr- P 

... /.__.^.__«n.-^-, 

consequently from (2) we get the equation furnishing p^ p thi^ 
maximum and minimum value of R 

(since P - 4 v/J7* + F' + FT*), 

j7* r« IT* 

viz. =r + ^ + « 0. 

wP v^ P w^ P 

, a^ f^ z^ 
In the case of the ellipsoid — + — + — « 1, this become^ 

« P 7 

^ y' «" 

^ 0, 



a(a - i?l>) ^ /3(/3 - i?p) ^ 7(7 - ^P) 
p being the perpendicular on the tangent plane at ayz. 

a 

We shall next deduce some results both with regard to 
the radii of curvature and the lines of curvature of an ellipsoid, 
from applying the general equation to lines of curvature given 
in Cor. Art. 231, to that surface. 
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11 • To find the equations to the straight lines which 
touch the lines of curvature at any point of an ellipsoid. 

The equation of Cor. Art. 231 when applied to the ellipsoid 

(x^ i^ si^ , 

— I- ^4- — =1 gives (considering each co-ordinate as a func- 

o P 7 

d V 
tion of a new variable t and making —^ = w\ 8rc.) 

at 

y«(y - /3) ar + »V(a - 7) y + ^V (/S - a) « - 0, 

tVJif yy xz 

to which must be joined — + — + « 0. 

a /3 7 

Now the equations to the tangent line at ivyx are (Art. 124) 

X-w Y^y _ Z-'X 

X y X 

therefore eliminating w\ y\ Jtr^/the tangent lines to the lines 
of curvature at a point wyx are determined by the intersections 
of the cone and plane 

( F - y) ( Z - ») (7 - ^) ^ + ( Jr - ^) ( Z - «) (a - 7) y 

+ (X-^)(r.y)(i3-a)i. = 0, 

(^ - 07) - + ( F - y) I + (Z - i^) - - 0, 
a fi 7 

the cone having its vertex in the proposed point, and the plane 
being the tangent plane to the surface at that point. 

12. The tangents. to the lines of curvature at any point 
of an ellipsoid are parallel to the axes of the diametral section 
made by a plane parallel to the tangent plane at that point. 

/r* y* »* 
Let — + -3+ — =»1 be the equation to the surface, wyx 
a p 7 

. . , ^^v Yy Zx , - . 

the point in it, and -^ — + — - + = the equation to the 

« P 7 

cutting plane ; then r « X* + F' + Z* is to be maximum^ 
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X^ F, Z being taken so as to satisfy each of these equations ; 
therefore proceeding as in Ex. 10, 

(a + X)Jr+Kflr = 0, 03+X)F+<cy-O, (7+X)Z + <c*«0, (1) 

and eliminating X and c we get 

rZ (7 - /3) ar + jrZ (a - 7)y + XY(fi - a) « = 0; 

which with 1- -^ + = determine two straight lines 

a fi y 

-which are the axes of the diametral section ; and these lines 

are evidently parallel to the tangents to the lines of curvature 

determined in the preceding Problem. Also for the magnitude 

of the axes we get from equations (l) 

r + X-0, — (a-r) = -03-r)«— (7-r); 
a y z * 

w^ ^ s? 

0, 



o (a - r) fi(fi-r) y(y-r) 
which determines r. 

13. The radius of curvature of any normal section of an 
ellipsoid » D^ -r- p^ D being the semidiameter of the surface 
which is parallel to the tangent line of the normal section, 
and p the perpendicular from the center on the tangent plane. 

For comparing the above equation for finding the axes of the 
diametral section, with that for finding the radii of curvature 
in Problem X. we have Rp s r, which shews that the radii of 

curvature at any point of an ellipsoid are equal to — and — , 

p p 

p being the perpendicular on the tangent plane at that point, 
and A and B the semiaxes of the diametral section parallel to 
that plane. Also for the radius of curvature R of any normal 
section at the same point inclined at an angle to a principal 
section, we shall have (Art. 222) 



1 /cos* e sin* e\ 

r"^ \j^ "^ "b^J 



'cos*0 sin*^ p 

1^ 
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14. For different points taken along the same line of 
curvature of an ellipsoid, the product of the diameter of the 
surface that is parallel to the direction of the line of curvature 
at any point, and the perpendicular from the center on the 
tangent plane at the same point, is invariable. 

As in Problem XI., the equations to the lines of curva- 
ture are 

« (»y - y »') y + /3 (pox' - za/) y'+yiyaf'-- wy) »' =0, (l) 

io , y , z , 
-^ + ^y +-« =0. 
a /5 7 

Hence eliminating by cross multiplication, and taking \ to 
denote an arbitrary multiplier, we get 

z f/ 

\at = /3 {wz " zai) 7 (y^'- ofy) — 

7 p 

^ (xaf yy zz\ ^ , (w^ y* z\ 

Su fi z 

or putting "i + 35 + — = w> and \ = /ix . afiy we get for af\ 
0^7 

and similarly for y and z\ 

^.w^—u u, My = r^«^-^«^> tLZ^ — u—u. (2) 

2a a 2fi p 2y 7 



Hence multiplying these equations respectively by a? , y , «' 
and adding, and supposing the arc to be independent variable 
so that wa" + y'y'' + x'z" «= 0, and observing that 

a p y a p y 

\a p y) \ a p y I 

ix* «'» «'»\ 'iw* y' «*\ fa/' y' x'\ 1 
''■[■^^W*'y)'*'[T^j'-y)[a'^^'-:/)-^^ 



32Q 

or PD ■» C as in Prob. VII. p. 289. Hence all properties de- 
duced from this equation for the geodesic line of the ellipsoid, 
will hold also for the lines of curvature. 

Also this process leads to the integral of (l) and conse* 
quently to the determination of the lines of curvature. For 
equations (2) give 

2a? = , 2y »— ^ — ^, 2«' = 



w y z 

hence multiplying by — , — , and — , and adding and dividing 

by u' we get 

tT* V* «^ 
1- . ^ + 1 

which by substituting for u its value may be reduced to the 
form 

OT* V* «^ 
+ 1- s 1, 

a + afiyfjL )3 + a/S^/i y •{■ afiy/m 

which shews that the intersections of confocal surfaces of the 
second order are lines of curvature, agreeably to Prob. VIII. 

15. The curvature of the shortest line through any point 
of an ellipsoid varies as the cube of the distance of the tangent 
plane at that point from the center of the surface. 

Since the osculating plane of the shortest line contains the 
normal to the surface, the radius of curvature of the shortest 
line will be the same as that of the normal section of the 
surface which passes through its tangent, and therefore will 

equal — ■■ -55 * since PD = C by Prob. VII. p. 289. In the case 

of a surface of revolution, the perpendicular on the tangent 
plane coincides with the perpendicular on the tangent line to 
the meridian, and consequently the radius of curvature of the 

meridian =» — r- , and the curvature of the shortest line is 

proportional to the curvature of the meridian through the 
same point. 
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16. If a\ a\ be the parameters of the lines of curvature 
that cross one another at aiiy point of an ellipsoid (that is, the 
semi-major-axes of the confocal hyperboloids on which they 
are respectively situated) and and ^ir — 9^ the angles which 
the geodesic line through the same point makes with the lines 
of curvature, then the value of o'* sin*0 + a''*cos*0 is the 
same for every point of the geodesic line. 

It is shewn Prob. VIII. that the lines of curvature which 
cross one another at any point of an ellipsoid are the curves in 
which the ellipsoid is intersected by homofocal hyperboloids 
of one, and of two sheets, respectively. If therefore we take 
for the equation to the ellipsoid 

we may consider the two lines of curvature at any point to be 
determined by the hyperboloids whose equations are 

and a\ d\ are called the parameters of those lines of cur- 
vature. If we subtract each of these latter equations from the 
equation to the ellipsoid, we get 

0? if Si? 

^ (2), 



a^a'^ (a* - b^) (6* - d^) ^ (a* - &) (a'* ^ &) 



= (3). 



a* a"* (a* - 6^ {f? - a"") (a* - c») (c^ - a"*) 

But between the co-ordinates <r, y, jtr of a point in the ellipsoid 
(1), and r^ the square of a semi-axis of the diametral section 
drawn parallel to the tangent plane at that point, we have by 
Prob. XII. the relation 

a*(a«-r«) ■^(a^-fr'Xtt'-fe^-r*) "*" (a*-c^)(a*- c^- r*) " ^' 

which compared with (2) and (3) gives for r^ the values 
o* - a'*, and a' - a'". Now let P be the perpendicular from 
the center on the tangent plane at wyx^ and A^ B^ D the semi- 
diameters of the diametral section, respectively parallel to the 
lines of curvature and the geodesic line passing through ^yx ; 
then 

21 
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(JB\ • 
—J - ^dn»0 + JB'coa'd = (<f - a") sm*0 + (a* - a"*)oo^9 

or a*— o'* sin* 9 «- o"* co^6 « - = a constant, 

since ABP is proportional to the volume of the ellipsoid, and 
PD is constant by Prob. VII. p. 289. 

The result a'* sin* 6 + a"* cos* 6 = constant, which is the 
integral of the differential equation of the second order to the 
geodesic line on an ellipsoid, was first given by Jacobi ; and 
the result PD » constant, as well as several other Problems 
here given, are due to Joachimsthal (see Crelle's Journal, 
Vol. 26). 

17. The tangents to the lines of curvature at any point 
of an ellipsoid bisect the angles between the tangent lines to 
the two circular sections through the same point. 

For if the diametral section be drawn relative to that 
point, the tangent lines to the circular sections are parallel to 
the equal diameters of the section, and the tangents to the 
lines of curvature to the axes of the section ; and in .an ellipse 
the equal diameters are equally inclined to either axis. 

18. To find the radii of curvature at any point of a 
paraboloid. 

Let the equation to the surface be' — |--r + 2«a0; then 
^ a 

it may be shewn^ as in Example 9, that the maximum and 

minimum radii of curvature at a point xyz, are 

V(i±i^')--.ag.g..)). 

Hence if the radii be projected on the axis of ts^ the sum 
of the projections « o + 6 — 2*. 

19. In surfaces of the second order, the two curvatures 
are in the same direction at every point of the same surface, 
or they are in opposite directions at every point. 
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The curvatures are in the same or opposite directioniT 
at any point of a surface, according as ft — ^ for that point 
is positive or negative. But, substituting for r^ s^ t their 
vdues from 

^ y" Si? ^ , • V J 

— + "^ + — « 1, we find r^ - «' = ^ . 



a quantity which can never change its sign by the Variation of 
07, ^, Xi and will always have the same sign as a(3y ; therefore 
for the ellipsoid and hyperboloid of two sheets, it will be 
positive, or the two curvatures at every point of the surface 
will be in the same direction ; and for the hyperboloid of one 
sheet it will be negative, or the two curvatures at every point 
will be in opposite directions. Similarly, for the elliptic and 
hyperbolic paraboloids the curvatures are respectively in the 
same, and opposite directions, at every point. 

20. IfjBbe the radius of absolute curvature at any 
point of a curve defined by the intersection of two surfaces 
€«j 8s 0, U2 — 0; and r, r„ be the radii of curvature of thci 
sections of u^ « 0, 712 » made by the tangent planes to 
U2^0y t<i e respectively, at that point ; it is * required to 
express R in terms of r, r^y and 9 the angle between the 
tangent planes. 

Let OP, O^P (fig. 54 bis) be the normals at P to the two 
surfaces, PF, PF, the radii of curvature of the sections of each 
surface made by the tangent plane to the other ; then if FO, 
FjOi be perpendicular respectively to /*F, PF,, by Meunier's 
Theorem O, O^ will be the centers of curvature of the normal 
sections ; and if PR be perpendicular to 00^, R is the center 
of curvature of their intersection; .*. PR ^ R PV^r 
PVi^r^ OPOi « 0, OPR « a suppose, 0,PR « 0-a, 
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' * if* " ? ~ rrx r^*' 
21. • The locus of the focus of an ellipse rolling along 
a straight line is a curve such that if it revolve about that line, 
the sum of the curvatures of any two normal sections at right 
angles to each other will be the same at every point of the 
surface generated. 

Suppose the ellipse to touch the line ON along which it 

rolls in P; join SP and draw SN perpendicular to ON^ then 

SP is a normal to the locus of S^ and if OJV « ^, NS « y, 

ds 
and the arc of the curve described by *?««, we have SP^y---\ 

ax 

2a 6* dx 6^ 

SP SN* da y ""^ 



d^w dy 6* 2 a b^ 

d^ da f^ r y* 

if r be the radius of curvature at S to the locus of S ; 

/ 1 1\ 111 

•'• 2a -— - + - « 2, or — ^ + - » - , 
\SP r) ' SP r a' 

which shews, since SP and r are the two radii of curvature at 
S of the surface of revolution, that the sum of the curvatures 
of any two normal sections at right angles to one another 
is the same at every one of its points. 

22. If iZ be the radius of curvature at a point whose 
distance from the axis «= p, of the shortest line traced on 
a surface of revolution ; and if the radius of curvature of the 
meridian at that point ^ r, and the part of the normal inter- 
cepted between it and the axis « n, then -^ = -+( "") -2 

R T \n T/ p 

c being the value of p where the shortest line cuts the meridian 
at right angles. 

23. If a line of curvature be a plane curve, the tangent 
planes applied to the surface at its various points will all make 
the same angle with its plane. 
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